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Abstract. We determine the automorphism groups of unbounded homogeneous do-
mains with boundaries of light cone type. Furthermore we present a group-theoretic character-
ization of one of the domains. As a corollary we prove the non-existence of compact quotients
of the homogeneous domain. We also give a counterexample of the characterization.

Introduction. We study some unbounded homogeneous domains, mainly concerned
with a characterization of the domains by their automorphism groups. The group-theoretic
characterization problem of complex manifolds is studied widely in complex analysis. This
problem asks whether the automorphism group of a complex manifold determines only one
biholomorphic equivalence class of complex manifolds under some conditions. Since there
are many complex manifolds whose automorphism groups are trivial, this characterization
problem does not make sense for such manifolds. Hence let us restrict our attention only
to homogeneous complex manifolds, or in our case, homogeneous domains in the complex
euclidean spaces.

By H. Cartan, it was shown that the automorphim groups of bounded domains have
Lie group structures, and this result leads us to various studies of bounded homogeneous
domains, e.g. normal j-algebra of automorphim groups (see [6]). Normal j-algebras determine
bounded homogeneous domains with 1-1 correspondence, and therefore characterize bounded
homogeneous domains in this category. It was shown by Dotti-Miatello that any irreducible
homogeneous domain is determined by its automorphism group up to complex conjugates [3].

For unbounded homogeneous domains, in contrast to bounded domains, automorphim
groups are, in general, not Lie groups, and we do not have a general theory of automorphim
groups and the characterization theorem. Therefore any unbounded homogeneous domain is
of interest, and some important cases are studied by Shimizu and Kodama [4], [5], Byun,
Kodama and Shimizu [1], etc.

In this paper, we study other interesting unbounded homogeneous domains and give the
group-theoretic characterization for one of the domains. Also we give a counterexample of the
group-theoretic characterization for some domains. In order to describe our results, let us fix
notations here. If Ay, ..., Ay are square matrices, diag[A1, ..., Ax] denotes the matrix with
A1, ..., Ai in the diagonal blocks and 0 in all other blocks. Let 2 be a complex manifold. An
automorphism of Q means a biholomorphic mapping of 2 onto itself. We denote by Aut(£2)
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the group of all automorphisms of 2 equipped with the compact-open topology. €2 is called
homogeneous if Aut(2) acts transitively on 2. The purpose of our paper is that we would
describe the automorphim group of the unbounded domain

D' ={(z0,....z0) € C"M : —|z0* + |z1)* + -+ + |zal* > O},

and give the characterization theorem of D! by the automorphim group Aut(D"™!). D! is
analogous to the de Sitter space

{Gr,ox) eRY i —xf+ x5+ +x2 =1}

The de Sitter space has a well-known property called the Calabi-Markus phenomenon, that is,
any isometry subgroup which acts properly discontinuously on the de Sitter space is finite [2].
This phenomenon implies that the de Sitter space has no compact quotient. It is interesting
whether similar results occur in other geometry. We will study subgroups of the automorphism
group Aut(D™') which act properly discontinuously on D™! and prove the non-existence
of compact quotients of D™!. It is not the precise Calabi-Markus phenomenon, but a rigid
phenomenon. For these purposes, we also need to consider the domain

C' ={(z0. .- 2n) € C i —|zoP + |21 P+ - + |zal* < 0},

the exterior of D! in C"*t!. To describe the automorphism groups Aut(D™!') and Aut(C™!),
put

GUn,1)={AeGLn+1,C): A*JA =v(A)J, forsomev(A) € R.o},
where J = diag[—1, E,]. Consider C* as a subgroup of GU (n, 1):
C* ~ {diag[a, .,xleGLn+1,0),a € (C*} cGU(n,1).

Since Un,1) = {A € GLmn+1,C) : A*JA = J} C GU(n, 1) acts transitively on each
level sets of —|zo|2 + |z1]% + - - - + |z2]?(3# 0), and C* acts on D! and C™!, GU(n, 1) is a
subgroup of the automorphism groups of these two domains D! and C™!. It can be easily
seen that C"! and D™! are homogeneous. Now we state our main results.

THEOREM 3.1. Aut(D™') = GU(n, 1) forn > 1.

We give the group-theoretic characterization theorem of D! in the class of complex
manifolds containing Stein manifolds.

THEOREM 5.1. Let M be a connected complex manifold of dimension n + 1 that
is holomorphically separable and admits a smooth envelope of holomorphy. Assume that
Aut(M) is isomorphic to Aut(D™) as topological groups. Then M is biholomorphic to D™

For the domain C™!, the characterization theorem was shown by Byun, Kodama and
Shimizu [4] (see also the remark before Theorem 2.2).

Our paper organizes as follows. In Section 1, we will recall the notion of Reinhardt
domains and Kodama-Shimizu’s generalized standardization theorem, which is the key lemma
for our theorem. Also we record some results, which will be used in the proof of Theorem 5.1
several times. To determine Aut(D™!) we need an explicit form of the automorphism group
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Aut(C™"). In Section 2 we determine Aut(C"!). We determine the automorphism groups of
D™ in Section 3. We will show the non-existence of compact quotients of D™! in Section 4,
using the Calabi-Markus phenomenon. In Section 5 we prove the characterization theorem of
D™! by its automorphism group Aut(D™"). In Section 6, we construct a counterexample of
the group-theoretic characterization of unbounded homogeneous domains.

THEOREM 6.1. There exist unbounded homogeneous domains in C", n > 5 which are
not biholomorphically equivalent, while its automorphism groups are isomorphic as topolog-
ical groups.

Acknowledgment. The authors would like to thank Professor Hideyuki Ishi and Professor Ryoichi
Kobayashi for several interesting discussions. The authors would also like to thank Professor Akio
Kodama for introducing his paper.

1. Preliminary. In order to establish terminology and notation, we recall some basic
facts about Reinhardt domains, following Kodama and Shimizu [4], [5] for convenience.

Let G be a Lie group and €2 a domain in C". Consider a continuous group homomor-
phism p : G — Aut(2). Then the mapping

G x 253 (g,x) — (p(9)x) € L

is continuous, and in fact C®. We say that G acts on 2 as a Lie transformation group through
p. Let T" = (U(1))", the n-dimensional torus. 7" acts as a holomorphic automorphism
group on C" in the following standard manner:

T" xC's (v,0) —> a-z2:= (121, ...,0,2,) € C".

A Reinhardt domain 2 in C" is, by definition, a domain which is stable under this standard
action of 7". Namely, there exists a continuous map 7" — Aut(£2). We denote the image of
T" of this inclusion map by 7 (£2).

Let f be a holomorphic function on a Reinhardt domain €2. Then f can be expanded
uniquely into a Laurent series

f@=) az’,

vezn

which converges absolutely and uniformly on any compact set in 2. Here 7" = z‘f‘ <z for
v=Wi,...,v) €Z".
(C*)™ acts holomorphically on C" as follows:

((C*)n X (CV! > ((als '-~7an)7 (le '-~1ZVL)) > (alzls --wanzn) € (Cn'

We denote by IT(C") the group of all automorphisms of C" of this form. For a Reinhardt
domain 2 in C", we denote by IT(£2) the subgroup of IT(C") consisting of all elements of
I1(C") leaving 2 invariant. We need the following two lemmas to prove the characterization
theorem.
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LEMMA 1.1 ([4]). Let 2 be a Reinhardt domain in C" . Then T1(S2) is the centralizer
of T(2) in Aut(R2).

LEMMA 1.2 (Generalized Standardization Theorem [5]). Let M be a connected com-
plex manifold of dimension n that is holomorphically separable and admits a smooth envelope
of holomorphy, and let K be a connected compact Lie group of rank n. Assume that an in-
Jjective continuous group homomorphism p of K into Aut(2) is given. Then there exists a
biholomorphic map F of M onto a Reinhardt domain 2 in C" such that

F,o(K)F_1 =U(ny) x -+ x U(ng) C Aut(2)
where 3% nj = n.
We record some results, which will be used in the proof of Theorem 5.1 several times.

LEMMA 1.3. Let D and D' be domains in C". Then the automorphism groups of the
domains C x D, C* x D" and (C x D) U (C* x D’) are not Lie groups.

PROOF. For any nowhere vanishing holomorphic function # on C”,
f@ =Wz, ..., 20)20, 215 -+, Zn)
is an automorphism on each domain. Indeed, the inverse is given by
92) = @1, 20) 20,2104 Z0) -
Thus the automorphism groups of these domains have no Lie group structures. O

LEMMA 1.4. Let p, q, k be non-negative integers and p +q > 2. For p+ q > k, any
Lie group homomorphism

p:SU(p,q) — GL(k,C)
is trivial.
PROOF. Putn = p + g. Itis enough to show that the Lie algebra homomorphism
dp : su(p,q) — glk,C)
is trivial. Consider its complex linear extension
dpc : su(p,q) ®r C —> gl(k, C).

Since su(p, g) ®r C = sl(n, C) and sl(n, C) is a simple Lie algebra, dpc is injective or
trivial. On the other hand, dimc su(p, ¢) ®r C = n?> — 1 > k? = dimc gl(k, C). Thus dpc
must be trivial, and so is dp. O

2. The automorhpsim group of C’!. 1In this section, we consider the automorphism
group Aut(C™1) of

C"' =120 ... z0) € CT =1zl + 2P + -+ |zal® < 0}
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THEOREM 2.1. For f = (fo, f1, fa ..., fu) € Aut(C™1),
Z Z Z Z Z Z _
fo(zo,m,zz,...,zn)=C<—l 2. —")zoor6<—1,—2 —">z01,

20 20 20 20 z0 20

and
n
> i=0aijzj .
fizo,z1,22, - z0) = fo(zo, 21,22, - ) =———— fori=1,....n,
> i—040j2;

where c is a nowhere vanishing holomorphic function on B", and the matrix (a;j)o<i, j<n is
an element of PU (n, 1).
PROOF. First we remark that C"! is biholomorphic to the product domain C* x B”. In
fact, a biholomorphic map is given by
z Z
U C™ 5 (20,21,22, .0 2n) <Z(), L —n) eC"xB".
20 20
Therefore, we consider the automorphism group of C* x B".
Let (wg, wi, ..., wy,) be a coordinate of C* x B", and
Y = 0, V1, ..., ¥n) € Aut(C* x B").

Fix (wy, ..., w,) € B". Then, by the definition, y;(-, wy, ..., wy), fori = 1,...,n, are
bounded holomorphic functions on C*. The Riemann removable singularities theorem implies
that y; (-, wy, ..., wy,) extends to an entire function. By the Liouville theorem, y; (-, wy, ...,
wy) fori = 1, ..., n are constant functions. Hence y;, fori = 1, ..., n, do not depend on
wy. In the same manner, we see that, for the inverse

T=(10,71,....T) =y € Aut(C* x B")
of y, 1, fori =1, ..., n, are independent of wy. It follows that

V=125 vn) € Aut(B").
It is well-known (see [6]) that y € Aut(B") is a linear fractional transformation of the form
aio + 3 _y aijw;
aoo +>j_y aojw;’
where the matrix (a;;)o<i, j<n is an element of PU (n, 1).

Next we consider yg of y and 19 of t. By regarding y with the standard action of Aut(B")
on C* x B", we obtain a biholomorphic map

i=1,2,...,n,

vi(wi, wa, ..., wy) =

—1 —1
VOV (wOawl,lUZ,uwwn)Z(VO(WO,V (wlaw25"'7w}’l))awlaw25"'aw}’l)

on C* x B". Thus for fixed (w1, wa, ..., w,) € B, yy is bijective on C* with respect to
wo, and to(wo, ¥ (w1, wa, ..., wy)) is its inverse. Since Aut(C*) = {cw*! : ¢ € C*}, we
have yp = c(wy, wa, ..., wy)wo or c(wy, wa, ..., wn)wo_l, where c(wy, wa, ..., wy,) is a
nowhere vanishing holomorphic function on B".

Since W~ Aut(C* x B")W = Aut(C™'), we have shown the theorem. O



166 J. MUKUNO AND Y. NAGATA
We remark that the group-theoretic characterization of the domain C* x B” is proved by
J. Byun, A. Kodama and S. Shimizu [1], and in their paper more general domains are treated.

THEOREM 2.2 ([1]). Let M be a connected complex manifold of dimension n + 1 that
is holomorphically separable and admits a smooth envelope of holomorphy. Assume that
Aut(M) is isomorphic to Aut(C™ ") as topological groups. Then M is biholomorphic to C™ .

3. The automorphism Group of D™!. In this section, we determine the automor-
phism group Aut(D™!) of

D" ={(zo,....2n) € C": —|zo]* + |21 P + - + |zal* > 0},

the exterior of C"!. We assume n > 1. We show the following theorem using Theorem 2.1
in the preceding section.

THEOREM 3.1. Aut(D™') = GU(n, 1) forn > 1.
PrROOF. Let f = (fo, f1,.--, fn) € Aut(D"’l). If z6 € C is fixed, then each of the

holomorphic functions f;(zg, z1,...,2,) fori = 0,...,n, on DNz = z(} extends to
a holomorphic function on C**t! N {zg = 7o} by Hartogs’ extension theorem. Hence, when
zo varies, we obtain an extended holomorphic map f : C*"*! — C"t'ie. flpu = f.

The same consideration for f~! € Aut(D™!) shows that there exists a holomorphic map
g : C"t! — "1 such that g|pu1 = f~!. Since go f =idand f o g = id on D™, the
uniqueness of analytic continuation shows that g o f = id and f o ¢ = id on C"*!. Hence
we have f € Aut(C*!), or Aut(D"') C Aut(C"*!).

From now on, we write f for f. Now we know that flent € Aut(C™"). By Theorem 2.1
of the preceding section,

71 22 Zn +1
fO(Z()’Zl’ZQ.a"'aZ}’l):C<_7_7"‘5_>Z0 )
20 <0 20

and
71 22 Zn
ﬁ(z()v 15232, ---,Zn) = fO(Z()s 21522, ~-~,Zn)7/i R _> 3
20 20 20
fori =1,...,n, on C"! where ¢ is a nowhere vanishing holomorphic function on B"” and
n
aijo + ijl aijw;j
Vi(wl,--',wn)z n K o
aoo + 1 aojw;
If

21 22 n\ 1
fo(zo,z1,zz,...,zn)=0<— —, .. —>z0 ,

20 20 20
considering the Taylor expansion of ¢ at the origin in C, we see that fj is not holomorphic at
zo = 0, which contradicts to the fact that fj is an entire holomorphic function. Thus

1 22 Zn
fo(z0, 21,22, -+ Zn) =c<—, - ..., —)ZO~
20 <0 20
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Furthermore, by the Taylor expansion of ¢ at the origin, we see that ¢ is a polynomial function
of degree 1, since fy has no singular point in C"t! and therefore, fo is a linear function
> i—0¢jz;- Then the entire functions f; (i =1,...,n) are

71 22 Zn

ﬁ(Z07Z17Z27"‘7Zn)=yi< 3 5"~5_)fO(ZO,Zl,ZZ,”.,Zn)
20 <0 20

= ; i
aoo + Y_j_y a0j %\
~ (Xoaiz) (g cizg)

B Y040,z

Then 3~"_ c;z; must be divided by } 7 _ ao;z; since f; has no singular point in Ccrl We
now write

n n
D_cizi=C) a0z,
Jj=0 Jj=0

where C is a non-zero constant. Consequently,

n n n
f(zo,...,zn) = <CZaon/‘,CZaljZ/‘,...,CZaanj>.
j=0 j=0 j=0

Thus we have shown the theorem. O

4. The non-existence of compact quotients of D!, In this section, we prove the
following theorem:

THEOREM 4.1. D™ has no compact quotients by a discrete subgroup of Aut(D™")
acting properly discontinuously.

We remark that C™! has compact quotients since B” and C* have compact quotients.
Recall the following result called the Calabi—-Markus phenomenon:

LEMMA 4.2 (Calabi—-Markus [2], Wolf [7]). Let " be a subgroup of O(q + 1, p) act-
ing properly discontinuously on

prg+l. 2\ 2 2 cee 4 x2 =
{(x1,...,x17,x17+1,...,XP+q+1)ER DX X, +xp+ +xp+q+1—1},
where 1 < p < q. Then T is finite.

PROOF. From Theorem 3.1, we know that Aut(D™!) = GU(n, 1) = R-¢ x U(n, 1),
which acts on the complex euclidean space as linear transformations. We regard R-ox U (n, 1)
as a subgroup of R-¢ x O(2n, 2).

Suppose that there exists a discrete subgroup

T'={fu), CRogx O2n,2)

m=1
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such that " acts properly discontinuously on D! and that the quotient D!/ T" is compact.
By Selberg’s lemma, we may assume without loss of generality that I" is torsion free. Set
fm = (rm, Tin), where r, € Rog and T;, € O(2n,2). It is clear that I" is not included in
O (2n, 2) by Lemma 4.2. We consider two cases.

First we consider the case where there exists the minimum of the set {r;,, | 1 < r;,}. We
denote the minimum by R:

R =min{r, | 1 <r,}.

Then we see that, for any r,,, there exists an integer [ such that r,,, = R!. Therefore we can
write

U ={fix = R, 110} 1eg pey

by changing the indices. Put I'g = { fo «}, a subgroup of O (2n, 2). By Lemma 4.2, it follows
that T'g is a finite group. Since 'y is torsion free, I'g = {id}. Therefore, I' is the group
generated by the element (R, T') € I'. Hence we see that D!/ T is not compact.

Next we consider the case where there does not exist the minimum of the set {r;;, | 1 <
rm}. Let R’ be the infimum of the set {ry, | 1 < ry}:

R =inf{ry | 1 < rm).

Then, for any € > 0, by arranging the indices of the elements of I', we can take an infinite
distinct sequence

R+e>ri>m>r>--->rp>--->R.
Let
M= {z=0}cC"!
and
K={z2=01<z+2P+ - +lmP? <R+ +1}cC.

It is clear that K is compact in D™ Let VYm = (rm, Trn). We can easily see that y,, (IT) N I1
contains a nontrivial linear subspace by the dimension formula of linear map. Then there exist
U € ym(IH)NIT and w,, € IT such that v,, = y, (w;,) and that |w,,| = 1. Note that w,, € K.
We see that |v,,| = r|wn| = rm < R’ + €, since v, € I1, and thus v,, € K. We obtain that
Ym(K)N K # @ for any m > 1. However this is a contradiction since I' acts on D™ properly
discontinuously. The proof is complete. o

5. The characterization of D! by its automorphism group. Now we prove the
following characterization theorem.

THEOREM 5.1. Let M be a connected complex manifold of dimension n + 1 that
is holomorphically separable and admits a smooth envelope of holomorphy. Assume that
Aut(M) is isomorphic to Aut(D™') = GU (n, 1) as topological groups. Then M is biholo-
morphic to D™,
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PROOF. Denote by pp : GU (n, 1) — Aut(M) a topological group isomorphism. Let
us consider U (1) x U(n) as a matrix subgroup of GU (n, 1) in the natural way, and identify
U (n) with {1} x U(n). Then, by Theorem 1.2, there is a biholomorphic map F from M onto
a Reinhardt domain €2 in C"*! such that

Fpo(U (1) x U(n))F_1 =U(ny) x--- x U(ng) C Aut(2),

where ijl n; = n+1. Then, after a permutation of coordinates if we need, we may assume
Fpo(U(1) x U(n))F~' = U(1) x U(n). We define an isomorphism

p:GUMn, 1) — Aut(Q2)

by p(g) := F o po(g) o F~'. We will prove that Q is biholomorphic to D"!.
Put

T1.n = {diaglu1, u2E,1 € GL(n +1,C) 1 u1,up e U(1)} C GU(n, 1).

Since T, is the center of the group U(1) x U(n), we have p(T1,) = T1,, C Aut(R2).
Consider C* as a subgroup of GU (n, 1). So C* represents center of GU (n, 1). Since p(C*) is
commutative with 7!, Lemma 1.1 tells us that p(C*) C I1(), thatis, p(C*) is represented
by diagonal matrices. Furthermore, p(C*) commutes with p(U (1) x U(n)) = U(1) x U (n),
so that we have

p(eZJTi(S-‘,-it)) — diag[eQJti{als-{-(h]+iC])t}’ eZﬂi{a2S+(h2+icz)t}En] = p(C*) ,

where s, t € R, ay, a2 € Z, b1, by, c1, c2 € R. Since p is injective, aj, ay are relatively prime
and (c1, 2) # (0, 0). To consider the actions of p(C*) and U (1) x U (n) on 2 together, we
put

GU 1) x U(n)) = {e”*"diaglug, Ul € GU(n, 1) : t e R,ug € U(1),U € Un)} .
Then we have

G:=p(GWUA) x Un)))
= {diagle > Vug, e Ul € GL(n +1,C) : t e Rug e U, U e Un)} .

Note that G is the centralizer of T1 , = p(7T1,,) in Aut(£2).

Let f = (fo, fi, ... fn) € Aut(Q) \ G and consider Laurent expansions of its compo-
nents:
(1 f0(205 -y 20) = Z a0z,
vezZntl
” fio, ooz = ) e, 1<isn.

vezntl
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If f is a linear map of the form

)
10,0 (1 0 N (1)0
O a .« .. a
“”? 0 (0. Dl eGLm+1,0),
(n) (Vl)
0 20,1,0,...00 " 40,..,0,1)

then f commutes with p(77 ,), which contradlcts f ¢ G. Thus for any f € Aut(Q2) \ G,
there exists v € Z"1( (1,0, ..., 0)) such that a’” # 0 in (1), or there exists v € Z"+! (£
0,1,0,...,0),...,(0,0, .. 0 1)) such that al”’ # 0in (2) for some 1 < i < n.

REMARK 5.2. We remark here that, in (1) and (2), there are no negative degree terms
of z1,...,2n, since QU {z; = 0} # W for 1 < i < n by the U(n)-action on €2, and since
the Laurent expansion of a holomorphic function on 2 are globally defined on 2. Write
v = (vg, V") = (vo, V1, ..., V) and [V'| = vy +--- 4 v,. Let us consider v’ € Z , and put

Z U()EZXU:EZ
from now on.
CLAM 5.3. a1 ==l c1c20 #0,and A :=cy/c1 = az/a1 € Z\ {0}.
PROOF. To prove the claim, we divide three cases.

Case (i): c1cp # 0.
Since C* is the center of GU (n, 1), it follows that, for any f € Aut(Q2) \ G,

f Op(eZJTi(S-i-it)) — Io(eQ.ﬂi(S-i—it)) o f
By (1) and (2), this equation means

27rz{als+(b|+zc|)t}z a(O) v 2:a(O)(627n{a|s+(bl+zc|)t}Z )”0 (62nz{azs+(b2+tc2)t} /)v
v

— Z a(O) 2mi a1€+(h]+tcl)t}v0) 2ﬂi{a2s+(h2+icz)t}\v’|zu

and

2nz{a2v+(b2+tcz)t}z a(t)Zu _ Z/a(i) (eZni{als+(b1+icl)t}ZO)u(()i) (ezni{a2s+(h2+icz)t}zl)w

_Za(z) 2rilars+Brtic)nvy 2rilars+brtic)V| v
for 1 <i < n. Thus for each v € Z"*+!, we have
G2rilais+bitic)rt ;00 _ 2rilais+bi+ientvy” 2mifass+(ba+ien )| ,(0)
v v o

and
eFritazs+baticnt) 4 () — e27ri{als+(b|+ic1)t}véi)e27ri{azs+(b2+icz)t}\v’\algi) ’
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for 1 <i < n. Therefore, if a'” # 0 for v = (v(go), V) = (v(go), v{o), .. (O)) we have
Y O P W )
cl(v(go) — 1) + CQ(V{O) +--- 4+ vr(,o)) =0.
Similarly, if a() # 0 for v = (v, v') = (4§, v, ..., vi?), we have
alvé’) +ar (v’ +- v = 1) =0,
“4) ) () _
clvo —I—cz( vio ety — 1) =0,

forl <i <n.

Suppose a'” # 0 for some v = (v(go), v{o), ) (O)) # (1,0, ...,0). Then, by (3) and
the assumption c1cp # 0, it follows that v(o) 1#0 and v(o) +-- ~|—v,(lo) # 0. Hence c2/c) €
Q by (3). On the other hand, if a' # 0 for some 1 <i <nandv = (v(g’), v{’), s v,(,i)) £
(0,1,0,...,0),...,(0,0,...,0, 1), then v’ # 0and v\ 4 ... + v — 1 # 0 by (4) and
the assumption cjcy # 0. In this case, we also obtain ¢p /c1 € Q by (4). Note that ay, a, are
relatively prime. Consequently, we have

Ai=az/a; =c2/c1 €Q

by (3) or (4).

We now prove that A is an integer. For the purpose, we assume A ¢ Z, thatis, a; # *1.
First we consider the case A < 0. Since v(’) +-- 4+ >0for0 < i < n, we have v(()o) > 1
and véi) > 0 by (3) and (4) . Furthermore, the Laurent expansions of the components of

f € Aut(2) are

o
/ /
) foo. .oz =3 . Y aDz ey
k=0 |v/|=kla,|
and
00 , )
©) fizos )= > ayz @)

k=0 |/|=14k|a;|

0) 0) @ _ @
for 1 <i < n. Here we have written Ay = A4 ko)) and Ay = A ) vy and so as from

now on. We focus on the first degree terms of the Laurent expansions. It follows from (5) and
(6) that the first degree terms of the Laurent expansions of the components of the composite
f o h are the composites of the first degree terms of Laurent expansions of the components of
f and h, where h € Aut(£2). We put

(7) Pf(z) = <a(1)0 0205 Z/aﬁ})(z’)”,, , Z /aﬁt’)(z’)”/).

[v']=1 [v']=1
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Then as a matrix we can write

)
#10.-.0 () ’ <1>0
O a ... a
Pf _ (0,1,'0,...,0) ' (O,..‘.,O,l) ’
‘ on w
0 40,1,0,.,00 """ 40,..,0,1)

which belongs to GL(n + 1, C) since f is an automorphism. Hence we have a representation
of GU(n, 1) given by

GUmn,1)sg—— PfeGL(n+1,0C),

where f = p(g). The restriction of this representation to the simple Lie group SU (n, 1) is
nontrivial since p(U(1) x U(n)) = U (1) x U (n). However this contradicts Lemma 1.4. Thus
it does not occur that A is a negative non-integer.

Next we consider the case A > 0 and A ¢ Z. Then v(()o) < 1land v(()i) < 0 by (3) and (4)

since vfi) +---+ v,(li) > 0for 0 < i < n. Furthermore, the Laurent expansions of components

of f are

00
T0) 1k !
Jo(zos ..y 20) = Z Z ang’)ZO Iazl(zl)v

k=0 |v'|=k|a;|

(0 " (0) I—laz| ;o'
=4daq,..0%0 *+ Z A0 —jay o (@)

[v'|=lai|

() 1=2laz] ;v
S DI B CORE SRR

V=2l

and

(0.¢]
Iy —k ,
fGoa =Y Y a7 ey

k=0 |v'|=1+kl|a;|

/ . / .
_ RPN @) —laal ;'
=D @+ D a5 @)
=1 V=1 +lai |

() —2lazl '
D D Z R COLE
V=1+2la |

for 1 <i < n. We claim thata(}y , # 0. Indeed, if a)’y o = 0.then f(z0.0....,0) =
(0, ...,0) € C"*!. This contradicts that f is an automorphism. Take another 1 € Aut(2) \ G
and put Laurent expansions of its components

(0.¢]
! 1—k /
hO(ZOa ey Zn) = Z Z bl()(/))zo |£12|(Z/)|)

k=0 |v'|=kl|a;|



ON A CHARACTERIZATION OF UNBOUNDED HOMOGENEOUS DOMAINS 173

hi(zo, ... zn)_z Z b gkl 1y

k=0 v'|=1+k|a]|

for1 <i < n. We have bE(l))O .0) # 0 as above. We mention the first degree terms of the
Laurent expansions of the components of f o . For the first component,

o0
0 / 0), 1—k ’
folho, ...k =aly oho+ > S aPny @y

k=1 |v/|=kla|

Then, for k > 0,

00 ' ©) 1—llay] , 1—klas| |—kla] e8] o e , 1—k|as|
ho(z)l"‘“2=(2 > by <Z’>”) =g (Z > obys' (z’>”>

1=0 |V'|=l|a;| =0 |V'|=ll|ay|

_ — klaz| —
= 602! ka2<1 b“” gl Zb@)( o

V[=lai|

Thus ho(z)' %192l has the maximum degree of zg at most 1 — k|az| < 1 and has the minimum
degree of 7’ at least |aj| > 1 in its Laurent expansion. For [v/| = k|aj| and k > O, '
has the maximum degree of zo at most —|az| < 0 and the first degree terms of z' are with
coefficients of negative degree terms of zg in its Laurent expansion. Hence the first degree
term of the Laurent expansion of fy(ho, ..., hy) is a((?,)o,...,O)bE(l),)O,...,O)ZO’

Similarly, we consider

o
/! : / / P _ /
fitho, . chay = 3" al e Y0 Y @l h ey

[v'|=1 k=1 |'|=1+k|ai]

for 1 <i <n. Then, fork > 0,

— k|a2| _ 4 ’
hete! = 02 )"“2'<1 — 0 A ).

(A ' |=lail

Thus hj k42l has the maximum degree of zp at most —k|az| < 0 and has the minimum degree
of 7/ at least |a;| > 1 in its Laurent expansion. For [v'| = 1 + k|a;| and k > 0, (W')" has the
maximum degree of zo at most —|ay| < 0 and the first degree terms of z’ are with coefficients
of negative degree terms of z¢ in its Laurent expansion. Hence the first degree terms of the
Laurent expansion of f;(ho, ..., h,) are

n

/ : . /
>3 ap )
j=1]'|=1

where v; = (0,...,0,1;,0,...,0), that s, the j-th componentis 1 and the others are 0.
Consequently, P(foh) = PfoPh, where Pf is defined as (7). Then the same argument
as that in the previous case (A < 0) shows that this is a contradiction. Indeed, Pf € GL(n +
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1, C) since f is an automorphism, so that we have a representation of GU (n, 1) by
GUmn,1)sg—— PfeGL(n+1,0),

where f = p(g). Therefore this contradicts Lemma 1.4, since this representation is nontrivial
on SU(n, 1) by p(U(1) x U(n)) = U(1) x U(n). Thus it does not occur that A is a positive
non-integer.

Hence we have A = c2/c1 = az/a; € Z\ {0} and a; = £1.

Case (ii): c1 #0,¢c2 = 0.
In this case, Q@ C C"*! can be written of the form (C x D) U (C* x D’), where D and D’
are open sets in C". Indeed, @ = (2N {z0 = 0}) U (R N {zo # 0}). Then {0} x D :=
QN{zo = 0} C Qimplies C x D C by p(C*)- and 7" !-actions on . On the other hand,
QN {z0 # 0} = C* x D’ for some open set D’ C C" by p(C*)- and T"*!-actions. Thus

= (C x D)U(C* x D'). Then, by Lemma 1.3, Aut(£2) has no Lie group structure, and this

contradicts the assumption Aut(2) = GU (n, 1).

Case (iii) : c; = 0and ¢z # 0.
As in the previous case, 2 C C"T! can be written of the form (D” x C*)U (D" x (C"\ {0}))
by p(C*)- and T"*!-actions on 2, where D” and D" are open sets in C. Then, for a similar
reason as for the proof of Lemma 1.3, Aut(€2) has no Lie group structure, and this contradicts
our assumption. |

REMARK 5.4. Since A € Z \ {0}, the Laurent expansions of its components of f €
Aut(2) are

fozo, - zn) = Z 3 PN

k=0 |v'|=k
and
fiGoro oz = a) O)ZOJFZ > alzg @
k=0 |v'|=14+k
forl <i <n.

Since G = p(G(U(1) x U(n))) acts as linear transformations on @ C C"*!, it preserves
the boundary Q2 of Q. We now study the action of G on dS2. The G-orbits of points in C"*!
consist of four types as follows:

O If p = (po. p1. ..., pn) € C* x (C"\ {0}), then

®  G-p={@o.-...z0) € C"T\ {0} : —alzol* + 21> + -+ + |za* = 0},
where a := (|p11>+ -+ |pal?)/|pol** > 0and A € Z\ {0} by Claim 5.3.
(i) If p' = (0, p}, ..., pj) € C"1\ {0}, then

) G-p' ={0} x (C"\{0}).
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(i) If p” = (p§, 0,...,0) € C*™1\ {0}, then

(10) G-p' =C*x{0}.

Gv) If p”" = (0, ...,0) € C"*!, then
(11) G-p"={0ycCt!.

We show that 92 N (C* x (C™ \ {0})) # @.
CLAIM 5.5. QN (C* x (C*\ {0})) is a proper subset of C* x (C" \ {0}).

PROOF. If QN (C* x (C"\ {0})) = C* x (C"\ {0}), then Q equals one of the following
domains by the G-actions of type (9) and (10) above:

C" e\ {0, ©F x (€7 {0}), C x (C™"\ {0}) or C* x C".

However these can not occur since all automorphism groups of these domains are not Lie
groups by Lemma 1.3. This contradicts that Aut(2) = GU (n, 1). ]

By Claim 5.5, 92 N (C* x (C"\ {0,})) # ¥. Thus we can take a point
P =(po,..., pn) €3N (C* x (C"\ {0,})).
Let

a=(Ipil* + - +1pal?)/Ipol* > 0,
Aasr = {0, z0) € T s —alzof* + |z P + - + |zal? = 0}

Note that
Q2D Agi-

If A > 0, then Q is included in

D ={lzlP 4+ + |zal* > alzol*}
or

o=l 4+ + lzal* < alzol™}.
If A < 0, then  is included in

Dy, ={(z1l + -+ |zaDlz0l ™ > a}

or

Coy = {Ual? + -+ lzalPlz0l ™ < a}.
CLAIM 5.6. [fQ = D:’A, then A = 1 and Q is biholomorphic to D™
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PROOF. If A # 1, then by Remark 5.4, for f € Aut(£2), the Laurent expansions of its
components are

O /
fo(zo, -, z0) = Z 3 a0y

k=0 |v'|=k

and

ﬁ(201 .. Zn) = a O)ZO + Z Z a(l) —k},(z )1)

k=0 |v'|=1+k

for 1 <i < n. Since D;)\ N {zo = 0} # 0, it follows that the negative degrees of zo do not
arise in the Laurent expansions. Therefore

fo(zo, ... zn) = a(o) 020
and

fizos oz =ally 026+ Z al) ()",
V=1
for 1 <i < n. Consider
0 / 1 / / ’
Pf(z) = (a((l’)()“_.’())zo, Z a](),)(z/)v yees Z a]()};t)(z/)v ).
v =1 v =1
Then Pf gives a representation of GU (n, 1) by
Po:GU(m,1)> g+ P(p(9)) e GL(n+1,C),

as in the proof of Claim 5.3, and we showed that this can not occur by Lemma 1.4. Thus
A = 1 and Q is biholomorphic to D! ]

We will show that Claim 5.6 is the only case that a domain has the automorphism group
isomorphic to GU (n, 1).

Let us first consider the case 92 = A, 3, and we derive contradictions if 2 = CI e D; 2
orC, ;.

CLAIM 5.7. Aut(Ca ,) and Aut(D, ;) are not Lie groups, so Q@ # C:,A’ D,,.

PROOF. Indeed, Ca . is biholomorphic to C* x B", and D, is biholomorphic to C* x
(C™\B"). The automorphism groups of these domains are not Lie groups by Lemma 1.3. O

CLAamM 5.8. Q#C, ;.

PROOF. Suppose 2 = C_ ;. By remark 5.4, for f € Aut(£2), the Laurent expansions
of its components are

fo(zos--rzn) = Z Z a((})z(l) ()|

k=0 |v/|=k
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and
e /
. . _kk !
fi(zos ..y 2n) = a((j\)ﬁo’_._’o)zé + Z Z al(f,)zo @)Y
k=0 |v/|=14k

for 1 <i < n. Since C,, N{zo = 0} # ¥, the negative degrees of zo do not arise in the
Laurent expansions. Therefore

o0
/ 0 _ /
fo(zo, - zn) = Z Z a Dz~ )",

k=0 |v'|=k

and

oo
oy ,
fiGo =Y Y allg @)Y

k=0 |v'|=1+4k
for 1 <i < n. Consider
0 4 1 / / /
Pf(2) = (ai. . 00 Y. ay @Y. Y al’@)").
Iv|=1 Iv|=1
Then Pf gives a representation of GU (n, 1) by
Pp:GUn, 1)3 g+ P(p(9)) € GLn+1,0),

as in the proof of Claim 5.3, and we showed that this can not occur by Lemma 1.4. Thus
Q#C,;. O

Let us consider the case 02 # Ay 5.

Case (I) : (32 \ Ay, ) N(C* x (C*\ {0})) = 0.
In this case, 0€2 is the union of A, ; and some of the following sets
12) {0} x (C*\ {0}, C* x {0} or {0} C C**',

by the G-actions on the boundary of type (9), (10) and (11). If 2 C D, ;. then the sets of (12)
can not be included in the boundary of 2. Thus we must consider only the cases 2 C DZ 2
CIA or C;A.
Case (I-): Q C D7 ,.
In this case, C* x {0} can not be a subset of the boundary of €2, and {0} € A, 1. Thus
02 = Aq U ({0} x C")
Q=DJ,\ ({0} xC").

Then,  is biholomorphic to C* x (C" \ B") and Aut(C* x (C" \ B*)) does not have a Lie
group structure. This contradicts the assumption that Aut(2) = GU(n, 1). Thus this case
does not occur.

Case (I-i): Q C C,.
In this case, {0} x (C" \ {0}) can not be a subset of the boundary of €2, and {0} € A,,1. Thus

89 = Aa’}, U (C X {0}) )
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Q=C/, \(Cx{0}).
Then, 2 is biholomorphic to C* x (B" \ {0}) and Aut(C* x (B" \ {0})) does not have a Lie
group structure. This contradicts the assumption that Aut(2) = GU (n, 1), and this case does
not occur.
Case (I-iii) : 2 € Ca_,)ﬁ

In this case, €2 coincides with one of the followings:

C1=C,; \ ({0} x C") U (C x {0)),

Cy=C;; \ ({0} x C"),

C3=C, \ (C x {0)),

Cy = C;A \ {0}.

Then Cj is biholomorphic to C* x (B” \ {0}), and C; is biholomorphic to C* x B". The
automorphism groups of these domains are not Lie groups. This contradicts the assumption.
The proof of Claim 5.8 also leads that Q2 % C3, C4 since C3 N {z9 = 0} # ¥ and C4 N {z0 =
0} # @. Thus this case does not occur.
Case (II) : (382\ Ag,2) N (C* x (C*"\{0,})) # 0.
In this case, we can take a point p’ = (p(. ..., p;) € (3R \ A1) N (C* x (C"\ {0,})). Put
b= (Ipil> + - +1p,1*)/ 1Pl > 0,
Bps={(zo.....zn) € C""' s —blzo| + |z1]* + -+ + |zal* = 0}..

We may assume a > b without loss of generality.
Case (II-1): 02 = Ay 0 U By .
Since €2 is connected, it coincides with

CH, nDf, = {blzol”* < 21> + - + |zal® < alzol™}
if A >0, or
C,,ND;, ={b<(z1l*+ -+ |z)lz0l ™ < a},
if A < 0. These domains are biholomorphic to C* x B"(a, b), where
B"(a.b) ={@z1,....z20) €C":b < |z P+ + |z|* < a}.
Then Aut(C* x B" (a, b)) does not have a Lie group structure by Lemma 1.3, and this contra-
dicts the assumption that Aut(2) = GU (n, 1). Thus this case does not occur.
Case (II-ii) : 92 # Ag.a U Bpa.
Suppose (92 \ (Ag.a U Bpa)) N(C* x C"\ {0,}) # @, then we can take
P =Py Pp) € (BR\ (Ag,i U Bpi)) N(C* x (C"\ {0,))).
Then put
c= (P17 +--+1py1*)/1po 1,
Cen = {0, ... zn) € " —clzo? + 2117 + - + |za]> = 0} .
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We have A, 3 U By U Cen C 02. However 2 is connected. Thus this is impossible, and
therefore this case does not occur. Let us consider the remaining case:

(02 \ (Ag,2 U Bp,2)) N(C* x (C"\ {0n}) = 0.

However, C* x {0,}, {0} x (C"\ {0,}) and {0} € C"*! can not be subsets of the boundary of
2 since 2 C C;)\ N DZA or Q2 C Cl; 5 N Dy . Thus this case does not occur either.
We have shown that 92 = A, 1 and Q = D:l which is biholomorphic to pl O

6. A counterexample of the group-theoretic characterization.

THEOREM 6.1. There exist unbounded homogeneous domains in C"*,n > 5 which
are not biholomorphically equivalent, while their automorphism groups are isomorphic as
topological groups.

PROOF. Suppose p,g > land p # q. Weputn = p + ¢q. Let
DP9 ={(@1. ... zp wi. .. wg) € CM [P+ JgplE = [wiF = - — Jwgl? > 0}
C”’q={(zl,...,zp,w1,...,wq)e(C":|z1|2+-~-+lzp|2—|w1|2—"'—|wq|2<0}~

It is easy to see that DP9 and C?-9 are homogeneous since both Aut(D?-7) and Aut(C?7)
contain a subgroup GU (p, q), where

GU(p,q) ={A € GL(n,C): A*J, 4A = v(A)J, 4, for some v(A) € Roo},

and J, , = diag[E,, —E,]. Since p # g, DP9 and CP+9 are not biholomorphically equiv-
alent. Indeed, DP? is homeomorphic to the product manifold R24+1 x §2p=1 byt CP9 is
homeomorphic to the product manifold R27*! x §24-1,

We will show that Aut(D?-9) is isomorphic to Aut(C?-9) as topological groups. As
the proof of Theorem 3.1, we take f = (f1,..., fu) € Aut(D?9). If (w], ...,w;) e 1

is fixed, then the holomorphic functions f;(..., w},..., w;), fori = 1,...,n, on DP9 N
{(wy =wj,...,wy = w;} extend continuously to the holomorphic functions on C* N {w; =
Wi, Wy = w;} by Hartogs’ theorem, since p > 1. Hence, when wy, ..., w, vary, we

obtain an extended holomorphic map f : C* —> C” such that f|pre = f € Aut(DP9).
The same consideration for f~! € Aut(D”9) shows that there exists a holomorphic map
g : €1 — "t such that g|pre = f~'. Since go f =idand f o g = id on DP9, the
uniqueness of analytic continuation shows that g o f = id and f o ¢ = id on C”. Hence f €
Aut(C™"). Now we see that f |cra € Aut(CP?) and therefore we have a group homomorphism

¢ : Aut(DP9) —> Aut(CP?), fr+—> flcra.
In the same manner, we have
¥ Aut(CP9) — Aut(DP9), h+—> hlcra,

by Hartogs’ theorem since ¢ > 1. It is clear that ¢ o ¥ = id on Aut(C??) and ¥ o ¢ = id on
Aut(DP-?). Thus we obtain Aut(D?-?) ~ Aut(C?-7) as groups.
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We will show that ¢ is continuous. Take a sequence { ™} € Aut(D?), which
converges to f € Aut(DP?) uniformly on any compact subset in D?%. Then ¢ (f my =
F®|cpa and ¢(f) = flcra as the above notation. Let K be any compact subset in C?+4.
We can take p and g-dimensional balls A? € C? and A9 C CY centered at the origins in C?
and CY, respectively, such that A? x A7 contains K and dA” x dA? is included in D?*9. By
the maximal principle, we have

sup [ "(2) — il < sup (@) - fi2)
K IAP x0A4

= swp M@ - £l

AP xdAY

fori = 1,...,n. Since dA” x JA? is a compact subset in DP9, the right-hand side above
converges to 0, and £ converges to f on the compact set K. We have shown that ¢ (™)
converges to ¢ (f) on any compact subset in C”-9. In the same manner, we can prove that
Y is continuos. Thus we obtain Aut(D?-7) >~ Aut(CP?) as topological groups. The proof is
complete. O

We remark on the automorphism groups of D¢ and the characterization problem by
automorphism groups. We have not yet obtained an explicit description of the automorphism
groups Aut(D?-?) for p, g > 1. We only expect that Aut(D?9) = GU(p, q).

The difference between D™! and DP4 for p,q > 1 is that the exterior of D™ is
holomorphically convex domain, but that of D?'? is not. It is known that some holomor-
phically convex homogeneous Reinhardt domains are characterized by their automorphism
groups with some additional conditions (see [1] and [4]). We may study the group-theoretic
characterization problem for holomorphically convex homogeneous Reinhardt domains, or
for homogeneous Reinhardt domains with holomorphically convex exterior domains.
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