Tohoku Math. J.
68 (2016), 471-486

UMBILICAL SURFACES OF PRODUCTS OF SPACE FORMS
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Abstract. We give a complete classification of umbilical surfaces of arbitrary codi-
mension of a product QZ]‘ X QZ; of space forms whose curvatures satisfy k; + kp # 0.

1. Introduction. A submanifold of a Riemannian manifold is umbilical if it is equally
curved in all tangent directions. More precisely, an isometric immersion f: M™ — M"
between Riemannian manifolds is umbilical if there exists a normal vector field H along f
such that its second fundamental form oy € Hom(TM x TM, NyM) with values in the
normal bundle satisfies

af(X,Y) = (X,Y)H forall X,Y € X(M).

The classification of umbilical submanifolds of space forms is very well known. For a
general symmetric space N, it was shown by Nikolayevsky (see Theorem 1 of [6]) that any
umbilical submanifold of N is an umbilical submanifold of a product of space forms totally
geodesically embedded in N. This makes the classification of umbilical submanifolds of a
product of space forms an important problem. For submanifolds of dimension m > 3 of a
product QZ: X QZZZ of space forms whose curvatures satisfy k; 4 k» # 0, the problem was
reduced in [3] to the classification of m-dimensional umbilical submanifolds with codimen-
sion two of S” x R and H" x R, where S"” and H" stand for the sphere and hyperbolic space,
respectively. The case of S” x R (respectively, H" x R) was carried out in [4] (respectively,
[5]), extending previous results in [7] and [8] (respectively, [1]) for hypersurfaces.

In this paper we extend the results of [3] to the surface case. In this case, the argument
in one of the steps of the proof for the higher dimensional case (see Lemma 8.2 of [3]) does
not apply, and requires more elaborate work. This is carried out in Lemma 4 below, which
shows that the difficulty is due to the existence of new interesting families of examples in
the surface case. Indeed, our main result (see Theorem 5 below) states that, in addition to
the examples that appear already in higher dimensions, there are precisely two distinct two-
parameter families of complete embedded flat umbilical surfaces that lie substantially in Hz X
R? and Hzl X sz, respectively. These are discussed in Section 3.
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2. Preliminaries. Let f: M — (@Z: X QZZZ be an isometric immersion of a Rie-
mannian manifold. We always assume that M is connected. Denote by R and R the cur-
vature tensors of the tangent and normal bundles T M and Ny M, respectively, by o = oy €
N(T*M ® T*M ® NyM) the second fundamental form of f and by A, = A{ its shape
operator in the normal direction 7, given by

(ApX,Y) = (a(X,Y),n)
forall X,Y € X(M). Set
L=L' =mof, e I(T*M ® TQ) and K = K :=mln,m € TNy M* @ TQR),

where 7; : QZ: X szz — QZ: denotes the canonical projection, 1 < i < 2, and by abuse of
notation also its derivative, which we regard as a section of T*((@ZI‘ X szz) ® T(@Z;.

2.1. The fundamental equations. Thetensors R e [(T*M ® TM),S e T'(T*M &
NfM)and T € T'((NyM)* ® NyM) given by

1 R=L'L, S=K'L and T =K'K,

or equivalently, by
L=fiR+S and K = f,S'+ T,

were introduced in [2] (see also [3]), where they were shown to satisfy the algebraic relations

2 S'S=R(I—R), TS=SUI—R) and SS'=TU-T),
as well as the differential equations

(3) (VxR)Y = Agy X + S'a(X,Y),

4) (VxS)Y =Ta(X,Y) —a(X, RY)

and

(%) (VxT)s = —SAeX — a(X, §'¢)

forall X,Y € X(M) and all § € I'(NyM). In particular, from the first and third equations of
(1) and (2), respectively, it follows that R and T are nonnegative operators whose eigenvalues
lie in [0, 1].

The Gauss, Codazzi and Ricci equations of f are, respectively,

6) R(X,Y)Z = (kiy(XAY =X ARY —RXAY)+KkRXARY)Z+Awy.2)X — Awix.2)Y
(7)  (Vya)(¥,Z) — (Vya)(X, Z) = (ki X — kRX, Z)SY — (kY — kRY, Z)SX

and

(8) REX, Y)n = a(X, AyY) — a(A,X, Y) +k(SX A SY)n,

where k = k| + k».
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2.2. The flat underlying space. In order to study isometric immersions f: M —

QZ‘ X QZZ, it is useful to consider their compositions F' = h o f with the canonical isometric
1 2
embedding

. nq 2 N; N,
h: @kl X ka — Ra(kl) X Ra(kz

= RN+
Here, for k € Rweseto(k) = 1if k < 0 and o(k) = O otherwise, and as a subscript
of an Euclidean space it means the index of the corresponding flat metric. Also, we denote
u =o(ky) +o(ky), Ny =n; + 1if k; # 0 and N; = n; otherwise, in which case ta‘ stands
for R™ .

Let 7; : Rg‘ TN, Rfrvék,-)’ 1 < i < 2, denote the canonical projection. Then, the
normal space of & at each point z € QZ: X QZZZ is spanned by k71 (h(z)) and k72 (h(z)), and
its second fundamental form is given by

) an(X,Y) = —ki(m1 X, Y71 o h — ka(m2 X, Y)F2 o h .

Therefore, if k; # 0, 1 < i < 2, then, setting r; = |kl-|_1/ 2 the unit vector field v; = vF =

i
%fri o F is normal to F' and we have
1

- 1 1 1
Vxv = r—an*X = r_1(F*X —hyLX) = r_1(F*(I — R)X — h,SX)
1

and

~ 1 1 1
Vxvs = —1 F X = —hLX = —(FyRX + hySX),
r r r
where V stands for the derivative in Rg‘ M Hence

1 1
(10 Fygv = —Zh*SX, Al = —Z(I —R),

1 1
(11) Fvgv=—h.SX and Al =-—R.
rn 15

2.3. Reduction of codimension. An isometric immersion f: M" — @Z: X QZ;
is said to reduce codimension on the left by £ if there exists a totally geodesic inclusion
ji: @Z]‘ — Q:;’ with n; — m; = ¢, and an isometric immersion f: M" — Qfll X @Z;
such that f = (j; x id) o f. Similarly one defines what it means by f reducing codimension
on the right.

We will need the following result from [3] on reduction of codimension. In the statement,
U and V stand for ker T and ker(/ — T'), respectively. Notice that the third equation in (2)
implies that S(7' M)~ splits orthogonally as S(TM)- = U@V, with U = (I —T)(S(T M)™)
and V = T(S(TM)1). Also, given an isometric immersion f: M — M between Riemann-
ian manifolds, its first normal space at x € M is the subspace N;(x) of NyM (x) spanned by
the image of its second fundamental form at x.
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PROPOSITION 1. Let f: M™ — @Z: X QZZZ be an isometric immersion. If U N NIJ-
(respectively, V N Nf‘ ) is a vector subbundle of N y M with rank £ satisfying vHun NIJ-) C
NIJ‘ (respectively, V-(V NN f‘) C NIJ‘), then f reduces codimension on the left (respectively,
on the right) by {.

2.4. Frenet formulae for space-like curves in R‘l*. We briefly recall the definition of
the Frenet curvatures and the Frenet frame of a unit-speed space-like curve y : [ — R‘l‘ in the
four dimensional Lorentz space, as well as the coresponding Frenet formulae, which will be
needed in the sequel.

Thus, we assume that 7(s) = y’(s) satisfies (z(s), t(s)) = 1 for all s € I. Assume first
that (y”(s), y"(s)) # Oforall s € I. Define ki(s) = [ly" ()|l = [(¥"(s), ¥"(s))|"/? and
ni(s) = y”(s)/lgl (s) for all s € I. Denote €] = (n1,n1). Suppose that v(s) = n)(s) +
Ellgl(s)t(s) satisfies (v(s), v(s)) # O for all s € I. Define Izz(s) = ||lv(s)|| and na(s) =
v(s)/lzz(s). Let n3(s) be chosen so that {¢(s),ni(s), n2(s), n3(s)} is a positively-oriented
orthonormal basis of R‘l‘ and set €3 = (n3,n3). Then the following Frenet formulae hold,
where k3 is defined by the third equation:

t = 121”1 y

ny = —e1kit + kono
ny = eskany + kans,
nly = erksns .

Lesser known are the formulae in the case in which y”(s) is a nonzero light-like vector
everywhere, i.e., 711 (s) = y”(s) satisfies (711 (s), 711 (s)) = O for all s € I. We carry them out
in more detail below.

First notice that (f,n;) = 0. Here, and in the next computations, we drop the “s” for
simplicity of notation and understand that all equalities hold for all s € I. Thus,

(@), 1) = (', fr) = —(Ar, 7)) = 0.

Moreover, (71}, i11) = 0, hence 71} is space-like. Define k= |7} |l and 712 by 71} = ki7i2. Now
let i3 € {t, /i) be the unique vector such that

(n3,n3) =0 and (n1,73) =1,

that is, {71, i3} is a pseudo-othonormal basis of the time-like plane {r, i} Since

(ity, 1) = —(ii2, ') = — (12, 711) =0
and
(fiy, i) = —(fia, 1)) = —ki,
we have
ity = (i, i )iis + (i, Ai3)iiy = —kiiis — ki
where

ko = (it} in) .
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Finally, since
0 = (it5, 1) = (it5, fir) = (i3, 713),
we have
ity = (i}, i)ty = koit .
In summary, for a unit-speed space-like curve y: I — R‘l‘ with light-like curvature

vector y”, one can define two Frenet curvatures Igl and l%z and a pseudo-orthonormal Frenet
frame {z, ny, nip, n3} with respect to which the Frenet formulae are

t = ni,

ity = kiiiz,

ity = —koity — kit
ity = kot .

In both cases, a unit-speed space-like curve y: [ — R‘l‘ is completely determined by its
Frenet curvatures, up to an isometry of R?.

3. Flat umbilical surfaces in le xR? and Hzl X sz . We present below two families
of complete flat properly embedded umbilical surfaces, the first one in le x R? and the second
in Hzl X sz, each of which depending on two parameters.

EXAMPLE 2. Let F: R? — R(l’ = R? x R?, where R? has signature (—, +, +, +), be
given by

t t t
(12) F(s, 1) = (alcosh i,al sinh f,azcos—,az sin—,bli,b2—> ,
c c c c c c
with
(13) a%—a%:rz and a%—i—b%:czza%—i—b%.

Then F(R?) C HZ x R2, where k = —1/r2, by the first relation in (13). If {ey, ..., es}
is the orthonormal basis of R? with respect to which F is given by (12), then the subspaces
Vi and V; of L® spanned by {e1, e2, es} and {e3, e4, €6} can be identified with R and R,
respectively, and

F=y xyngszRze Vi szzR?xR3=R?,
where y; and y» are the helices in R? and R3, respectively, parameterized by
yi(s) = <a1 cosh i, ap sinh i, bli)
c c ¢
and
t t t
() = (ag Cos —, ap sin —, b2—> .
c c ¢

By the relations on the right in (13), both y; and y» are unit-speed curves, hence F is an
isometric immersion. Since F(R?) C Hz x IR?, there exists an isometric immersion f: R? —
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Hz x R? suchthat F = h o f, where h: Hz x R? — R? denotes the inclusion. It is easily
checked that the second fundamental form of f satisfies

9 8
=, —)=0
O‘f(as 8t)

and
Jd 0 Hs 1) Jd 0
(04 PR = s, =« PR )
ACED o ot
where
kajay K s t ot
hyH(s,t) = 5 a» cosh —, ap sinh —, a; cos —, a;sin—, 0,0} .
c c c c c

Hence f is umbilical with mean curvature vector field H.
In view of (13), one can write

11— 1—A A A r?
a%:rz( l)’ a%: 2( 2)’ %:rz 1 ’ b%:rz 2 ’ 022 ’

A2 — M A2 — M A2 — A A2 — A A2 — A
with 0 < A1 < Ay < 1. Then, one can check that the curvature vector yl»/ "of y;, 1 <i <2,
satisfies

(14) Wiy =k —a)d=x), 1<i#j<2,
and that the second Frenet curvature (torsion) of y; satisfies
(15) P = —kMilhg — Al 1 <i#j<2.

EXAMPLE 3. Let Rg = R‘l‘ X R‘l‘ denote Euclidean space of dimension 8 endowed
with an inner product of signature (—, +, +, +, —, +, +, +), and let F': R? — Rg be given
by

(16)
s .8 t .t t Lt s .S
F(s,t)=\aj cosh —, aj sinh —, ay cos —, aj sin —, az cosh —, a3 sinh —, a4 cos —, a4 sin — | ,
c c c c d d d d
with
2 2 2 2
2 2_2 2 2_ 2 ay 44 4 49
(17) aj—a; =ry, a3—aj=r, and 2 ﬁ_l_c_z ik
The first pair of relations in (17) implies that F(R*) C H} xH C R}xR{, withk; = —1/r}
for 1 <i < 2. If {ey,...,eas, f1,..., fa} is the orthonormal basis of Rg with respect to

which F is given by (16), then the subspaces V| and V of Rg spanned by {e1, e2, f3, f4} and
{f1, f2, e3, e4} can also be identified with R4, and

F=y xyz:RszRze Vi x Vy,
where y;1 and y; are the curves parameterized by

s LS s .S
yi(s) = <a1 cosh —, aj sinh —, a4 cos —, a4 sin —)
c c d d

and

t . t 1t ot
y2(t) = | a3 cosh —, a3 sinh —, apcos —, ap sin— | .
d d c c
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In view of the second pair of relations in (17), both y; and y» are unit-speed curves, hence F
is an isometric immersion. Since F(R2) C Hzl X sz, there exists an isometric immersion

f:R? > Hzl X Hiz such that F = h o f, where h: Hzl X sz — Rg denotes the inclusion.
One can easily check that the second fundamental form of f satisfies

3 0
(=, =)=0
*f <as 8t)
A W 9 9
ol — — )=HG,t)=ar | —, —
F\ 95" 3s F\ 8¢ ot

kiaiaz
2

and

where

hyH(s,t) =

s . s t .t
ap cosh —, ap sinh —, aj cos —, a; sin —, 0,0,0,0
c c c c

k t t
+ 223;4 (0, 0,0, 0, ag cosh 7 a4 sinh 7 as cos %, a3 sin %) .

It follows that f is umbilical with mean curvature vector field H.
By the conditions in (17), one can write

1—A 1—A A A
R e e e e el ke Fred
A2 — A A2 — A A2 — A A2 — A
2 2
r r
t = and d? = 2 ,
A2 — A A2 — A
with 0 < A1 < A2 < 1. Then, the curvature vector y;/” of the curve y;, 1 <i < 2, satisfies
(18) Wy =i —A)kri —ky), 1<i#j<2 k=k+k.

If kX; — k1 # 0, one can check that y;, 1 < i < 2, has constant Frenet curvatures 122,
1 < ¢ <3, given by

(19) (k)2 = | — A (ki — k)|,

.y k2 hi = AjIi (1= 2)
(20) (kh)? = d

2 lichi — ki
and

. kika|Ai — Aj| ..

21 Ky =—2""1 T < <2.
1) (k%) or —H <j#i<

If kX; — k1 = 0, that is, the curvature vector of y; is light-like, then one can check that
y; has constant Frenet curvatures k’i and ké, 1 <i <2 (see Subsection 2.4), given by

kika(ichj — k1)?

(22) CHRES L L l<j#i<2,
K
and
. ky — ko)?
(23) (klz)z:M’ 1<i<2.

4k1ky
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It is also easily checked that the isometric immersions in both of the preceding examples
have the frame of coordinate vector fields {%, %} as a frame of principal directions for the
associated tensor R, with corresponding eigenvalues A1 and A;, respectively. Moreover, they
are clearly injective and proper, hence embeddings. Therefore, all surfaces in both families

are properly embedded and isometric to the plane.

4. The main step. Umbilical submanifolds of (@Z: X (@Zz2 were studied in [3] accord-
ing to the possible structures of the tensor S. When ker § = {0}, it was shown that R must
be a constant multiple of the identity tensor whenever the dimension of the submanifold is at
least three (see [3], Lemma 8.2), which corresponds to case (i) in the statement of Lemma 4
below. We now show that in the surface case the only exceptions are the surfaces of the two
families in the preceding section.

LEMMA 4. Let f: M?> — QZ: X QZ; k1 + ky # 0, be an umbilical isometric immer-
sion. Assume that ker S = {0} at some point x € M?. Then one of the following holds:

(i) there exist umbilical isometric immersions f; : M? — (@Zf, 1 <i <2, with 121 =
ki cos? 6 and 122 =k sin? 0 for some 6 € (0, 7 /2), such thtlzt f = (cosOfi,sin6fr);
(i) after interchanging the factors, if necessary, we have ko = 0, ny > 3, np > 2 and
f=jo f where j : Qzl x R? — QZI' x R"2 and f: M? - (@zl x R? are isometric
immersions such that j is totally geodesic and f (M?) is an open subset of a surface

as in Example 2;
(ili) kj <Oandn; >3,1<i <2 and f = jo f, where j: @,3(] inz — QZ: ><(@Zz2
and f CM? - Qzl X sz are isometric immersions such that j is totally geodesic

and f(M?) is an open subset of a surface as in Example 3.

PROOF. Let A1 and XA, be the eigenvalues of R. If A1 = X, on M then f is as in (i)
by Proposition 5.2 of [3]. Now assume that A} 7# Xy at x and let &/ C M be the maximal
connected open neighborhood of x where ker S = {0} and A1 # A». In particular, A1 and A
are differentiable on 4.

Fix an orthonormal frame {X1, X»} of eigenvectors of R, with X; associated to %;, and
define &; := SX; fori = 1, 2. Thus, from (2) we have

(24) (&, &) = (S'SX;, Xj) = 8ijhi (1 — A7)
and
(25) T =TSX; =1 — )&

fori, j = 1,2. We can write equations (6)—(8) in the frames {X;, X»} and {1, &}, in terms
of the Gaussian curvature K of M? and the mean curvature vector H of f,as

(26) K =ki(1 = 2)(1 = 22) + kaaira + |H|?,

(27) ViH:(K)\j—kl)&, l<i#j=<2,
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(28)
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RE(X1, X2) = k(E1 A £2),

whereas equations (3)—(5) become

(29)

(30)
and

€29

(Vx,R) X; = (&, H)X; +6;;S'H ,

(Vx,S) Xj = 8;j(T —A;H

(Vx,T) & = —(&, H)& — (&, &)H

fori, j=1,2andall§ € I'(Ny M?). Define the Christoffel symbols F%l and F%Z by

(32)

Substituting

into (29) yields
(33)
and

(34)

Vx, X1 =T X2 and Vy,X» =T5,X;.

(Vx,R) X; = Vx,RX; — RVx, X
=XiA)X;+@A; I —R)Vx, X;

Xi(Aj) = 6;;2(&, H)

(& H) =0y =20, 1<i#j<2.

On the other hand, from (30) we get

(35)

Vigj=-Th&, 1<i#j<2.

Using (27), (32), (33) and (35) we obtain
RE(X1. X2)H =V, Vi, H — Vi, Vi, H — Vix, x| H

=Vy, (kA1 — kD& — Vi, (khy — k)&l + (kha — kDT &1
— (khi — kD)8

=k X1(A)&2 + (k1 — k1) Vi, £2 — k Xa(A)&1 — (kda — k1) Vi, €1
+ (kA2 — kD)THE — (kA1 — k) Tayéa

=2k (&1, H)E» — (kA — kD)TT & — 2 (&2, H)E1 + (kAo — k)T 3,6
+ (cha — kDT E = (KA — kDT )6

=— k(& H) + (1 — 2)TT)E + k21 H) + (2 — ADTp)E .

In view of (34), the above equation becomes

REX1, X2)H = =3k (&2, H)E — (&1, H)&E) .
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Comparing the preceding equation with

RE(X1, X)) H = k({62, H)61 — {61, H)62)
which follows from (28), and using that « # 0, we get (&1, H) = 0= (&, H), i.e.,
(36) HeDl(S(TMmbh).

In particular, we obtain from (33) that A; and A, assume constant values in (0, 1) everywhere
on U. If U were a proper subset of M 2 then A and A, would assume the same values on the
boundary of U/, hence 1; (1 — A;) # 0 on an open connected neighborhood of U1<i<2,
contradicting the maximality of I/ as an open connected neighborhood of x where ker S = {0}
and A1 # Ap. It follows that Y = M2,

We obtain from (34) and (36) that I %1 =0= I‘éz. In particular, we have K = 0
everywhere, and then (26) gives

(37) |H1? = —ki(1 — A)(1 — 22) — kahia .
Set £ = H in (31). By using (25), (27) and (37), we obtain
(38) V. TH=kohjk, 1<i#j<2,

and similarly
(39) Vx,(I —T)H = —(1 = Apki&, 1<i#j<2.

In particular, bearing in mind (36) and the fact that 7' leaves S(7T M) invariant, as follows from
the second equation in (2), we obtain that both 7H and (I — T)H have constant length on
M?2, hence either TH = 0, TH = H or both TH and (I — T)H are nonzero everywhere.
Therefore L] = U N {H}- = UN NIJ- and L, = VN{H} =Vn NIJ- have constant
dimensions on M2, which are, accordingly, (rank U — 1, rank V), (rank U,rank V — 1) or
(rank U — 1, rank V — 1). Moreover, equations (27) and (36) imply that V%‘ML,' C {H}* for
i = 1,2. Hence, the assumptions of Proposition 1 are satisfied, and we conclude that there
are three corresponding possibilities for the pairs (n1, ny) of substantial values of n1 and nj:
(3,2), (2,3) and (3, 3).

We first consider the case (n1,n2) = (3,2). This is the case in which TH = 0, and
hence ko = 0 by (38). Thus we have k1 < O from (37), and we may assume that f takes
values in le x R?, with k = k; < 0.

Set F = h o f, where h: le x R?2 — R? denotes the inclusion. By (9), the second
fundamental form of F is given by

ap(X,Y)=(X,Y)h,.H + %((1 —R)X,Y)v,
where r = (—=k)"'"/2 and v = %ﬁl o F. Therefore
(40) ap(Xi, Xj) = 5ij<h*H + %(1 — Ai)v) =08Zi = Vx,F.X;, 1<i,j<2.

Notice that
(Z1,Z2) = |H? + k(1 —2)(1 — 42) =0
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by (37), and that
(41) (Zi, Zi) =k(rj —2)(A =), 1=<i#j<2.
Moreover, since
Ao(hs H) = hyomoH = ho(fS"H +TH) =0,
it follows that
mZ; =0, 1<i<2.
Using (27), we have
VxiheH = hVx, H + o (fu Xi, H)

1
= —FALX; +h.Vi H + —(m1 fXi, H)v

1
= —|H*FX; — k(1 — A))hs& + ;(f*(l - R)X; — SX;, H)v

=k(1—=2) (I —ADFX;i —hi§), 1=<i#j=<2.
On the other hand, by (10) we have

~ 1 1
Vv = DBl = R)Xi = haSXi) = —((1 = M) FeXi — hifi) -

Therefore

(42) Vx,Zj =0, ifi#j,

and

(43) Vx, Zi = k(i —A)((1 = M) FeXi — hi&), 1<i#j<2.

Also, using that

Vi & = (Vx,H,&)H = =\ H

HP
as follows from (24), (27) and (37), we obtain that

Vx hikj = h*@x,fj +oan(fiXi, &)
1
= —F AL Xi + Vi + (1 fuXi )y
(44) =—=0;jAiZi, 1<i,j<2.

It follows from (40), (42), (43) and (44) that the subspaces V; = span{F,X;, Z;, h.§;}, 1 <
i < 2, are constant. Moreover, they are orthogonal to each other, hence R? splits orthogonally
as R? =V & W.

Since F%l = Fiz =0, for each x € M? there exists an isometry ¥ : W =11 x I — Uy
of a product of open intervals /; C R, 1 < j < 2, onto an open neighborhood of x, such
that I/I*% = X; and 111*% = X, where s and ¢ are the standard coordinates on /; and I,
respectively. Write ¢ = F o). In terms of the coordinates (s, t), the fact that o p (X1, X2) =0
translates into

92 g
Toar =

3
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which implies that there exist smooth curves y;: I1 — Vj and y»: I, — V; such that g =
Y1 X y2. By (40), (43) and (44), each y; is a helix in V; with curvature vector y/” = Z; and
binormal vector A, (&;/|&i]), 1 < i < 2. It follows from (41) that (14) holds for y;, whereas
(41) and (44) imply that the second Frenet curvature of y; satisfies (15), i.e.,
2 MlZi Zi)]
' (&, &)
Therefore, the helices y; and y» are precisely, up to congruence, those given in Example 2.
Moreover, since the curvature vector Z; along y; spans a two-dimensional subspace of V;
orthogonal to the axis of y; and 12 Z; = Z;, 1 < i < 2, it follows that the subspace R2 in the
orthogonal decomposition R? = R‘ll ®R? adapted to le x R? is spanned by the axes of y; and
y2. We conclude that g is (the restriction to W of ) an isometric immersion as in Example 2.
We have shown that, for each x € M2, there exists an open neighborhood U, of x
such that f(U,) is contained in a surface as in Example 2 in a totally geodesic (@zl x R? C

=—kXilhj—Ail, 1<i#j<2.

QZ 1' x R™. A standard connectedness argument now shows that f is as in the statement.

The case (n1,n2) = (2, 3) is entirely similar and leads to the same conclusion with the
factors interchanged. Let us consider the case (n1, n2) = (3, 3), so we may now assume that
f takes values in Qzl X Qiz. Here both TH and (I — T')H are nonzero everywhere, and we
can choose unit vector fields &3 € ker T, &4 € ker(I — T) and write H = p3&3 + p4&4, where
ok = (&, H) # 0for k = 3, 4. Applying (31) to & = &, with k = 3, 4, we get

TVy.& =ps& and (I —T)Vy€ = —paki

fori = 1, 2. Therefore, fori = 1, 2 we obtain

45) Vig=—2 g and Vig=-g.
! 1—A; ! Ai
Using (24), the preceding equations yield
(46) V& = —hip3E3+ (1 — A)paks, 1<i <2,
On the other hand, we have
47 (I —T)H = p3§3 and TH = psés.
Thus, combining (38), (39) and (47) we get
(48) p3 =—kid—=a)(—x) and p} = —kodihs.

In particular, we must have k1, k> < 0, so f takes values in Hz] X Hiz.
Set F = ho f, where h: ]HI,%] X sz — R‘l‘ X R‘l‘ = Rg denotes the inclusion. By (9),
the second fundamental form of F' is given by
1 1
ar(X,Y)=(X,Y)hH+ —((I — R)X,Y)v1 + —(RX, Y)vy,
r r

where r; = (—k,')_l/2 and v; = %fri o F,1 <i < 2. Therefore

1 1 i
49) ap(X;. X)) = 8 (h*H—i—r—(l )i +r—xivz) =8, Zi = Vx,FuXi, 1<i<2.
1 2
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Notice that
(Zi, Zj) = [HP + ki(1 = 2)(1 = 1)) +kahirj, 1<i,j<2.
It follows from (37) that
(Z1,Z7) =0
and
(50 (Zi, Zi) = (M —Aj)khi — k1), 1<i#j=<2.
Using (27), we obtain
Vx,hoH = h Ny, H + op (fe X, H)

= —FALX; +h, V5 H

= —|HPFXi + (chj — kDhi&i -
On the other hand, by (10) and (11) we have

Vxun = %(F*(I — R)X; — hoSX;) = 711((1 — A FXi — hat)
and
Vv = %(F*in + hSX;) = %(MF*X,» + hi&) .

Using (37), it follows that

Vx,Zj =0, ifi #j,
whereas
(51) VX, Zi = —(Zi, Z)F Xi + k(0 — A)hs&i, 1<i#j<2.
Also,

Vx,hi€j = Vx, € + an(fXi, )

: 1 1
= —F.ALX; + h.Vy 8 + X v+ (T fo X vz

A’.
(52) =d;j (—)»i Z; + pshy&s + r—;w) ,

where we have used (46).
If kA;i — k1 # 0, thatis, (Z;, Z;) # 0, define
(Vx,hii, Zi) - —koki
(Zi, Z;) Tk =k
Then the vectors F.X;, Z;, h.& and W; are pairwise orthogonal and the subspaces V; =
span{F. X;, Z;, h.&;, W;}, 1 < i < 2, are orthogonal to each other. Using the second equa-
tions in (48) and (45), we obtain that Vx, W; = 0 and
kiko(Ai — Aj)
KA — kg

Wi = Vx, hi& —

)\'.
Zi+p4h*§4+r—’vz, 1<i<2.
2

(53) Vx, Wi = hibi, 1<i#j<2.
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It follows that the subspaces V; and V, are constant, and that R; also splits orthogonally as
R§ =V V.

If kA; — k1 = 0, define

K ~
i = ——————— (—2kVx h&i + (ko — k1)Zy), 1 <i j<2.
&i 2k1k2(K)\.j — kl)( X; «& + (k2 DZi) #J
Then (¢, &) = 0, (&, Zi) = 1 and ¢ € span{F,X;, h*éi}J-. Moreover, the subspaces V; =
span{F X;, Z;, h.&;, i}, 1 <i < 2, are orthogonal to each other. Furthermore, since
- k? — k3

54 Vx.¢i =
( ) X Cz 2k1k2
it follows that V; and V; are constant and that R; also splits orthogonally as RS =V @ Vs.

Since F%l = Fiz =0, for each x € M? there exists an isometry ¥ : W =11 x I, — Uy
of a product of open intervals /; C R, 1 < j < 2, onto a neighborhood of x, such that
1//*% = X and 1/’*% = Xp, where s and ¢ are the standard coordinates on I; and I,
respectively. Write ¢ = F o). In terms of the coordinates (s, t), the fact that o p (X1, X2) =0
translates into

h*fi ,

92 g

dsdt
which implies that there exist smooth curves y1: I1 — Vj and y»: I — V> such that g =
Y1 X Y2.

If kA; — k1 # 0, it follows from (49), (51), (52) and (53) that y; is a unit-speed
space like curve in V; with constant Frenet curvatures k/’;, 1 < ¢ < 3, and Frenet frame
{F:Xi, Z, h*é‘i, Wi}, where Z, é,» and Wi denote the unit vectors in the direction of Z;, &;
and W;, respectively. Moreover, by (49) and (50) we have

k)? = Zi Zi)) = | = A (khi — k)]
whereas from (43) and (53) we obtain, respectively, that
P0G =22 EL &) Ky — Ml (= k)

(k)* = =
2 (Zi, Z:)] lichi — ki

and
20200 — 3 N2(E £ R
(]%)2 _ klkz()”l i‘j) (&, &) _ kika |2 )¥1|’ l<j#i< 2.
(kAi — k)= [(Wi, Wi)l lcAi — kil
If kA; — k1 = 0, it follows from (49), (51), (52) and (54) that y; is a unit-speed space

like curve in V; with light-like curvature vector, constant Frenet curvatures Igé, 1 <¢<2,and

Frenet frame {F. X;, Z;, h*é‘i, i}, where éi is the unit vector in the direction of &;. Moreover,

from (51) we obtain that

kika(chj — ki)?
I(2

(k))* = :

whereas from (54) it follows that

i N R
4k3k2 dkiky

(K)?* = (&, &)
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Comparying with (19), (20) and (21) in the first case, and with (22) and (23) in the second,
we see that y1 and y, are precisely, up to congruence, the curves given in Example 3.
Now observe that

Mo Fy&i = hema fu§i = he (fuéi + SXi) = Li Fo Xi + hi&i

whereas
Tohi&i = hama&i = ha(foS'& + TE&) = (1 = M) i Fu Xi + i),
where we have used that
S =8"SX; = R — R)X; = (1 —A)X;

and

T§ =TSX; =S —R)X; =1 —-21)5X; =1 —2)é& .
On the other hand,

- Ai Ai
M2 Z; = hymoH + r—;ﬂzw = p4hi&4 + r—;w .

Since
Tohys = hyoa€s = hyo(f5S"64 + TE4) = hoifs,
we obtain that

. A A
2 <,04h*§4 + —vz) = pahsbs + —v2.
r r

If (Z;, Z;) # 0, it follows that 7o W; and 7w2Z; are colinear. Similarly, 72¢; and 72Z; are
colinear if (Z;, Z;) = 0. It follows that 772 (V;) is spanned by

)\’.
riFX; +h.& and p4h*$4+r—ZV2-
2

Therefore, the subspaces 772(V1) and 72(V2) (and hence also 771(V}) and 71 (V;)) are mutu-
ally orthogonal, thus the first (respectively, second) factor R‘l‘ in the decomposition R‘l‘ X R‘l‘
adapted to the product ]HI,%] X sz splits orthogonally as R‘l‘ = 7w1(Vy) & 7w1(V2) (respec-
tively, R? = (V1) @ 72(V2)). We conclude that g is (the restriction to W of ) an isometric
immersion as in Example 3, and the conclusion follows as in the preceding case. g

5. The main result. We are now in a position to state and prove our main result.

THEOREM 5. Let f: M? — @Z: X QZ; k1 + ky # 0, be an umbilical non totally
geodesic isometric immersion. Then one of the following possibilities holds:
(1) f is an umbilical isometric immersion into a slice of QZ: X QZ;
(i) there exist umbilical isometric immersions f;: M? — (@Zf, 1 <i <2, with 121 =
1

ki cos? 0 and ky = ko sin’ 0 for some 6 € (0, 7/2), such that f = (cos0f1, sin0f);
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(iii) after interchanging the factors, if necessary, we have kp = 0, ny > 3, no > 2 and

f=jof, where j: Qil x R? — QZ: x R™2 cmNd f:M?— @1361 x R? are isometric
immersions such that j is totally geodesic and f(M?) is an open subset of a surface
as in Example 2;

(v) ki <Oandn; >3,1<i <2 and f =jo f, vvherej:<@,3Cl x@iz —>QZI' x(@g

and f ‘M? - Qzl X sz are isometric immersions such that j is totally geodesic
and f(M?) is an open subset of a surface as in Example 3;

(V) after possibly reordering the factors, we have k1 > 0 (respectively, ki < 0) and
foll = jollo f(respectively, f=jollo f), where T1: M? — M? is the
universal covering of M2, f: M?* — R x @i;‘s (respectively, f: M* — R x @ij‘s)
is an umbilical isometric immersion with § € {0, 1}, j: Q}q X Qi;‘a — QZ: X @Z;
is totally geodesic and T1: R x Qi:‘s — @llq X (@,%j‘s is a locally isometric covering
map (respectively, isometry).

PROOF. If § vanishes everywhere on M2, then f is as in (i) by Lemma 8.1 in [3]. If

ker § = {0} at some point x € M 2 then f is as in (ii), (iii) or (iv) by Lemma 4. Then, we are
left with the case in which there is an open subset 2/ C M? where ker S has rank one. In this
case, the argument in the proof of Theorem 1.4 of [3] applies and shows that f is as in (v). O
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