Tohoku Math. J.
68 (2016), 199-239

CODIMENSION ONE CONNECTEDNESS OF THE GRAPH
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Abstract. Let & be an irreducible Harish-Chandra (g, K')-module, and denote its as-
sociated variety by AV (x). If AV () is reducible, then each irreducible component must
contain codimension one boundary component. Thus we are interested in the codimension
one adjacency of nilpotent orbits for a symmetric pair (G, K). We define the notion of orbit
graph and associated graph for 7, and study its structure for classical symmetric pairs; number
of vertices, edges, connected components, etc. As a result, we prove that the orbit graph is
connected for even nilpotent orbits.

Finally, for indefinite unitary group U (p, ¢), we prove that for each connected compo-
nent of the orbit graph 'y (Of) thus defined, there is an irreducible Harish-Chandra module
7 whose associated graph is exactly equal to the connected component.
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1. Introduction. Let G be a connected reductive complex algebraic group, and
(G, K) a symmetric pair, that is, K is the fixed point subgroup of a non-trivial involution
6 € Aut(G). Note that K need not be connected. The differential of the involution 6 gives an
automorphism of order two of g = Lie(G), which we will denote by the same letter. Let £ and
s be the eigenspaces of 6 with the eigenvalues +1 and —1, respectively. Then a direct sum
g = £+ s gives the (complexified) Cartan decomposition corresponding to the symmetric pair
(G, K).

Let NV (s) be the set of nilpotent elements in s, which is a closed subvariety of s, and
called the nilpotent variety of 5. We call K-orbits in N (s) nilpotent orbits for a symmetric
pair.

It follows from Kostant-Rallis [KR71] that the number of the K -orbits in A/(s) is finite.
Moreover, the classification of nilpotent K -orbits is completely known for simple G, and if G
is classical, it is given combinatorially in terms of signed Young diagrams (see, e.g., [CM93]).

When two nilpotent K -orbits in A/(s) generate the same G-orbit O in g, we call these
two K-orbits are adjacent in codimension one (or simply adjacent) if the intersection of their
closures contains a K -orbit of codimension one. We consider a non-oriented graph I'x (O%)
with the vertices consisting of K-orbits on A/(s) contained in @€, and edges drawn if two
K -orbits are adjacent. The graph is called an orbit graph. We study combinatorial structures
of the graph I'x (O°), which are related to representation-theoretic problem on the geometry
of associated varieties of Harish-Chandra modules.

For example, the number of vertices of I'x (O%) gives the number of nilpotent K -orbits
which generates the same OC. This roughly classifies irreducible Harish-Chandra modules
with a fixed infinitesimal character which have annihilators with the same associated variety.
We give generating functions of the number of the nilpotent orbits for classical symmetric
pairs in §3. There we also give generating functions of the number of vertices of I'x (O%) for
individual orbits.

From a viewpoint of representation theory, nilpotent K -orbits in A/ (s) and their closures
occur as irreducible components of the associated varieties of Harish-Chandra modules. For
an irreducible Harish-Chandra module X, its associated variety A}V (X) decomposes into ir-
reducible components as

l —_
(1.1 AV(x) =|_Jok,
i=1

where (O)iK are nilpotent K -orbits in A/(s), which generate a common nilpotent G-orbit OF.
The closure of the G-orbit O is an associated variety of the primitive ideal of X. Thus we
get a full subgraph of I'x (O%) with vertices

{(O)iK | @ is an irreducible component of AV (X)} .

We denote this subgraph by AV (X), and call it an associated graph of X. Here we omit the
subscript K, because the Harish-Chandra module X already encodes it.
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Vogan’s theorem ([Vog91, Theorem 4.6]) suggests that the following conjecture is plau-
sible to hold.

CONJECTURE 1.1. If X is an irreducible Harish-Chandra (g, K )-module, the associ-
ated graph AV (X) is connected.

In the case of a symmetric pair of type AlIlIl, we will prove

THEOREM 1.2 (Theorem 6.1 below). Let Ggr = U (p, q), an indefinite unitary group,
and (G, K) = (GL,(C),GL,(C) x GL4(C)) (n = p + q) be an associated symmetric pair
of type AIIL. Let us consider a nilpotent G-orbit OC in g. For any connected component in
the orbit graph I'x (O€), there exists an irreducible Harish-Chandra (g, K )-module X whose
associated graph AV (X) is exactly the chosen connected component.

This theorem is a partial converse to the conjecture above. For a general classical sym-
metric pair including type AIII, we also have the following

THEOREM 1.3. Let (G, K) be a classical symmetric pair corresponding to a real form
Gr of G. If O is an even nilpotent orbit, then the orbit graph I'x (O) is connected,
and there exists an irreducible degenerate principal series representation w of Gr such that
AV () = Tk (09).

For this, see Remark 6.2.

These theorems show that the combinatorial structure of orbit graphs seems important
and interesting. In § 4, for a symmetric pair of type AIIl, we study the structure of the orbit
graph 'k (O%), and obtain a combinatorial description of I'x (OY) in Theorem 4.7. In par-
ticular, we can give an explicit formula which gives the number of connected components of
the graph. For the precise statement, see Theorem 4.15 and the arguments before it.

The main tool of our arguments is an induction of graphs introduced in § 4.3. The induc-
tion carries a connected component of the orbit graph of a smaller nilpotent orbit to that of a
larger (or induced) nilpotent orbit.

The combinatorial arguments in § 4 can be carried over to the other classical symmetric
pairs. The results thus obtained are summarized in § 5; among them, we determine the con-
nected components of orbit graphs and prove that there is only one connected component for
an even nilpotent orbit (a part of the claim of Theorem 1.3).

Theorem 1.2 above is proved in § 6 for type AIIl. Essentially this theorem claims that
the induction of orbit graphs described in purely combinatorial manner and the cohomolog-
ical (or parabolical) induction of representations match up. It is natural to expect a similar
result for other symmetric pairs and our combinatorial arguments in § 5 strongly suggest such
statements. This is a future subject of ours.

2. Preliminaries. Let G be a connected reductive algebraic group over the complex
number field C. Let Gg be the connected component of the identity of a noncompact real
form of G. We denote by Kr a maximal compact subgroup of G, so that (Gr, KR) is a
symmetric pair with respect to a Cartan involution. Let gr and £g be the Lie algebras of Gr
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and KR respectively, and gr = £r + sg be the associated Cartan decomposition. In general,
we denote by Hp a real Lie group, and H its complexified algebraic group (if it exists). We
also use corresponding German small letters to denote their Lie algebras; so hpr is the Lie
algebra of Hgr and b its complexification.

Pick a nilpotent G-orbit 0% in g, and let

@.1) 0%ns=]]of
k=1

be the decomposition of O into equidimensional Lagrangian K -orbits (see, e.g., [Vog91,
Corollary 5.20]). We will denote a nilpotent G-orbit in g by O (or (’)f when it is parameter-
ized by a partition A in the classical cases), and a nilpotent K -orbit in s by QX (or (OJ¥ when
parameterized by a signed Young diagram 7T').

Two nilpotent K -orbits (O),f and (O)f are said to be adjacent if these two nilpotent K -
orbits appear in the decomposition (2.1) of O, and they share a boundary of codimension
one. Also we say two nilpotent orbits QX and O’ K are connected in codimension one if
there exists a sequence of nilpotent K -orbits 0K = @fl , @,g e @,{i = O’ such that each
successive pair ((D)If , @gﬂ) is an adjacent pair.

We define a graph I'x (O%) with vertices {OK, @g, ..., 0K} and edges given by the
adjacency relation. The graph I'x (O©) is called an orbit graph.

Now let X be an irreducible Harish-Chandra (g, K)-module and let

14
AV(x) =|_JoF
i=1

be the irreducible decomposition of its associated variety. The labeling of @iK byi=1,...,¢
is now different from those which are used in (2.1), but it is known that each @I.K will generate

the same nilpotent G-orbit O¢ = (’)g. In fact, Og is the associated variety of the primitive
ideal of X. Therefore we can consider {OX, ..., (O)f } as a subset of vertices of FK(O)C(;),
and we define the full subgraph AVT(X) of FK(Og), whose vertices are the irreducible
components of AV (X), and whose edges are the ones in ' ((’)g).

Vogan proved in [Vog91, Theorem 4.6] that the codimension in (O)iK of its boundary
90X = 0K \ OX is equal to one if AV(X) is reducible (i.e., £ > 2).

The boundary of codimension one of the closure of a nilpotent K -orbit QX is generally
reducible, and one of its irreducible components might be contained in the closure of another
K -orbit (O)(I)( , hence OX and (O)(I)( are adjacent; or it might be only contained in OX itself, so
it does not contribute to the connectedness in codimension one. Both cases are possible and
actually occur. However, it is plausible that the following conjecture holds. In Conjecture 2.1
and Problem 2.2 below, K is not necessarily connected. In fact, if we take a connected com-
ponent of the fixed point subgroup of the involution 6, the claim of the conjecture becomes
even stronger.
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CONJECTURE_2.1. Let X be an irreducible Harish-Chandra (g, K)-module, and
AV(X) = Uf: 1 (O)iK the irreducible decomposition of its associated variety. Then the graph
AVT(X) is connected. Namely, for any pair (@iK , @5.( ), there exist a sequence of nilpotent
K -orbits
K oK ok

K _ K _ nK
oX =0k, O, 0f, ..., Of = 0f

such that @l-llf_l N @Z-I]f (1 <k < n) contains a nilpotent K -orbit of codimension one.

Taking this conjecture into account, in this paper, we consider the following problems.
First three are combinatorial problems, and remaining two are representation-theoretic ones.

PROBLEM 2.2. Let us consider a symmetric pair (G, K) as above, and let OC be a

nilpotent G-orbit in g.

(1) Describe the explicit structure of the orbit graph I'x (O°).

(2) Find the number of connected components of I'x (O°).

(3) Find the number of K -orbits in O N s.

(4) Assume that the graph I'x (OG) is connected. Does there exist an irreducible Harish-
Chandra (g, K )-module X such that I'x (0%) = AVT (X)?

(5) More generally, for any connected component Z C [k ((’)G), does there exist an irre-
ducible Harish-Chandra module X such that Z = AV’ (X)? Here a connected component
of a graph means a maximal connected full subgraph.

We will answer most of these problems in the classical cases.

If the intersection of G-orbits with s is always a single K-orbit, most of our problems
above become trivial. So we omit these cases. However, our problem does hold in such cases.

Thus, in the following, we only consider classical symmetric pairs of type AlIl, BDI, CI,
CIIL, DII in the notation of [Hel78, Chapter X, Table V].

3. The number of nilpotent orbits for a symmetric pair. In this section, we solve
Problem 2.2 (3) for the classical symmetric pairs. For classical symmetric pairs, a classifi-
cation of K-orbits in s and their closure relations are obtained by Takuya Ohta [Oht86] (see
also [KP79], [BC77] and [Djo82]) and we use Ohta’s result in the following case-by-case
arguments.

3.1. Type AIIl (GL;14(C),GL,(C) x GLy(C)). In the following, we denote
GL,(C) simply by GL, and use similar abbreviation for other classical groups. Let us con-
sider a symmetric pair

(G,K)=(GL;,GL, x GLy) n=p+q),
where K is embedded into G block diagonally. Thus the corresponding Cartan decomposition
is
g=Etds, t=gl,®gl,, s=Mat(p,q;C)®Matg, p;C),

where s is anti-diagonally embedded into g.
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Let us first recall that the nilpotent G = G L,,-orbits in g = gl,, are parameterized by the
partitions of n, i.e., collections of the size of Jordan blocks arranged in non-increasing order.
To each partition A = (A1, ..., A¢) of n, we associate a nilpotent orbit denoted by Of. When
Of is given, a connected component of its intersection Of N s with s is a nilpotent K -orbit
in s, and every nilpotent K -orbit in s appears in this way. It is known that these K -orbits are
parameterized by the signed Young diagrams on A of signature (p, q):

ofns= |][ of.
TeSYD(A; p.q)

Here SYD(X; p, g) denotes the set of signed Young diagrams 7 on A of signature (p, q)
which satisfy

(1) T has the same shape as A.

(2) There are p boxes with (+)-sign and g boxes with (—)-signin 7.

(3) Signs are alternating in each row (in columns signs may run in any order).
From this description, we get the generating function of the number of the nilpotent K -orbits
on s as follows.

THEOREM 3.1. Denote a partition . of n as . = [1"™ - 2™2...p""] by using the
multiplicities m; of i. Then we have

(3.1) > #SYD(\; p, q) albt,
P, q=0, A=(p+q)

B ﬁ 1 1 1
- el (11— akbktzk)z 1-— ak_lbktzk_1 1-— akbk_ltZk_l ’

my  my

where t; =1t 'ty " ---,and A &= (p + q) means A is a partition of p + q. This formula is an
equality in the ring of formal power series in variables a, b, t1, t2, . . ..

PROOF. SetSYD = Up,qu,ka+q SYD(X; p, g), and define the map ¢ by

¢: SYD — Clla,b,t,12,...1]]
T aPbir, T € (SYD(; p.q)) .

Then it is obvious that ), _qyp ¢ (T) is equal to the left-hand side of (3.1).
A signed Young diagram is a union of rows of the following four types:

&) =G 7] (length is 2K) ,
& = =l T=T4] (length is 2k) ,
8§ = EEEE = (length is 2k — 1) ,

8, = ==l T+ (length is 2k — 1) .
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TABLE 1. Table of symmetric pairs.

type (G, K) n

Al (GLy+q.GL, xGLy) p+q

BDI (0,4, 0, x O,) p+q

Cl  (Spay.GL)) 2p

CIl  (Spp+q.Spp xSpy) p+q (p,q:even)
DIl (03,,GL),) 2p

We call these diagrams primitives of signed Young diagrams of type AIIL. Using primitives
we can write SYD as

SYD = 1> (efeif +ep e +df 87 +di8p) | ep.df =0 .
k=0

where sum means the sum of rows. Thus we have

YooM= Y oD (el +eper HaiSs +d5)
TeSYD eF e ,..>0, k>1
di di >0

S JTeEDs o) ¢6H% g%

+ +
€1 ,6 420, k=1

df.df,..20
=1 oehHs S e Y ohH% Z P8 %
k=1 ¢f>0 e =0 df=0

1 1 l
B ,!:[1 1 - (sk T-g) 1-9G)H) 1-060)
This is equal to the right-hand side of (3.1), since ¢(8,,:(t) = a*bkiy, d)((S,j) = akbk 1oy,
and ¢ (8, ) = a* bkt O

3.2. Types BDI, CI, CII, DIII. We consider the symmetric pairs in Table 1 in this
paper. For other classical symmetric pairs, namely types Al and AlI, the intersection (’)f Ns
is a single K-orbit. So our problem becomes trivial.

In this table, for a symplectic group, we denote it by Spy in which N represents the
dimension of the base symplectic space (or size of the matrices), hence N must be always
even. Also in the case of type CI and DIII, we sometimes put g = p so thatn = p + ¢ holds.
Thus, in the following, n always denotes the size of matrices in G, and p or g denotes the size
of the matrices of a simple factor of K (modulo its center).

Since the case of type AIIl has been already treated, let us consider the other types,
namely types BDI, CI, CII and DIII. For these symmetric pairs, nilpotent G-orbits on g and
nilpotent K-orbits on s are parameterized by Young diagrams and signed Young diagrams
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TABLE 2. Primitives of signed Young diagrams.

type primitives ({a, b} = {+, -}
Alll  ab---ab (even), ab---ba (odd)

BDI  ab---ba (odd), 4P (even)
ab---ab
Cl  ab---ab even), PP (oda)
ba---ab
ab---ba ba---ba
CII ab- - ba (odd), ab---ab (even)
ba---ba ab---b
DI ba---ba (even), ba--- (odd)

((even) or (odd) means the parity of the length.)

with suitable conditions, respectively. In all these types, the conditions for signed Young di-
agrams can be described by using primitives, which consist rows of signed Young diagrams.
Primitives for these types are given in Table 2 ([Oht91, Proposition 2]; see also [Tr05, Propo-
sition 2.2]).

We denote by SYDx (X; p, g) the set of the signed Young diagrams for type X (X = BDI,
CI, CII, DII) of shape A with the convention that ¢ = p in the case of type CI or DIII.

Similarly we denote by YDx () the set of the Young diagrams for type X. Suppose we
remove the signs in a signed Young diagram 7', and get a partition A, i.e., T € SYDx(}; p, q).
Then a nilpotent K -orbit @sz C s corresponding to 7' generates a nilpotent G-orbit Of Cg
corresponding to A. We get YDx (n) in this way.

THEOREM 3.2. We have the generating functions of the numbers of the nilpotent K -
orbits on s for the symmetric pairs of types BDI, CI, CII and DIII as follows, where the
notation is the same as in Theorem 3.1.

(1) Write a partition .. of n = p + q of type BDL as . = [1™1 . 2"2...pn""] using the
multiplicities m; of i. Then we have

Z #SYDgp1(A; p,q)a’ b1,
P, q>0, AeYDppi(p+q)
o0

1 1
l_[ 2kb2kt 1=k Tk 1 —akbk Ty

(2) Write a partition > of n = 2p of type Cl as A = [1"1 . 22 ... p""]. Then we have

Y. #SYDai(k; p, p)alb’n,
p=0, AeYDc1(2p)

1 1
:1_[ — _khk 2 “12k—1,2 "
il (1 — a*b*tyy) 1 — a2k—=1p2k 1t2k—1
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(3) Write a partition L of p + q of type Cll as A = [1! - 2™2...]. Then the generating
Sfunction of the number of nilpotent K -orbits on s is given as follows.

> #SYDcn(x; p, q) a” b 1
2,q>0 (p,q:even), AEYDCII(p+q)

1 1
_H 2522 1 _ 2kp2k—272 1 _ 2kp2ks2
—a bty 1—a*b ey 1 —a*b=t;,

(4) Write a partition . of n = 2p of type Dlll as A = [1™1 - 22 ... . Then the generating
function of the number of nilpotent K -orbits on s is given as follows.

Z #SYDpm(X; p, p) a? bP 1,
>0, AeYDp(2p)

1

- l_[ 2kb2kt )2 1 — q2k—1p2k— 1t2k . :
PROOF. The proof is similar to that of Theorem 3.1. If a primitive contains k4 (+)’s
and k_ (—)’s, and consists of rows of lengths /1, [2, . . ., l4, then the generating function has a
factor
1

1-— ak+bk—t11t12 sty ’

Thus the formulas immediately follows from Table 2. O

4. Combinatorial description of orbit graphs for type AIIl. In this section, we
consider a symmetric pair (G, K) = (GLy,, GL, x GL,) of type AIIL

4.1. Structure of orbit graph. To describe the whole structure of the orbit graph
I'k (Of), we prepare some notions.

The vertices of the graph I'x ((’)f) is the set of nilpotent K -orbits:

V(I (OF)) ={0F | T € SYD(X; p, )}

We realize these vertices as points in the Euclidean k-space R. To describe it, we denote A
in slightly different manner from the notation before, namely

A=, .. 01,02, ey 02yl enn, k)
(41) — (i;”(il)’ i;"(iZ), ., ll’;”(lk)) ,

i1>ip>-->0ix >0, m@;)>0 (1=<j<k)),

where m(i) = m, (i) is the multiplicity of i among the parts of A, which is a function in i
and A. If we pick T from SYD(}; p, q), there are m (i) rows of length i in 7. Among those
m(i) rows, some of them will begin with the box , and the others begin with the box E
We denote the number of rows which begin with by mT (i) = mJT“(i). We also write
m~(i) = m(i) —m™ (i), which is the number of rows of length i starting with box E
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Let us define a map 7 : V(FK(Of)) ~ SYD(%; p, q) — RF by
4.2) w(T) = (m* (), m* (i2), ..., m™ (in) € ZEy C R,
These m™ (i,)’s must satisfy obvious inequalities

0<m® () <m@) (<r<k,
and a parity condition

p—q= Y (m"G)—m ()

i :odd
4.3) =2 Y mti)— Y. mG,).
i :odd i :odd

Note that the difference m™ (i,) — m ™ (i,) only contributes to the difference p — g when the
row length i, is odd (if it is even, there are the same number of +’s and —’s in that row), hence
the above parity condition.

Conversely, if (a1, ..., ax) € ZI;O satisfies

O<ar=m@y) (A=r=k),

and the parity condition
P=q=2 ) a— Y ml,
i : odd i . odd
then (ay, ..., ar) is in the image of the map =, ie., n(T) = (ai,...,ar) for some T €
SYD(%; p. q).
Thus we are left to determine the edges of the orbit graph. We first recall Ohta’s result

on cover relations (i.e., closure relation @{g C (O)I]f with no orbits in-between) of nilpotent
K -orbits on s [Oht91, Lemma 5].

LEMMA 4.1. Let u and ) be partitions of n = p + q. For signed Young diagrams
S € SYD(u; p,q) and T € SYD(A; p, q), the corresponding nilpotent K -orbits @§ and
@IT( on s satisfy

(O)é< C @%, and there is no K -orbit in-between ,

if and only if one of the following three conditions holds:

u u+1
,_/7 ,_/T
(1) E _ a . T _ a (u > U > 1)
ba ab
—— ——
v v—1
u u+1
—_— ——
(11)S= ba------ ’Tz ab-----. (u>v>1)
ab - ba---
S—— ——
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dim
15
14
13
12
11

e
~
[ ++4]
~

FIGURE 1. Closure ordering: (GLg, GL3 x GL3).

u u+2
—— ——
(111)§— ~-~}9-~ba,T: ~--;'ba (u=>=v=>2, u—v:even),
-ba a
v v—2

where {a,b} = {4+, =}, and S and T denote the diagrams obtained by removing common
rows from S and T.

EXAMPLE 4.2. The following is the graph of closure ordering of the nilpotent K-
orbits for the symmetric pair (GLg, GL3 x GL3). (See Figure 1.)

EXAMPLE 4.3. Figure 2 exhibits the graph of closure ordering of the nilpotent K-
orbits for the symmetric pair (GLg, GL4 x GL4).

In order to determine adjacency in codimension one, we recall the dimension formula
for @f (see [CM93, Corollary 6.1.4], for example).

LEMMA 4.4. Let X be apartitionofn = p+q,andT € SYD(X; p, q). The dimension
of the nilpotent K -orbit @? is half of the dimension of the nilpotent G-orbit OY , and we have

1 1 -
dim QX = 5 dim OY = 5(# — Z(’A,ﬁ) ,
i=1

where 'A = (A1, " A2, ..., ')A,) denotes the transposed partition of A.
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FIGURE 2. Closure ordering: (GLg, GLy x GLy4).

Thus we obtain cover relations of nilpotent K -orbits on s of codimension one, and hence
the condition for two nilpotent K -orbits (O)é< and (O)¥ (S, T € SYD(4; p, q)) to be adjacent in
codimension one.

LEMMA 4.5. Let ju and X be partitions of n = p +q, and take S € SYD(u; p, q) and
T € SYD(X; p, q) respectively. Then @_19( C (O)? and dim @g = dim@? — 1 if and only if
one of the following two conditions holds.

u u+1
—_——~ ——
(I)E: bab’ T: bba (u>v>1),
.. a -a
v v—1

and T has no rows of length = u,u — 1, ..., v.
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u u+1
zb—/‘ zb—’—
(ii)§= a ...... , T: a ...... (uzv>1),
ab--- ba -
——
v v—1
and T has no rows of length = u,u —1,...,v.

PROOF. Among three cases in Lemma 4.1, it turns out that in Case (iii) the codimension
is always greater than one by Lemma 4.4. In Cases (i) and (ii) the codimensions are one if
and only if 7 has no rows between two rows in 7. O

LEMMA 4.6. Let A be a partitionofn = p+q,and T, T’ € SYD(A; p, q). Then @If
and @I;, are adjacent in codimension one if and only if one of the following two conditions
holds.

2 2
z—/u— z—’u—
0T = ab .- ab, T ba-ne- ba U>v>0),
b -ba ab---ab
—_— —_———
2v 2v
and A has no rows of length £ =2u — 1,2u —2,...,2v+ 1.
2u+1 2u+1
= b b — b b
(ii) T: a ...... a . T/: a ...... a (M >UZO)’
b -ab ab---ba
———— ——
20+1 20+1

and A has no rows of length £ = 2u,2u — 1,...,2v + 2.

PROOF. Suppose that there exists S € SYD(u; p, g) of shape u  n such that (OJ§ C
@If , @§ C @?,, and the codimension is equal to one. Then the only possibility is that
OX c OF satisfies (i) (resp. (ii)), and O¥ C OX, satisfies (ii) (resp. (i) in Lemma 4.5.

Suppose the length of the first row of S is odd. Since S appears in (i) and (ii) in
Lemma 4.5 at the same time, the signatures a, b in (i) and those in (ii) must coincide. Thus
the length of the second row is also odd, which leads us to the case (i) in the present lemma.
Similarly, if the length of the first row of S is even, in Lemma 4.5, the signatures a, b in (i)
and those in (ii) must be interchanged. So the length of the second row is also even, which
leads us to the case (ii) in the present lemma. O

THEOREM 4.7 (Description of orbit graph). Let A be a partition of n, and SYD(};
P, q) the set of signed Young diagrams with signature (p, q). Recall the map 7w : SYD(A; p, q)
— RX from Equation (4.2), where k is the number of parts of A of different length (see
Equation (4.1)).
The structure of the orbit graph I'k (Of) is described as follows. The vertices are {(O)¥ |
T € SYD(A; p, q)} and, for two vertices (O)¥ and @?,, there is an edge if and only if n(T) —
7w (T") belongs to

{£ler —err) |1 =7 <k —1}U{Eer}.

Here e, denotes a fundamental unit vector which has 1 in the r-th coordinate and 0 elsewhere.
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(2’ 2’ 1‘) ,,,,,,,, . (2’ 2’ 0)
e oo
(1,2, 1) (1,2,0) R
*2 =
*-._»/l(z’o’]) ........ (2,0,0)
(L LD (1,1,0)
(0, 2, 1) ........ (0’2’0)/
|/ aoiy (1,0,0)
©.1.1) ?1,9)
xlv (6" 0, 1)-eeeeee ..(0’0 0)

0,2, 1)(....(0"2; 0):/

FIGURE 4. Orbit graph for A = (4,3,3, 1, 1).

PROOF. By the definition of ¥ : SYD(}; p, q) — RF and Lemma 4.6, we immediately
have the description of the edges. Note that the case where v = 0 in Case (i) of Lemma 4.6
corresponds to the edges +ey. |

EXAMPLE 4.8. (1) Consider the shape A = (6,4,4,2,2) and signature (p,q) =
(9,9). The following is (the image under 7 of) the graph of SYD(X; p, ¢), where dotted
lines are just for help to see the structure.

(2) Consider the shape & = (4, 3, 3, 1, 1) and signature (p, g) = (6, 6). Figure 4 is (the
image under 7 of) the graph of SYD(X; p, ¢). Again dotted lines are just for help to see the
structure.

From this theorem, we can give a complete system of representatives of the connected
components of Ik (Of) in algorithmic way. The idea of getting such a representative is to
start from an orbit (O)? from a connected component, then to move rows in T € SYD(A; p, q)
beginning with | 4| as upper as possible within the connected component containing @?.

To describe these representatives explicitly, let us introduce some notation.
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Let A be a partition of n with length ¢ = £()) and put Ay+1 = 0. Define kg = 0 < k1 <
ko < -+ < kp by
4.4 (ki kos oo sk} ={j 11 <j <€ Aj—Ajypisodd},
and put
POsp.q)={p=(p1,.... pm) € ZZ | p satisfies (x)}
Ofpsfks_ks—l 1<s<m,

()12 > ps —#(odd parts) = p — q .
Ak, :odd

4.5)

If there is no odd part in A, then we formally putm = 1,k; = 0 and P(}; p,q) = {(0)},
otherwise we get k1 > 0. For p = (p1, ..., pm) € P(A; p, q), we construct a signed Young
diagram T € SYD(X; p, ¢) in such a way that j-th row begins with |4-|if and only if k;_; <
Jj < ks—1+ ps for some 1 < s < m. Then the parity condition in (x) for Zxk\: odd Ps assures
that 7 has indeed the desired signature (p, g) (see Equation (4.3)). Again, if there is no odd
part in A, we associate (0) € P(X; p, g) with a signed Young diagram 7T in which every row
starts with[—]. In this case it is necessary that p = ¢ = n/2 holds (thus n must be even in this
case).

LEMMA 4.9. With the above notation, the set

{T € SYD(; p,q) | T constructed from p € P(A; p,q)},

gives a complete system of representatives of connected components of the graph I'k ((’)f).

PROOF. This lemma follows easily from Theorem 4.7. More precisely, this complete
system corresponds to the greatest signed Young diagrams with respect to the total order
defined by

(1) the number of [4]in r{(T7) < thatin ri(T3),
T1 > Tp & 1(2) orthe number of in r{(Ty) = thatin r1(T2),
and r1(T1) >1ex r1(T2) ,

where r1(T') denotes the first column of 7', and >jex denotes the lexicographic order with
> [ O

4.2. Product of graph. The orbit graph I'x (Of) associated to the set of signed
Young diagrams SYD(X; p, ¢) is presented as a disjoint union of products of basic building
blocks. There are two kinds of the basic building blocks A(m; p) and C(m) defined below.
Take a partition A of n = p + ¢, and write A = (ii”(i'), i;"(iZ)
(see Equation (4.1)).

Let us use the notation in (4.4) and Lemma 4.9. For 1 < s < m, we put ry to be the
number of different parts of A between the first row and the ks-th row (we count the kg-th
row also). Then we have an increasing sequence r; < 12 < --- < 1, < k. Recall that k
is the number of different parts of A. Here r,, = k holds if the last part of X is odd. If the

., "™ using multiplicities
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last part of A is even, iy, +1, ir,+2, - - - » ik are different even row lengths at the tail of . See
Example 4.11, where these numbers r’s as well as k’s are given for several A’s.

For a collection of non-negative integers m = (mp, ma, ..., my) and p, we define con-
nected graphs A(m; p) and C(m) as follows. The vertices of A(m; p) are given by

{(m w ap) € 7 O<a;<ms(1<s<¥), }

aita+---+a=p

and the edge between (ay, az, ..., a¢) and (b1, ba, ..., by) exists if and only if

(Cl], aj, -~-1al) - (b17b21 717() = :i:(es _eS-‘rl)

forsomes =1, 2,...,¢ — 1. The vertices of C(m) is
{(a,az,...,a) € Z" |0 <ag <my (1 <5 <O},
and the edge between (ay, az, ..., a¢) and (b1, ba, ..., by) exists if and only if

(alaaQ.a"‘aae)_(b15b25"'5b£)

| x(es —esq1) (s=1,2,...,£—1), or
B +ey.

If the parameter is empty, we set C () to be the graph of a single point with no edge. For
example, A(2, 1; 1) and C(1, 2) are as follows:

A2, 1I; 1) c,2)

A

THEOREM 4.10. Under the above notation, the orbit graph I'k (Of) for a partition
Aofn = p+ g can be presented as a disjoint union of direct products of simple connected

graphs as
Tk (OF) ~ Zy,
KOD =1, pup 2o
where, if riy < k, the product Z, is defined by
Zp = A(m(i1),m(i2), ..., m(ir); p1)
X Am(iry4+1), m(ir+2), ..., m(ir,); p2) X -+
X A(m(irm71+1)a m(irm,]+2), RN m(lrm); Pm)

X CMiy4)s M, 42)s -, m(iK)) |
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and, ifry, =k,
Zp = A(m(iy),m(iz), ..., m(ir); p1)
X Am(iy 1), m@p42), ..., m(ip,); p2) X -«
X A(m(ifm71+1)a m(irm,1+2), R m(lrm); pm) .

PROOF. The set of vertices of the orbit graph 'k ((’)f) is in one-to-one correspondence
with the set of signed Young diagrams SYD(A; p, g), and, if i,, is strictly smaller than £, its
image under the map 7 : SYD(%; p, ¢) — RF is

0<ay<m(i;) 1 <s =<k,
{(01,02,---,ak)€Zk 2 Y ag —#(odd parts) = p — g }
ig: odd
0<ay;<m(i;) 1<s=<k),
= ]_[ {(al,az,...,ak)eZk ar,_141+ - +ar, = pr }
4.6 PEP(A:p.q) (I<t=<m)

~ JI T]V(AGr_ 4. ..mGr): po)

PEP(;p.q)t=1
x V(Cm(i,41). . ...m(ir)) .
where we put ro = 0, and V (I") denotes the set of vertices of a graph I". If r,, = k, then the
last term in the last equality will not appear.
Since the edges of FK(OS) are of the form £(e; —egy1) orex (s = 1,2,...,k—1and
ig —is41 1s even), every edge sits inside some factor of the right-hand side of (4.6). Therefore
(4.6) turns out to be a disjoint union of direct products not only as sets but also as graphs. O
EXAMPLE 4.11. (1) Let A = (6,4,4,2,2) = (6,42, 22) be a partition of 18 and
(p,q) =0,9).
(i1,02,i3) = (6,4,2), (m(i1), m(i2), m@i3)) = (1,2,2), k=3,
(ko, k1) =(0,0), m=1, r =0,
P&; p.q) ={(0)}.

Thus Ik (Of) ~ (C(1, 2, 2) as given in Example 4.8 (1).

() Leta = (4,3,3,1,1) = (4,3%, 1*) and (p, ¢) = (6,6).

(i1,02,13) = (4,3, 1),  (m(i1),m(i2), m@i3)) = (1,2,2), k=3,
(ko, k1, k2) = (0, 1,5), m=2, (r,r)=(1,3),
P p,q) =1{0,2), (1,2)}.
So we have
re0f) ~ [] AU:p) x AQ.2: pa)

(p1,p2)
=A(1;0) x AR2,2;2) T A(1; 1) x A(2,2;2)



216 K. NISHIYAMA, P. TRAPA AND A. WACHI

- x\.\n . \
)

as given in Example 4.8 (2).
(3)LetA =(9,9,8,8,6,5,4,2,2) = (92,82%,6,5,4,2%) and (p, q) = (27, 26).

(i1, i2,...,i6) = (9,8,6,5,4,2),

(m(iy), m(@iz), ..., m(e)) = (2,2,1,1,1,2), k=6,

(ko, k1, k2, k3) =(0,2,5,6), m=3, (r;,r,rn3)=(1,34),

P p,q) ={(p1, p2, p3) | p1 €10,2], p2 €[0,3], p3 € [0, 1], p1 + p3 = 2}.
Notice that the parity condition for p € P(X; p, q) reads as 2(p1 + p3) —3 = 27 — 26, so we
get p1 + p3 = 2. Thus we have

Ik (O7)

= ]_[ A(2; p1) X A2, 1; p2) x A(1; p3) x C(1,2)
(p1,p2,P3)

3
~ (A(2; ) x A(l; HITA®2;2) x A(L; 0))>< 1 A, 1; p2) x C(1,2)
p2=0

~(exe Il exe) x :\:\: X {ii

o (NN
-NRTREN NN

4.3. Induction of subgraphs. Let us consider the following operation on the par-
titions. We identify the partitions with Young diagrams in standard way. Given a Young
diagram (or a partition) A, we remove two successive columns of the same length from A
(if they exist), and we get A’. To explain this operation in another way, let us consider the
transposed partition u = ‘A. If u = (ug,..., ue) has a pair of repeated parts, i.e., if
wo= ([1y.ooy Liy Litls -5 mer) With u; = piy1, we remove that pair, and then take the
transpose again. So we get

4.7 M=t iy R )



ORBIT GRAPH OF ASSOCIATED VARIETIES 217

where ~ means elimination.

LEMMA 4.12. Let A and )’ be as above, and h the height of the columns removed from
A. Then the number of connected components of 'k (Of) coincides with that of T’ Kr((’)f,/),
where (G, K) = (GL,,GL, x GLy), and (G',K') = (GL,—21,, GL,y x GLy) with p' =
p—handq =q — h.

Note that if n = 2h, then )\ is the empty Young diagram, and FK/(O)(L;,/) should be
considered as the one-point graph (with no edges) whose vertex is parameterized by the empty
signed Young diagram.

PROOF. The number 0 < k; < k» < --- < ky, for A given in Equation (4.4) are
the same as those for A/, since the parities of the row lengths are the same for A and A’
By the same reason the number of the odd parts is the same for A and A’. Together with
p—q = (p—h)—(q—h) = p'—q’, it turns out that the set P()'; p’, ¢’), which parameterizes
the connected components of I K’(OS/) is equal to P(A; p,q). Hence the number of the
connected components of I'x (OY) coincides with that of FK/((’)f,/). O

Let us refine the lemma above, which helps us to understand the connected components
more concretely. Actually, we describe the connected components of 'k (Of) in terms of
those of FK/((’)S,). To do so, we need some notation.

Let Z’ be a full subgraph of FK/((’)f,/). For each vertex @IT(,, in Z’, we construct several
nilpotent K -orbits {(O)I]f }7 as follows. Since A is contained in A (as a Young diagram, in the
left and upper justified manner), we can put the signed Young diagram 7" inside the shape A.
In other words, we fill £’sin A’ C A in such a way that it recovers 7. If T’ has several rows
of the same length, we allow every possible permutations of such rows. After that, we fill +’s
in A/A’ in every possible way, which is compatible with 7"

EXAMPLE 4.13. (1) Let us consider the case where (p, q) = (8,7), (p', q") = (3, 2),
and
V=% 1) ca=4%3,2%.

Pick T" € SYD(); 3, 2) below, and we get a set of signed Young diagrams in SYD(A; 8, 7)
as follows.

+ —
T’ =151 € SYD(\; 3,2) ~ {T € SYD(1; 8,7)}
+
= BEERE FEEREE
Y I I 3
==+ . K=+ . EE=*
+|- +- —|+
+= -+ —I+

(2) Similarly we give an example where (p, ¢) = (7,5), (p’, ¢') = (4,2),and A = (2, 1*) C
A = (4,3%,12). Let us consider 7" € SYD()'; 4, 2) below. Note that we can reorder the tail
of T’ as we like.
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T =

O+ [+ ]+
1
[+]+]1 [+

Then we obtain {T € SYD(A; 7, 5)} from T as follows.

_+_|
- -+

+_

T

ﬂ
Il
[

FEEE

We get several signed Young diagrams of the shape A in this way. We repeat this pro-
cedure for each vertex @I]g,/ of Z'. Collecting all the signed Young diagrams thus obtained
from Z’, we finally get a subset ind(Z’) € SYD(A; p, ¢) or a subset of nilpotent K -orbits
contained in Of Ns. (Since Z’ is a graph, we should write ind(V (Z")) instead of ind(Z"), but
we prefer this simpler notation.) We denote a full subgraph of I'x (Of) with the vertices in

ind(Z') by g-ind{g;%), (2') or simply by g-ind(Z").

LEMMA 4.14. Let A and ) be as above and we use the notation in Lemma 4.12. If Z'
is a connected component of 'k (OS,), then g-ind(Z’) is a connected component of I'k (Of).
This correspondence establishes a bijection between the connected components of I’ K/((’)f,/)
and those of I'k (Of).

PROOF. Note that any T € SYD(A; p, ¢) is contained in ind({7T’}) for some T’ €
SYD(V; p’, q"). Also, for two signed Young diagrams 7/ # T” € SYDQO'; p,q"), it
is immediate to see that ind({7'}) N ind({T”}) = @. Thus it is sufficient to prove that
g-ind(Z") c T K(Of) is connected. In fact, if we can prove that g-ind(Z’) is connected,
we have a well-defined surjective map from the connected components of I K'(Of/) to those
of I'k (Of). Since the number of connected components are equal by Lemma 4.12, this map
must be bijective. By the arguments above, ind(Z") covers all the vertices of 'y (Of) when Z’
moves connected components of FK/((’)AG,). This means that g-ind(Z’) must be a connected
component.

So let us prove that g-ind(Z’) is connected.

Take T’ € SYD(\; p’, ¢’), where p’ = p — h and ¢’ = g — h. First, we will prove that
g-ind({T"}) is connected.

We write 0 = A = (1, n2, ..., fe,), and

N=", o i i1, ) s h = i = Wit

as in Equation (4.7). Here, without loss of generality, we can assume that the removed
columns are at the rightmost position among the columns of the same length 4, i.e., w;y1 >
Wi42 with the convention pg, > ¢, +1 = 0. Then there are three possibilities: (i) > 1 and
Mi—1 = mi; (i) i > 1and wj—1 > w;; (i) i = 1, i.e., we remove first two columns. Let us
recall the map 7 in Equation (4.2), and choose an arbitrary T € ind({T"}).
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Case (i). In this case, it is easy to see that there is a unique choice for T, and ind({T"}) is
one point. So it is connected.

Case (ii). In this case, we have p;—1 > @; = Wi+1 > Mi+2. As in Equation (4.1), we
write

A=(1, . i1,02, ey 02y eay iy ey ik)
=(if1,i;2,...,i;k),
i1>ip>-->i>0, v,>00<r=<k.
If we remove two columns of the same length p; = w41 from A, we get
A= @NLLi ey,
i1>i>->i;_; >0, v.>01<r<k-1.

Since A = A/ + (2h) (h = pi = pi+1), thereexists 1 < j < k suchthati; =i;11 + 2 and

i 42
e (I<r<j-1.
Vv =V,
ijp1 =1}
vt v =)
i =i
tod (G+2=<r=<kh.
Vr ="V,
Fix T € ind({T'}) and we write
w(T) = (my.(i1), m(i2), ..., m3 (i) =: (a1, az, ..., ax) € Z&,
and
m(T") = (mE, ). ...omE ) = (b1, ... bey) € ZE4!

Then by the definition of the map 7 and the construction of the signed Young diagram 7', we
get
(b1, ....bk—1) =(a1,...,aj-1,a; +ajy1,a42,...,a;5) .
Thus we conclude that
{7(T) IT € ind({T"})}
aj+ajy1 =D
=11, ....bj—1,aj,aj41,bj41, ..., b)) | 0=aj <vj
0<ajy1 Svj
Note that the parity condition (4.3) is automatically satisfied since 7 (T”) = (by, ..., bxk—1)

satisfies it, and i ; and i ;41 have the same parity. Now it is clear that {=r(T) | T € ind({T"})}
constitutes a segment in the direction of £(e; — ¢;41), hence g-ind({7"}) is connected.
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Case (iii). In this case, we must have
A= a2 i 2%,
i1>ip>->ip_1>2, v>0{A=<r<k).
We remove first two columns from A and get
V=1 =2, G2 =2, ..., (k-1 — 2.
If we denote w(T') = (b1, ..., bi_1) € ZI;BI as above, we conclude that
{m(T) | T € ind({T")} = {(b1,....bx—1.a) | 0 < ap < wi}.
This set also constitutes a segment in the direction of +ey, hence g-ind({7"}) is connected.
Next, we prove thatif 7/ and T” in SYD()'; p’, ¢’) are adjacent in codimension one, then
there are T € ind({T’}) and T, € ind({T"}) which are adjacent in SYD(}; p, g). We also
prove this by case-analysis, so we divide the proof into three cases (i)—(iii) introduced above.
These cases depend only on A and 1/, not depending on individual 7° € SYD(}'; p’, ¢').
Case (i). In this case, there is only one signed Young diagram 7} belonging to ind({7"})
for any T'. It is easy to check that 7w (T1) = 7 (T’). The same is true for {T»} = ind(T"). Thus
we know 7 (T1) — n(T2) = n(T’) — w(T"), and this gives the edge in the orbit graph realized
in R¥. So the claim obviously holds.
Case (ii). Let n(T") = (b1, ...,bx—1) and 7 (T") = (di,...,dx_1) as above. Then

a(Th) = (b1,...,bj_1,aj,aj41,bjy1, ..., bg_1) for certainintegers a;, a1 with the prop-
ertyaj +ajy1 =bjand0 <a; <v;,0 <aji; <vji. Similarly 7 (12) = (d1,...,dj_1,
Cj,Cjt1,djs1, ..., dr—1) withcj +cjy1 =djand 0 < ¢; < v;,0 < cj41 < vjqq1. Let

us assume that 7(T’) = 7 (T") + (e, — e,11) for certain r, i.e., assume that 7" and T" are
connected by the edge corresponding to e, — e,41.

Ifr #j—1,j,thenb; = d; holds, and we can take (a;,ajy1) = (cj, cj+1). Thus Ty
and 7, are connected by the edge corresponding to e, — €,41.

Ifr =j—1,then (bj_1,b;) = (dj—1 +1,d; — 1) and all the other b’s and d’s coincide
with each other. Since cj+cj11 =dj > 1, we can assume thatc; > 1. If we put (a;, aj11) =
(cj — 1,c¢jq1), clearly T7 and T, are connected by the edge corresponding to ej_; — e;. The
case of r = j can be treated similarly.

Next, we assume that 7’ and T” are connected by the edge corresponding to ex—;. If
J # k—1,then we cantake (a;, aj11) = (cj, cj4+1) and conclude that 77 and 7> are connected
by the edge ex. If j =k — 1, we have b; = by—1 = dy—1 + 1 > 1. Since ay—1 + ax = b1,
we can choose ax > 0 and put (dix—1,dr) = (ax—1,ar — 1). Then, clearly 71 and 7, are
connected by the edge ey.

Case (iii). Assume that

(T = (b, ....bk=1), 7(T1)=b1,....bk—1,ar) (0 =<ar <),
a(T")y=(d,....dr—1), 7(Tr)=(d1,....dr—1,cx) (O0=<cr <w).

If T’ and T” are connected by the edge e, — ¢,4+1 (r < k — 1), we can take ax = ¢ above,
and conclude that 71 and 7, are also connected by the edge e, — e,41.
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If 77 and T” are connected by the edge ex—1, we can take a; = 0, cx = 1 above, and
conclude that 77 and 75 are also connected by the edge ex—1 — e. O

In Lemma 4.14 we have proved the correspondence between the connected components
of Ik ((’)f,/) and that of I'x (Of/), where ) is a Young diagram obtained from A by removing
two successive columns of the same length. Repeating this operation we get the correspon-
dence between g~ ((’)f,,”) and 'y (Of/), where A” is obtained from A by removing two suc-
cessive columns of the same length for finitely many times. We denote this correspondence

by the same notation such as g-ind(Z") = g-indgg},K[;,,) (Z"). Tt follows from the definition of
G.K)

GV.K") (Z") is independent of the order of removing the columns.

4.4. Number of connected components. If we remove pairs of the columns with the
same length from A repeatedly, then we will finally reach a Young diagram p with columns
of different lengths. Lemma 4.12 tells that the orbit graph I'| Kr(Og/) has the same number of
connected components as that of 'y (Of). Therefore, to answer Problem 2.2 (2), it suffices
to consider the Young diagrams with columns of different lengths.

g-ind that g-indE

THEOREM 4.15. (1) The orbit graph I'k ((’)f) consists of a single vertex if and only
if (a) the parts in A are all odd; and (b) £L(A) = |p — q| or A = (rf)for some odd r.

(2) The orbit graph I'k (Of) has no edges if and only if each column length of A occurs
odd times or it consists of a single vertex. In particular, if A has distinct column lengths, i.e.,
if the transposed partition ' A has distinct parts, then I'k (Of) has no edge.

(3) Assume that A has distinct column lengths. In this case the number of the connected
components (i.e., the number of the vertices) of the orbit graph 'k (Of) is given by

4.8) [T a+e++55 ) o T A4k —k-n),
I<s<m 0 <s<m
Ak, @ odd Ak, :even

where ko =0 < k1 < ko < - -+ < ky, are the (distinct) column lengths of X, f(t)|td denotes
the coefficient of t%, and d is the number given by

_ p —q +#(oddparts of 1)

= 5 .

If d is not an integer, then there is no signed Young diagram of shape A with signature (p, q).

4.9) d:

PROOF. (1) If there is an even part in A, then clearly we have more than two signed
Young diagrams of the same shape A (the even part can start with the both 4+/— signs). So
the parts in A should be odd. Now we assume p > ¢. The case where p < ¢ can be treated
similarly. Since all the parts in A are odd, the parity condition (4.5) becomes

1
(4.10) > ops= E(e(x)+p—q).
Ak, +odd

Since there should be a unique choice of (py)t" |, if m # 1, all py’s must attain the largest
possible value, namely ps = ks —ks—1. Then the left hand side of (4.10) is equal to k,,, = £(}),
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and we get £(A) = p — ¢g. On the other hand, m = 1 forces a unique column length so that
we have A = (%) for some r.

(2) Let us assume the orbit graph has more than two vertices. The partition A has a
column length that occurs even times if and only if

(i) there are two successive row lengths iy and i1 of the same parity, or
(ii) the smallest part of X is even.

By Lemma 4.6, this condition is equivalent to the condition that the orbit graph I'g (Of) has
an edge provided that there are at least two vertices. Hence Ik (Of) has no edges if and only
if each column length of A occurs odd times.

(3) Note that the numbers k;’s are the same as k;’s defined in Equation (4.4). Thus it
suffices to count the elements in P(A; p, ¢) defined just after Equation (4.4).

If Ak, is even, pg can be any integer contained in the interval [0, k; — ks—1]. Therefore
the number of choices is equal to the second product of (4.8). If A, is odd, we can choose
integers p; in [0, ks — ky—1] subject to the relation

p — q + #(odd parts)

s:odd

Note that the integer d coincides with the number of the rows of odd length beginning with
[+]. Therefore the number of choices for p; (A, : odd) is the coefficient of t4in

[] a+e+- 47k,
1<s<m
Ak, odd
Thus we have the desired formula. O
From this theorem, the condition for an orbit graph to be connected is immediate.

COROLLARY 4.16. For a nilpotent G-orbit Of in g, the graph I'k (Of) is connected
if and only if there exists 0 < r < £ = £()\) such that

“4.11) A, ..., A are odd, and Ay41, ..., Ag are even.

Since r can be O or £, we allow the cases where all the \;’s are even, or where they are all
odd.

PROOF. The second product of (4.8) is equal to one if and only if the product is empty,
namely, there is no even parts in A except for successive even parts at the tail of A = (A1, A2,
..., Ag). Thus (4.11) is the necessary condition.

If (4.11) is satisfied, then there is at most one factor in the first product of (4.8), and the
second product is equal to one. Therefore (4.11) is also the sufficient condition. O

For a nilpotent G-orbit (’)f there is a corresponding weighted Dynkin diagram ([CM93,
Corollary 3.2.15]), which is a Dynkin diagram with vertices labeled by 0, 1 or 2. A nilpotent
G-orbit which corresponds to a weighted Dynkin diagram with even labels (0 or 2) only is
called an even nilpotent orbit.
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It is known that a nilpotent orbit Of is even if and only if all the parts of A have the same
parity, and this evenness condition is the same in the other classical cases (see [CM93, § 5.3]).
So we have

COROLLARY 4.17. Let us consider the symmetric pair of type AllL. If a nilpotent orbit
O is even, the orbit graph I'k (O9) is connected.

5. Orbit graphs for classical symmetric pairs. For symmetric pairs of types other
than AIIl, we have similar results on the structure of orbit graphs, induction of subgraphs and
the number of connected components of orbit graphs.

5.1. Structure of orbit graphs. As to the structure of orbit graphs, we need informa-
tion on

TABLE 3. Cover relations of nilpotent K-orbits on s.

DIII ClI
s T S T
2u—1 2u 2u 2u+1
— —— —— —
ab------ ba ab------ ab ba------ ba ba------ ab
ba------ ab ab------ ab ab.----- ab ba------ ab
1 1 1 >p>1
D piba baeba “EVED O e abeba “EVED
ba---ab ba---ba ab---ab ab---ba
2v—1 2v-2 2v 2v—1
2u 2u+1 2u+1 2u+2
b b b b b b b b
Qoovrnn a ab------ a ab .- a Qoveenn a
ba------ ba ba------ ab ab.----- ba ab------ ab
2 >v>1 2 >p>1
@ ab---ba ba---ba wzvzl @ ba---ba ab---ba wzvzl)
ba---ab ba---ba ab---ab ab---ba
2v—1 2v-2 2v 2v—1
2u—1 2u 2u 2u+1
—_——— —_——~ —_——~ —_———
ab------ ba ba------ ba ba------ ba ab------ ba
ba------ ab ba------ ba ab------ ab ab------ ba
3 >v>1 3 >v>0
® ba---ba ab---ba wzvzl) ® ab---ba ba---ba wzv=0
ba---ba ba---ab ab---ba ab---ab
N —— —— N ——
2v 2v—1 2v+1 2v
2u 2u+1 2u+1 2u+2
—_—— —_—~ —_——~ —_——
ab------ ab ab------ ba ba------ ab ba------ ba
ab------ ab ba------ ab ba------ ab ab------ ab
4 >v>1 4 >p>0
@ ba---ba ab---ba wzvzl) @ ab---ba ba---ba wzv=0
ba---ba ba---ab ab---ba ab---ab
N— — —— N ——
2v 2v—1 2v+1 2v
2u 2u+2 2u+1 2u+3
—_————— —_—— ———
ba------ ba ba------ ba ab------ ba ab------ ba
ba------ ba ba------ ba ab------ ba ab------ ba
5 >p>1 5 >p>1
® ba---ba ba ---ba wzvzl) ®) ab---ba ab---ba wzvzl
ba---ba ba---ba ab---ba ab---ba
N —— —— ——
2v 20-2 2v+1 2v—1
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e vertices of the graph, i.e., the classification of nilpotent K -orbits by the set of signed
Young diagrams. This can be deduced from Table 2.
e closure relations of nilpotent K -orbits on s of codimension one (Lemma 5.2). This
can be deduced from the following.
— cover relations of nilpotent K -orbits, which are given by Ohta [Oht91, Table V]
quoted in Tables 3 and 4.
— dimension formulas for nilpotent K -orbits (Lemma 5.1).
e edges of the graph, i.e., the condition when two nilpotent K-orbits are adjacent in
codimension one (Lemma 5.3).

LEMMA 5.1. For a symmetric pair of type X = BDI, CI, CII or DIII, let . € YDx (n)
be a partition of n = p + q, and T € SYDx(X; p, q) a signed Young diagram of type X.
Recall that we put g = p in the case of type CI or DIIL. Then we have

1
dim 0% = 5 dim oy

1/1 1 1
S (Gnen =D =33 43 Yom) @=o.
11 | i | irodd
E(En(Zn +1) - 3 Z(’Ai)z -3 Z mi) (g =5p,, n:even),
i irodd

where '\ = (A1, Ay, ...) is the transposed partition of A, and m; denotes the multiplicity of
iinA.

PROOF. See [CM93, Corollary 6.1.4], for example. O

LEMMA 5.2. The closure relations of nilpotent K -orbits on s of codimension one are
given as follows.

(1) For types BDI and Cl, all the cover relations in Table 4 are of codimension one if and
only if T has no rows of length between the longer length in T and the shorter length in T
(exclusive).

(2) For types CII and DIII, the closure relations of codimension one are Case (1) of CII
and Case (1) of DIl in Table 3 such that T has no rows of length between the longer length
in T and the shorter length in T (exclusive).

LEMMA 5.3. For symmetric pairs (G, K) of types X = BDI, CI, CII, DIII, two nilpo-
tent K -orbits (O)¥ and @?, (T, T' € SYDx(X; p, q)) are adjacent in codimension one if and
only if T and T’ are of the following form, and T has no rows of length between the longer
length in T and the shorter length in T (exclusive).

PROOF. For CII and DIII the assertion easily follows from Lemma 5.2 (2). For BDI
and CI the assertion also follows from Lemma 5.2 (1), although we should mention that when
u = v+ 1 we use Case (1) of Table 4, and when where u > v + 1 we use Cases (3) and (8)
of Table 4. O

From Lemma 5.3 we finally obtain the structure of the orbit graph.
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TABLE 4. Cover relations of nilpotent K -orbits on s (continued).

CI BDI
S T S T
2u—1 2u 2u 2u+1
—— — e e ——

1) ab.----- ba ab------ ab w=v>1 ) ba------ ba ba------ ab w=v>1
ba------ ab ba---ba - ab-----. ab ab---ba -
| —— ——— | ——

2u—1 2u—-2 2u 2u—1
2u 2u+2 2u+1 2u+3
—_——— —— —— ——
ba------ ba ba------ ba ab------ ba ab------ ba

@ ba---ba ba---ba wzvzl @ ab---ba ab---ba wzvzl

- = — —
2 20-2 2v+1 2v—1
U2u 2u+2 2u+1 2u+3
—_—~— —_—~— —_—~— —_——~—
ba------ ba ba------ ba ab------ ba ab------ ba

D wbab abap “EED O e wp paay “EVED

—_—— N —— N —— e —
2 2v-2 2v+1 2v—1
UZu 2u+1 2u+1 2u+2
—_—~— —_—~— —_—~— —_—~—
ba------ ba ab------ ba ab------ ba ba------ ba

4) ab------ ab ba------ ab w>v>1) “) ba------ ab ab------ ab w>v=>1)
ba---ba ba---ba ab---ba ab---ba
- = — —

2v 20-2 2v+1 2v—1
2u 2u+2 2u+1 2u+3
—_———— —_—— ——
ba------ ba ba------ ba ab------ ba ab------ ba

©) ba---ba ba---ab u=v=>1) 5) ab---ba ab---ab u>v=>0)
ab---ab ab---ba ba---ab ba---ba
e — —— e —

2v 2v—1 2v+1 2v
2u 2u+1 2u+1 2u+2
—_——— ——— —— ———
ba------ ba ba------ ab ab------ ba ab------ ab
bevonn- b b------ b ba------ b ba------ b
© Za---baa Za'--ab ‘ wzvzl © az"-baa az---ab ‘ @wzvz0
ab---ab ab---ba ba---ab ba---ba
— 2 = = - =
2v 2v—1 2v+1 2v
2u 2u+1 2u+1 2u+2
—_—— —_—— ——
ab------ ab ab------ ba ba------ ab ba------ ba
/2R b ba------ b ba------ b /2R b

M Za~~baa az~-~baa wzvzl @ aZ~~~baa Za~~baa wzvz0
ba---ba ba---ab ab---ba ab---ab
—_—— —— —— —_——

2 2v—1 2v+1 2
U2u 2u+2 2u+1 21;+3
b b b b b b b b
O i wiw 0220 ©] G R ez
—_—— N —— N —— e —
2v 2v-2 2v+1 2v—1
2u 2u+2 2u+1 2u+3
—_—— —t— S —
ab------ ab ba------ ba ba------ ab ab------ ba

9 ba---ba ab---ba u>=v>1) 9) ab---ba ba---ba u>v=>0)
ba---ba ba---ab ab---ba ab---ab
- = = = - —

2 2v—1 2v+1 2

U2u 2u+1 2u+1 21;+2
—_——~— —_—~— —_—~— —_—~—
ab------ ab ab------ ba ba------ ab ba------ ba
(10) ab------ ab ba------ ab w=v=>1) (10) ba------ ab ab------ ab u=>v=>1)

ba---ba ab---ab ab---ba ba---ab
- = = = — -

2v 20-2 2v+1 2v—1
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BDI CI
T T’ T r
2u+1 2u+1 2u 2u
—— —_—~ —_—~— —_—~—
ba------ ab ab------ ba w>v>0) ba------ ba ab------ ab w>v>0)
ab---ba ba---ab - ab---ab ba---ba -
N —— N — N —— N— —
2v+1 2v+1 2v 2v
CIlI DIl
T T’ T r
2u+1 2u+1 2u 2u
—_—~ —_——~— —_——~
ab.----- ba ba------ ab ab.----- ab ba------ ba
ab.----. ba ba------ ab ab.----- ab ba------ ba
>0 >0
ba---ab ab-ba  “7VED ba---ba abeap “7UED
ba---ab ab---ba ba---ba ab---ab
2v+1 2v+1 2v 2v

THEOREM 5.4 (Description of orbit graph). Let X = BDI, CI, CII or DIIL. Let A €
YDx (n) be a partition, where n = p + q is the size of the matrix group G given in Table 1
(p =qif X = Clor DIII; p and q are even if X = CI). Then the orbit graph 'k (Of) is
described as follows. The vertices are

{OF | T € SYDx(; p, )},
and for two vertices @? and @I;,, there is an edge if and only if m(T) — w(T") belongs to
{£ler —erq1) | 1 <7 <k —1}U {Fex} when X = BDI, CI,
{(£2(er —erg1) | 1 <7 <k — 1} U {£2¢;} when X = CII, DIII,

where 7 : SYDx(A; p, q) — RK is the composite of the natural inclusion SYDx(A; p, q) —
SYD(X; p, q) and 7w : SYD(X; p, q) — RF defined in (4.2).

REMARK 5.5. The set of possible edges is a proper subset of the set of vectors listed in
the above theorem. In fact, possible edges are £ (e, —e,41) with i, and i1+ odd for X = BDI,
and £ (e, —e,41) with i, and i, 41 even together with ¢y, if iy is even for X = CI. For X = CII
and DIII, possible edges are twice the possible edges of BDI and CI, respectively.

5.2. Induction of subgraphs. We use the operation of removing two successive
columns of the same length, and the induction g-ind of graphs, which are introduced in Sub-
section 4.3. It is easy to see that these two operations preserve the type X (X = BDI, CI, CII,
DIII) of the signed Young diagrams.

_ind
SYD(V; p'.q') —— SYD(A; p. q)
U U
_ind
SYDx(V; p'. q') ——> SYDx(%; p. q) .

We can conclude the following two lemmas by similar argument as in the case of AIII.
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LEMMA 5.6. Let X = BDI, CI, CIl or DIII, and A € YDx(n). Let ' € YDx(n — 2h)
be the Young diagram obtained by removing successive two columns of the same height h.
Then the number of connected components of 'k (Of) coincides with that of 'k ((’)Sl), where
(G, K) and (G', K') are as follows.

(G,K) (G', K"
BDI (Op1q, Op x Oy) (Optg—2h, Op—p X Og—p)
Cl  (Sp2p,GLy) (Sp2p—2n, GLp—p)
CIl  (Spp+q, Spp X Spg)  (SPp+q—2hs SPp—h X SpPq—h)
DII (O2p,GL)p) (O2p—2n, GLp_p)

In the above lemma, in the case of type CII or DIII, the length % of the removed columns
is always even since all parts of A occur with even multiplicity (see § 3.2 and [Tr05, Proposi-
tion 2.2]).

LEMMA 5.7. Let A and )" be as above, and we use the induction g-ind. If Z' is a
connected component of FK/(O)E;,/), then g-ind(Z’) is a connected component of 'k (Of).
This correspondence establishes a bijection between the connected components of T K/(OS,)
and those of I'k (Of).

5.3. Number of connected components. To answer Problem 2.2 (2), as in the case
of AIII, it suffices to consider the Young diagram with columns of different lengths thanks to
Lemma 5.6.

THEOREM 5.8. Let X = BDI, CI, CIl or DIIL. Let A € YDx(n), andn = p + q (we
put p = q if X = Cl or DIII; p and q are even if X = CII).
(1) The orbit graph I'k (Of) consists of a single vertex if and only if
e For X = BDI, CII; the number of odd parts in A is equal to p — q, or odd parts in A
have the same length.
e For X = CI, DIII; the parts in A are all odd.
(2) Let us assume that there are at least two vertices in 'k (Of). Then the orbit graph
I’k ((’)f) has no edges if and only if
e cach column length h of A occurs odd times, or occurs even times and Ay, is even, when

X = BDI, CIL
e cach column length h of A occurs odd times, or occurs even times and Ay, is odd, when
X = CI, DIIL

In particular, if A has distinct column lengths, then 'k (Of) has no edge.
(3) Assume that ) has distinct column lengths. In this case the number of the connected
components (i.e., the number of vertices) of the orbit graph I'k (Of) is given by

(5.1) [T a+e+- 55| (X = BDD),
t

1<s<m
Ak, :odd
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(5.2) [T O +k—k-n (X =CD,

1<s<m
Ak, @ even

(5.3) [T a+e+-+ ek ke

(X = CI),

(d/2
1<s<m
Ak, :odd

(5.4) I1 (1 + ﬂ) (X = DIII),

1<s<m
Ak, - even

where ko =0 < k1 < ko < - -+ < ky, are the (distinct) column lengths of X, f(t)|td denotes
the coefficient of t%, and d is the number given by
p — q + #(odd parts of 1)

5 .
The number d is always an integer if SYDx (A; p, q) is non-empty, and is an even integer if
SYDcr(A; p, q) is non-empty.

(5.5) d:=

PROOF. (1) By the description of primitives of the signed Young diagrams we get the
desired conditions. Note that there is a unique filling of +/— signs for a pair of even (respec-
tively odd) parts in the case of X = BDI or CII (respectively X = CI or DIII).

(2) By the condition for two K -orbits to be adjacent in codimension one (Lemma 5.3),
we immediately have the assertion.

(3) Using the forms of primitives in Table 2 together with the condition on the number
of signs, we have the desired formula as in the case of AIIl. We omit the details. O

From this theorem the condition for an orbit graph to be connected is immediate.

COROLLARY 5.9. Under the same notation as in Theorem 5.8, an orbit graph I'k (Of)
is connected if and only if

o (BDI, CII) there exists 0 <r < s < £ = £(A) such that

My ...y Ay are even, Ay41, ..., As are odd ,
(5.6)
and Agy1, ..., Ay are even,

or the number of odd parts in A coincides with |p — q|.
o (CI, DIII) there exists 0 < r < £ = £(\) such that

(5.7) M, ..., Arareodd, and Ay, ..., Ag are even.
In particular, if (’)f is an even nilpotent orbit, its orbit graph is connected.

PROOF. We give the proof for X = CI and BDI, and the proofs are similar when X =
CII and DIIL

Suppose that X = CI, and X has distinct column lengths. Equation (5.2) is equal to one
if and only if the product is empty. This means that m < 1, and X has at most one column.

For any A € YDci(n), we use the operation of removing successive two columns of
the same length. By repeating this operation A is reduced to a diagram with distinct column
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lengths, and the numbers of connected components of the corresponding orbit graphs are
equal. Diagrams A € YDcj(n) which are reduced to diagrams with at most one column are of
the form (5.7).

Next suppose that X = BDI, and X has distinct column lengths. Equation (5.1) is equal
to one if and only if the product has at most one factor, or d = 0 or equal to the highest degree
of the polynomial (5.1), namely the number of odd parts of X.

The first condition is equivalent to m < 2, namely, A has at most two columns. We again
use the operation of removing columns, and diagrams A € YDgpi(n) which are reduced to
diagrams with at most two columns are of the form (5.6). The second condition is equivalent
to #(odd parts of 1) = |p — ¢q|.

Thus we obtain the desired condition. )

6. Associated varieties of Harish-Chandra modules. Let us consider Problems 2.2
(4) and (5) in this section for the symmetric pair of type AIII.
We write GL,, = GL,(C), and put

G=GLyy=GL, n=p+q), K =GL, xGL,,
g:g[p+q:g[n1 E:g[p®g[q1
s = Mat(p, q; C) ® Mat(q, p; C).

We consider a real form Gg = U(p, ¢q) of G, an indefinite unitary group of signature (p, q),
and Kr = U(p) x U(g) a maximal compact subgroup. Then (G, K) is the complexification
of the Riemannian symmetric pair (Gr, Kr). Roughly saying, finitely generated admissible
representations of Ggr can be understood once we know completely about Harish-Chandra
(g, K)-modules.

The main subject in this section is a Harish-Chandra (g, K)-module X and its associated
graph AV (X) (see Introduction for definition). The goal is the following theorem.

THEOREM 6.1. Consider the symmetric pair (G, K) = (GL,, GL, x GLy) (n =
p + q) associated with Ggr = U(p, q). Let O° be a nilpotent G-orbit in g.

(1) Ifthe orbit graphI'x (O%)is connected, then there exists an irreducible Harish-Chandra
(g, K)-module X which satisfies 'k (0% = AVT (X). Namely, the associated variety is
AV(X) = OY N s for this Harish-Chandra module.

(2) More generally, for any connected component Z C I' (O©), there exists an irreducible
Harish-Chandra (g, K)-module X such that Z = AVT(X).

In Case (1), we can choose X as an irreducible degenerate principal series representa-
tion, and in Case (2), X can be chosen as a parabolic induction from a certain derived functor
module, which we will describe explicitly below.

REMARK 6.2. (1) For an even nilpotent orbit O%, the orbit graph I'x (O¢) is con-
nected (Corollaries 4.17 and 5.9), and the claim (1) of Theorem 6.1 holds by Theorem 4.2
and Corollary 4.4 in [Nis11]. The associated Harish-Chandra module constructed in [Nis11]
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is also a degenerate principal series representation and it gives essentially the same represen-
tation as the present construction. See also [BB99] and [MTO07].

(2) In general, the containment O¢ N's C OG N s is strict even for an even nilpotent
orbit O°. See [Nis11, Remark 4.3].

In the rest of this section, we prove Theorem 6.1. The proof is divided into several
subsections.

6.1. Letusrecall A and A’ in §4.3. We mainly keep the notation in §4.3 in this subsec-
tion. Thus we remove two columns of the same length /# from A and obtain A’. Put

n/:n_th (P/sq/)z(l’—haq—h)
as before. Let us consider a real parabolic subgroup Pr of Gr = U(p, q), whose Levi part is
Lr =U(p',q") x GLy(C).

We realize Pg in the following way. Let {¢; | 1 < i < n} C C" be the standard basis of C",
and we denote an indefinite Hermitian form (, ) by

1
(u,v) ="ulpqv (u,veC", where I, ; = ( p | > )
g
Then Gr is realized as a matrix group which preserves the Hermitian form (, ):

Gr=Up.q) ={9 € GL,(C) | 'Glp.q9 =1pq}-

It is easy to see that a subspace VhjE = (ej £ ey—i+1 | 1 < i < h) is totally isotropic with
respect to (, ). Then the parabolic subgroup

Pr=1{geUp,9) | gV, =V}
satisfies our requirement. In fact a Levi subgroup L is given by
Lp={g9 € Up.q) | 9(V;) = V;}.

If we put Wy o = (Vh+ @ Vh_)l, the orthogonal complement of Vh+ @V, with respect to
(,), then Ly clearly preserves W , and

L3 g (g]y, 9]y €UP,q) x GLu(©)
gives an isomorphism. Note that the Hermitian form (, ) restricted to W, . has the signature
', q".
For v € C and a (possibly infinite dimensional) admissible representation 7z’ of GéR =
U(p',q"),let &' (v) be an admissible representation of Ly defined by

7' ()(g) = [det(gly )| 7 Gly , )

We extend it to Pg in such a way that 7z’ (v) is trivial on the unipotent radical, and denote it
by the same notation 7' (v). We define

I(7';v) = IERR(n’; V) = Indgﬂf 7' (v);
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here induction is normalized as in [Kn86, Chapter VII]. Assume that 7’ is an irreducible

representation of G}, and the associated variety of its primitive ideal is Of,/.

LEMMA 6.3. Fora genericv € C, the standard module IgRR (r’; v) is irreducible, and
we have

AV (IR (' v)) = grind{g R (AVT () .

In particular, if.AVr(rr’) is a connected graph, AVT (IERR (7’ v)) is also connected.

PROOF. The irreducibility statement is well-known (e.g [Kn86, Remark 1, page 174]).
For the remainder, we sketch two proofs. The first is essentially analytic (but uses the difficult
results of [SV00] to pass from the analytic invariant of wave front set to associated varieties).
The second is essentially algebraic (but uses the difficult results of [KnV96, Chapter XI] to
rewrite parabolically induced representations as cohomologically induced instead).

For the first sketch we begin with a few generalities. (The results of the next two para-
graphs hold in the generality of any real reductive group Ggr.) Let A/ (gr) denote the nilpo-
tent cone of gr. Given a finite-length representation 7= of Gr on a Hilbert space, we let
WEF() C N(gr) denote its wave front set in the sense of Howe [Ho79]. (The wave front
set is most naturally defined as a subset of gg; here and elsewhere we identify gr with g, by
means of an invariant form. Since WF(7r) and the other invariants we consider are invariant
under scaling, the choice of form does not matter.) According to [Ro95, Theorem C], WF(rr)
coincides with the asymptotic support AS(;r) defined by Barbasch-Vogan [BV80]. Moreover,
[R0o95, Theorem D] implies that if 7 is assumed to be irreducible, then there are G orbits
@?R, e @gR (each of which generate the same G-orbit O¢) such that

4
WEF(r) = _JO7=.
i=1

Finally, write (O)iK for the K orbit corresponding to (O)Z.GR via the Sekiguchi correspondence
(e.g. [CM93, Chapter 9]). Then Schmid and Vilonen [SV00] prove that

Z _
(6.1) AV(r) = JOF.
i=1

Now suppose 7 is of the form Indgnf (7’) for an irreducible admissible representation 7’
of Lg. Using the inclusion [y into gg, regard WF(sr) as a subset of gg. We claim

(6.2) WE(7) = Gr - (WF(') + ng) ,

where ng denotes the Lie algebra of the nilradical Nr of Pr. According to [Ro95, Theorem C]
mentioned above, the assertion is equivalent to

(6.3) AS(7) = Gg - (AS(x') + ng) .

Under a technical positivity hypothesis stated two sentences after [BV80, Equation (3)], (6.3)
is proved in [BV80, Theorem 3.5]. The positivity hypothesis may be verified as follows. The
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construction of [BV80] assigns a real number to each irreducible component of AS(rr). (Be-
cause there is no need to normalize measures carefully in [BV80], these real numbers are
defined only up to positive scaling. Hence only their signs are well-defined in [BV80].) The
crucial positivity hypothesis is that all of these numbers are positive. Meanwhile, after normal-
izing measures carefully, Rossmann interprets these real numbers in [R095, Theorems B—C]
as integrals over certain Lagrangian cycles. The cycles are made somewhat more explicit in
the work of Schmid-Vilonen [SV98], where their positivity becomes apparent. (In fact, in
[SVO00] they are shown to coincide with the positive integers appearing in the associated cycle
of  (in the sense of [Vog91]).) Thus the positivity hypothesis always holds. Hence so does
(6.3) (and equivalently (6.2)). As mentioned around (6.1), the main results of [SV00] then
allows us to interpret the assertion of (6.2) as a computation of associated varieties.

Return to the setting of the lemma. Suppose we are given a nilpotent K’ orbit OK '
parameterizedby T’ € SYD(X; p’, ¢'). Let OC® denote the nilpotent Gy, orbit corresponding
to OK” via the Sekiguchi correspondence. Consider

GR - 0% + nR) .

This is a closed Ggr-invariant set of nilpotent elements (see [CM93, Theorem 7.1.3]). Hence
it may be written as

0" U.-.-UOJ*

for nilpotent G orbits (D)iGR, each of which is parameterized by a signed Young diagram 7; of
signature (p, g). By the discussion around (6.1) and (6.2), the lemma amounts to establishing
{Ti, ..., T;} is obtained from T’ by the procedure described before Lemma 4.14. This is a
direct calculation whose details we will give in Appendix.

We next turn to the second approach to proving the lemma. As remarked above, the main
point is to rewrite IERR (7' v) as a cohomologically induced representation. To get started, fix
a @-stable parabolic subalgebra g = [9 @ u of g such that

B =100 >up, q)®uh, h.

Let L% denote the analytic subgroup of Gr with Lie algebra [%, and set S = dim(u N §). Of
course L& ~ G x G with G = U(p’,q’) as above and G, = U (h, h). Fix a Cartan
subalgebra h of [1 (and hence of g), write A(u) C h* for the roots of h in u, and let §,, denote
the half-sum of the elements of A(u). We follow the notation of [KnV96, Chapter 5]. In
particular, given a (1%, L9 N K) module 7’ X 7", we may form the cohomologically induced
(g, K) module Lg(m’ X 7).

Next let Py denote a real parabolic subgroup of G with Levi factor GL(h, C). Fix
v € C as in the statement of the lemma and extend the character | det |" of GL(h, C) trivially
to the nilradical of Py. Set

(6.4) 7" = Ind 2 (| det ") ,
R

where again the induction is normalized. We may choose v so that
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(a) 7" is irreducible; and
(b) if x € b* denotes (a representative of) the infinitesimal character of 7/ X ", then
Re (aV(x +68u) >0 foralla € Au).
(In the terminology of [KnV96, Definition 0.49], x is said to be in the good range for

q.)
With such a choice of v fixed, our main technical claim is as follows:
(6.5) Ig%(n' v) = Ls(r' B r").

To prove this, we compute the Langlands (quotient) parameters of both sides. For the left-
hand side, we may assume the Langlands parameters of 7’ are given. They consist of a
cuspidal parabolic subgroup My AR N, of G, a discrete series or limit of discrete series
representations & of My, and a suitably positive character 1’ of A/R. See for example the
discussion at the beginning of [KnV96, X1.9]. In the notation of Knapp-Vogan, let I'(£’, ")
denote the standard continuous representation of G}, parameterized by My Ap Np, €', and ',
By construction, we have a surjection

(6.6) I'é',n) — .

Next we consider the Langlands parameters for the character | det|" of GL(h, C). Of course
this is well-known (see, for example, [K94, Theorem 4]). The parameters consist of a Borel
subgroup MSEASENSE of GL(h, C), acharacter § 9% of MS*, and an appropriately positive
character nGL of Agr. In the obvious notation, we have a surjection

(6.7) 198 ECE 9ty — | det|”.

We can combine these two Langlands parameters to get a Langlands parameter for Gp:
there exists a cuspidal parabolic subgroup MrArNg of Gr whose intersection with GJ, is
My A N and whose intersection with GL(h, C) is MRQLAIELNIgL. In this case

Mg = Mp x MS*
AR = AR x ASE,

and so we can form £ = & X £9L and n = 5’ ® nCL. Then Ng can be chosen so that
(MRrARNR, &, n) is a quotient Langlands parameter for Gr. If we let I(£, ) denote the
corresponding standard continuous representation of G, then (6.6), (6.7), and induction in
stages give a surjection

(6.8) 1E,n) — [t v),

the image of which we have assumed is irreducible. Thus the triplet (MrRArNR, &, 1) i
indeed a quotient Langlands parameter for the induced representation IERR (7’5 v), the left-
hand side of (6.5).

The more difficult part of the argument is computing the Langlands parameters of right-
hand side of (6.5). Fortunately [KnV96, Theorem 11.216] explains how to compute the Lang-
lands parameters of Lg (7’ X ") in terms of those for 7" and 7”. (To apply this theorem, we
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need the “good range” hypothesis detailed in item (b) above.) We may assume, as above, that
we are given the Langlands parameters of 7r’. To compute the Langlands parameters of 7",
note that MG AGL =~ (C*)" is the Levi factor of a cuspidal parabolic subgroup Mf A% N of
Gl Thus if we set £” = £9% and n” = nGL, we can choose Nj; so that (M ANy, &", 1)
is a Langlands parameter for G. Moreover, induction in stages and (6.7) imply that there is
a surjection

I//(g//’ 77”) N T[// ,

the image of which is irreducible by hypothesis. So (Mg A N, £”, 1) is indeed a Langlands
quotient parameter for 7”. Then Theorem [KnV96, Theorem 11.216] gives that the Langlands
parameters of the right-hand side of (6.5) are exactly those of the left-hand side computed
above. Thus (6.5) follows.

Given (6.5), we can complete the second proof of the lemma relatively easily. The first
ingredient is to apply a general result about associated varieties of derived functor modules to
the right-hand side of (6.5),

(6.9) AV (Ls(n' ®a")) =K - (AV(r'®Wx") + (uNs)) .

(In the case that 7’ X 7”7 is one-dimensional, a well-known argument is sketched in the in-
troduction of [Tr05]; the general case follows in much the same way.) The next ingredient
is the computation of AV (x”): [Nisl1, Corollary 5.4] proves that AV (") consists of the
closures of the & + 1 nilpotent orbits for U (h, h) whose shape consists of & rows of two
boxes. Finally, Proposition 3.1 and Corollary 3.2 of [Tr05] explain how to compute the right-
hand side of (6.9) in terms of signed Young diagrams. Combined with (6.5), the result is that
.AV(I;,;]RR (7'; v)) consists of the closures of the K orbits parameterized by the signed Young
diagrams obtained from those parameterizing the irreducible components of AV (") by the
procedure described before Lemma 4.14. This completes the second proof of the lemma. O

6.2. Now let us consider the first claim of Theorem 6.1, so we assume that ' (Of)
is connected. Then, by Corollary 4.16, if we remove two columns of the same length from A
repeatedly, finally we reach A" of a diagram with only one column (possibly A’ is an empty
diagram). Thus we have

t
=04y 12,
i=1

for some £;’s, where [2hf] denotes the partition (2, 2, ..., 2) of length A;. Put

t
h :Zhi’ n=n-2h, (P.9)=pP—-hq-nh).
i=1
Note that the notation A, p’, ¢’ etc. is used in slightly different way from the former subsec-
tion. With these notations, we have A’ = (1"') (n’ > 0) and if ’ = 0, it means that A’ is an
empty diagram.
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Let us consider a real parabolic subgroup Pr of Gr = U (p, ¢) with Levi part
(6.10) Lr ~U(p',q") x GLy,(C) x --- x GLy,(C).

The construction of Pg is similar to that in the former subsection. In fact, we simply repeat
the procedure in §6.1 z-times. Now consider a character x, of Lr with a parameter v =
(v1,...,v) € C' defined by

t
xo(9) = [ ]|detgi|",
i=1

where g; € GLy, (C) is the GLj,-component of g € Lr under the isomorphism (6.10).
LetI(v) =1 ERR (v) be a degenerate principal series defined by

G

P]]? Xv

where y, is extended to a character of Pr which is trivial on the unipotent radical. Then we
have

I1(v) :=Ind

LEMMA 6.4. Fora generic v € C', the degenerate principal series I (v) = IgRR ) is
irreducible, and we have

AV (1 (v) = Tk (OF).
PROOF. We use Lemma 6.3 repeatedly, and conclude that
. G,K
AV (1 (v)) = gind(G ) (T'D),
where T’ is the unique signed Young diagram in SYD(1'; p’, ¢’) with a single column (pos-
sibly an empty diagram). By Lemma 4.14, we have g-ind({T'}) = Ik ((’)f) since the right
hand side is a connected graph. O

6.3. Let us consider a general partition A of size n. If we remove two columns of
the same length successively from A, finally we obtain A’ with distinct column length. By
Theorem 4.15, I K/(OS/) is totally disconnected and individual (O)?,/ constitutes a connected
component of the orbit graph. Thus, by Lemma 4.14, g—ind({@?,/}) (T' € SYD(W; p/, q"))
exhausts connected components of g (Of). By a result of Barbasch-Vogan [BV83, Theo-
rem 4.2], there exists a derived functor module 77/ of G]’R with the associated variety

AV(rp) = 0K
We construct a real parabolic Pr of G just as in the former subsection §6.2, and define an

admissible representation w7/ (v) (v € C') of the Levi subgroup Ly by

t

wr()(g) = [ [|det(gn|" - 77 (g0) ,
i=1

where

g=1(90;91,---,9) €U, q") x GLp,(C) x -+ x GLy,(C) = L.



236 K. NISHIYAMA, P. TRAPA AND A. WACHI

Let us consider a standard module
I(mpr;v) = IgRR(nT/; V) = Indgﬂf a7 (V).
LEMMA 6.5. With the above notations, the associated graph
AV (1 (uprs v)) = g-ind((T'})

is a connected component of I'k (Of), and these associated graphs exhaust connected com-
ponents of the orbit graph 'k (Of).

PROOF. By repeated use of Lemma 6.3, we obtain the first equality AV (I (g v)) =
g-ind({T’}). The right-hand side is connected and it gives a bijection from SYD(X"; p’, ¢’) to
the connected components of the orbit graph 'y ((’)f) by Lemma 4.14. O

7. Appendix. In this appendix, we calculate the induction of nilpotent orbits explic-
itly.

Let Gr = U(p, q) and take a parabolic subgroup Pr asin § 6.1. The Levi part Lr of Pr
is isomorphic to GL,(C) x U(p’, ¢), where (p’, ¢') = (p — h, ¢ — h). We take a nilpotent
orbit OCr of Gy = U(p',q") and extend it trivially to Lg, which we denote by the same
notation. Then what we want to know is the induction Indgﬂf 0% := the largest nilpotent

orbit contained in G - ((O)GfR + nR). For this, we pick nilpotent elements X € OCr and
E € ng, and calculate the Jordan normal form of X + &. We assume that the Jordan normal
form of X corresponds to a partition " = (A))1<j<¢ of p’ + ¢’. Then the Jordan normal
form of X + & corresponds to a partition which is obtained from A’ by adding 2 in different
h-places (and rearranging the parts in nonincreasing order). We will explain this below, but
some remarks are in order.

In fact, the nilpotent orbit OC% is parametrized by a signed Young diagram 7", and the
so-obtained partition (adding 2 in A-places) has unique signature compatible with 7’. So the
Jordan normal form (the shape of the diagram) is enough to specify the obtained Gg-orbits.
Among them, the largest one with respect to the closure relation is A’ + [2"] (adding 2 in the
first h-places). This is what we wantin § 6.1.

So the rest of Appendix is devoted to specify X and Z in the matrix form and calculate
the Jordan normal form of X + & explicitly.

We realize Gg = U (p, g) as in § 6.1, and denote by ¢; the fundamental vector with 1 in
the i-th coordinate and 0 elsewhere. We choose a basis of the indefinite unitary space C?-7 as

{ei +en—ivihi<i<h Ulentjh<j<p+q Ulei —en—iviti<i<n -
Using the coordinate for this basis, an element in u(p, g) is represented in the form

A o« B B

y Xu Xip —of X = (Xij) eu(p’.q"), Aegl(C
§ Xo1 X BF B*=—-B, C*=—C.
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In this coordinate, an element in the Lie algebra pr of the parabolic subgroup P is repre-
sented in the block upper triangular form

A ¢ B o
X n é/-::(a’ﬂ)vn=<13*)
_A*

We denote an element in the nilpotent radical ng by

0 ¢
(7.1) g = 0

oI ™

and pick a nilpotent element X € u(p’, ¢’) corresponding to the signed Young diagram 7’
above, which has the shape A’. By abuse of notation, we denote the embedded X into gr =
u(p, g) by the same letter X. The embedding is specified by the matrix form above. Then we
calculate

0 gxk—l gxk—Zn
X+ &)k = xk o xk=ly k>2).
0

From this, we conclude that if X is k-step nilpotent, then X + Z is (k + 2)-step nilpotent
extending the length by 2.

Let us try to get more specific information. We re-arrange (a part of) the basis ej,+1, en+2,
..., €pqp'4q to geta Jordan normal form X = JNI @ JNZ G- J%, where J,,, denotes a
Jordan cell of size m with zeroes on the diagonal and 1’s on the upper diagonal (and zero
elsewhere). The calculation tells that we can enlarge the Jordan cell by 2 in each cell. But
since the rank of £ (or B) is at most &, we can choose at most A-cells freely.

We exhibit this by an example, where X has 3 cells and 2 = 2. Also, let us put A’ =
(my1, ma, m3), sothat X = Jy,, @ J;u, ® Jius. For this X we have a direct decomposition of the
vector space V = crd into V = V(my) & V(m3y) @ V(m3) such that X acts on V (m;) by
Jm; - Choose a vector v; € V(m;) so that X" ~ly; = J,%i_lvi # 0. Then (v;, X™ ~1v;) # 0,
where (—, —) is the indefinite Hermitian form on V. For this, see [CM93, § 9.3].

Put n;; = (v;, v;). Then Equation (7.1) for n = n;; defines & = &;;. Itis easy to see that
ift%','j = (U;k, Ujf), then tv;ka_zvj = §;j(vi, Xk_zvj) and we get

H XE20p) 0
xk2p = (vi, i )
S X ( 0 (vj, XE20))

Now denote by &;; € ng the matrix & in (7.1) replaced n = n;; and § = §;;. Then the Jordan
type of X + Z12 18 Jyy 42 ® Jmy+2 @ Jimy. Other cases where the induced nilpotentis X + Zj;
can be treated similarly.
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