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Abstract. Let f : M" — R"*! be an immersed umbilic-free hypersurface in an
(n + 1)-dimensional Euclidean space Rt with standard metric I = d f -df. Let I be
the second fundamental form of the hypersurface f. One can define the Mobius metric g =
ﬁ(\ll 1 ||2 —nltel 1 |2)1 on f which is invariant under the conformal transformations (or the

Mébius transformations) of R” 1. The sectional curvature, Ricci curvature with respect to the
Mobius metric g is called Mobius sectional curvature, Mobius Ricci curvature, respectively.
The purpose of this paper is to classify hypersurfaces with constant Mobius Ricci curvature.

1. Introduction. Let f : M" — R"*! be an immersed hypersurface without umbil-
ics. Given the induced metric I = df -df as well as a local orthonormal basis {e; } and the dual
basis {6;}, we denote 1] = Zl-j h;j6; ® 0; the second fundamental form and H = % > i hii
the mean curvature. The so-called Mobius metric

g=pdf -df = %(Illlllz — nHY)df - df

is an invariant under the conformal (or Mobius) transformations of R”*+! [11]. Together with
the Mobius second fundamental form (for definition, see Section 2) they form a complete sys-
tem of invariants for hypersurfaces (dim > 3) in Mobius geometry [11]. Note that the con-
formal compactification space S"*! unifies the space forms "1, R*+1 H"+! by the Mdbius
diffeomorphism o : R"*! — §*+\{(-1,0,...,0)}, 7 : H**! — ST’I C S™+! defined by

@ <l—|u|2 2u
ou) = ) )
T4 u?” 14 |u)?

15 )
T(y) = <_’ _)’ Y= (0, Y1y ey Yut1) i= (o, §) € H'!,
Yo Yo
where S'J'FH = {(x1,...,x042) € " |x; > 0} c S"*! is the upper hemisphere. And the

formula above defining the M6bius metric g is the same for any of them.

Recent years the study of hypersurfaces (and various submanifolds) based on these
Mbobius invariants becomes quite active (see [1, 2, 4, 5]). A notable class of hypersurfaces
are those with constant M&bius curvature, i.e., constant sectional curvature with respect to the
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Mobius metric g. In a point of view of Mdbius geometry, one of the basic questions in the
differential geometry of hypersurfaces is to classify these hypersurfaces in R"*!. In [3], the
authors have classified them up to Mobius transformations when dimension of hypersurfaces
n>4.

THEOREM 1.1 ([3]). Let f : M" — R (n > 4) be a hypersurface with constant
Mobius curvature. Then locally f is Mobius equivalent to one of the following examples:
(l) Sl x Rn—l’.
(ii) a cylinder over a logarithmic spiral in a Euclidean 2-plane R?;
(iii) a cone over a curvature-spiral in a 2-sphere S*;
(iv) arotation hypersurface over a curvature-spiral in a hyperbolic 2-plane Ri (upper
half-space model).

For the definition of the so-called curvature-spiral in Theorem 1.1, see [3]. The hypothe-
sis of constant Mobius curvature implies that the hypersurface is conformally flat. A classical
result says that when the dimension n > 4 this happens if and only if a principle curvature
has multiplicity at least n — 1 everywhere. On the other hand, a 3-dimensional hypersurface
f : M® — R* with constant Mobius sectional curvature may have three distinct principal
curvatures. In [6], the authors have classified three dimensional hypersurfaces with constant
Mobius curvature and three distinct principal curvatures.

THEOREM 1.2 ([6]). Let f : M?> — R* be an immersed hypersurface with three
distinct principal curvatures. If f is of constant Mobius curvature c, Then f is Mobius equiv-
alent to a cone over a flat torus x : SL(r) x SY(WV1 =r2) = S3, which Mobius curvature
c=0.

Here we need to point out that Theorem 1.1 is valid for three dimensional hypersurfaces
so long as the hypersurfaces has only two distinct principal curvatures. Combining Theorem
1.1, the hypersurfaces (dim > 3) with constant Mobius curvature were classified completely.
For surfaces of constant Mobius curvature there are already many results, see [8, 9, 12].

Another notable class of hypersurfaces are those with constant Mobius Ricci curva-
ture, i.e., constant Ricci curvature with respect to g. Clearly the hypersurfaces with constant
Mobius sectional curvature are of constant Mobius Ricci curvature, but the converse may not
true when the dimension of the hypersurfaces n > 4. In this paper, our purpose is to classify
these hypersurfaces of dimension n > 4. We note that some of such examples come from
cones, cylinders, or rotational hypersurfaces over (A, n, ¢)-surfaces in 3-sphere S3, Euclidean
space R3 and hyperbolic space Ri (upper half-space model), respectively.

DEFINITION 1.3. Letu : M? — N3(—¢) be an umbilic free surface in 3-dimensional
space form N 3 (—¢), and H,, K, the mean curvature, Gauss curvature, respectively.
For positive integer n > 4, let

1 ue + Ky)
w= , v:ue—iz.
\/4Hu2— 21 (K, +¢) n-—
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A surface u is called a (), n, &)-surface for some A=constant, if

Hess(u)(ei, ej) = viu(ei,ej), ei,ej € TM?,

w? (K, +¢€) A
m—Dn—2) n—1"

IVul? = e —

Here Hess and V are the Hessian operator and the gradient with respect to the induced metric
1.

Our main results is given as follows:

THEOREM 1.4. Let f : M" — R""'(n > 3) be an immersed hypersurface in R"*!
without umbilics. If f is of constant Mobius Ricci curvature A, Then locally f is Mobius
equivalent to one of the following examples:

(1) f is of constant Mobius curvature;

(2) the image of o~ of the torus Sk(‘/%) xSk (. / "n_—fgl) cS"H 1l <k<n—1;

(3) a cylinder over a (1, n, 0)-surface in a Euclidean 3-plane R3, (n > 4);

(4) a cone over a (A, n, 1)-surface in a 3-sphere S®, (n > 4);

(5) arotation hypersurface over a (A, n, —1)-surface in a hyperbolic 3-plane R3_, (n >
4).

For the purpose of making the procedure of the proof of our main Theorem clear, We
organize the paper as follows. In Section 2, we review the basic invariants and equations in
Mobius geometry for hypersurfaces in R”*!. In Section 3 we give some special examples of
hypersurfaces and compute the Ricci curvature. In Section 4, we prove our main Theorem
1.4. In Section 5, we prove a special case of Theorem 1.4, since the proof of the case is very
long.

2. Mébius invariants for hypersurfaces in R”*!. 1In this section we briefly review
the theory of hypersurfaces in Mobius geometry. For details we refer to [11], [7].
Let R’ILH be the Lorentz space, i.e., R"+3 with inner product (-, -) defined by

{(x,¥) = —x0y0 + X1y1 + -+ + Xnt+2Yn+2

for x = (X0, X1, -+, Xn42), ¥ = (0, Y1, - - -, Yt2) € RT3,

Let f : M" — R"*! be an immersed hypersurface without umbilics and assume that
{e;} is an orthonormal basis with respect to the induced metric I = df - df with {6;} the dual
basis. Let 11 =} _,; hij0;0j and H =}, % be the second fundamental form and the mean

curvature of f, respectively. We define the Mobius position vector Y : M — R’f” of f by
o (LHIE 1P
=p )
2 2
THEOREM 2.1 ([11]). Two hypersurfaces f, f : M"* — R*1 are Mébius equivalent
if and only if there exists T in the Lorentz group O(n + 2, 1) in R’1‘+3 suchthatY = YT.

n
,f) o= (1P —nHY).
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It follows immediately from Theorem 2.1 that
g=(dY,dY) = pdf -df
is a Mobius invariant, called the M6bius metric of f.
Let A be the Laplacian with respect to g. Define
1 1
N =—--AY — ——(AY,AY)Y,
n 2n

which satisfies (Y, Y) =0= (N, N), (N,Y)=1.
Let £ be the mean curvature sphere of f written as

2 2
o (L el

) H+f’en+ 3 H_f’en+1aHf+en+l),

where e, is the unit normal vector field of f in RA+L

Let{Eq, ..., E,} be alocal orthonormal basis for (M", g) with dual basis {w, . .., w,}.
Write ¥; = E;(Y). Then {Y, N, Y1, ..., Yy, &} forms a moving frame in R’f+3 along M". We
will use the following range of indices in this section: 1 < i, j,k < n. We can write the
structure equations as following:

:Zyiwi,
dN = ZA,Ja),Y +ZC,a), :
ZAlja)JY w,N—i—Zw”Y +ZB,]a)]§
—ZC,»w,»Y—Zw,»B,»ij,
i ij

where w;; is the connection form of the Mdbius metric g and w;; + w;; = 0. The tensors

A= ZA,]w,(X)a)], B= ZB,]a)l@a)], C= ZCQ),
ij ij

are called the Blaschke tensor, the Mobius second fundamental form and the Mobius form of
f, respectively. The covariant derivative of C;, A;j, B;; are defined by

3 Cijo;=dCi+ Y Ciwji.
J j

Z Aijrwr = dAj; + Z Ajrorj + Z Agjwii
k k k

Z Bjj rwr = dBij + Z Birwyj + Z Byjwg; .
k k k

The integrability conditions for the structure equations are given by

Q2.1 Aijk — Aikj = BixCj — B;jCy
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(2.2) Cij—Cji= Z(B,»kAkj — BjkAki),
k
(2.3) Bijx — Bik,j = 8ijCr — i Cj ,
(2.4) Rijii = BixBji — BiyBjix + 8ixAji + 81 Aik — i1 Ajk — 8k A,

(2.5) Rij = Z Rikjx = — Z BixByj + (trA)sij + (n — 2) Ay,
k

k
s n—1 1 2
(2.6) ZBii:()v Z(Bij) =—" frA:ZAii:E(l‘i‘n ),
i ij i

where R;j; denote the curvature tensor of g, k = ﬁ Zi ; Rijij is its normalized M&bius
scalar curvature. We know that all coefficients in the structure equations are determined by
{g, B} and we have

THEOREM 2.2 ([11]). Two hypersurfaces f : M* — R and f : M" — R" Tl (n >
3) are Mobius equivalent if and only if there exists a diffeomorphism ¢ : M — M" which
preserves the Mobius metric and the Mobius second fundamental form.

The second covariant derivative of B;; are defined by
dBij,k + Z ij,ka)mi + Z Bim,ka)mj + Z Bij,ma)mk = Z Bij,kma)m .
m m m m
We have the following Ricci identities

Bij 1 — Bijix = Z Byj Riikr + Z Bim Rinjki -
m m

Coefficients of Mobius invariants and Euclidean invariants are related by [7]
Bij =p~'(hij — H&;j),
Ci =—p lei(H) + Y (hij — H;j)ej(log p)],
2.7) Y
Aij = — p~*[Hessij(log p) — e;(log p)e; (log p) — Hhi;]

1
—~ Ep—zuvaogpnz + H?15i;,

where Hess;; and V are the Hessian matrix and the gradient with respect to I = df - df.
Then

A=P22Aij9i®9j, B=,OZZBij9i®9j, C=,OZCi9i-
ij ij i
We call eigenvalues of (B;;) as Mobius principal curvatures of f. Clearly the number of

distinct Mobius principal curvatures is the same as that of its distinct Euclidean principal
curvatures.
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Let k1, ..., k, be the principal curvatures of f, and {by,...,b,} the corresponding
Mobius principal curvatures, then the curvature sphere of principal curvature k; is

L+If1? L—IfP
g=bv+e= (e )

Note that k; = 0 if, and only if,

ki _f'en+lvkif+en+l> .

(&,(1,-1,0,...,0)) =0.
This means that the curvature sphere of principal curvature k; = 0 is a hyperplane in R*+1

3. Some examples of Hypersurfaces in R"*! with constant Mobius Ricci curva-
ture. In this section we give some examples of special hypersurfaces in R”*!, and compute
the Mobius Riccei curvature. Some other properties of these hypersurfaces were studied in
(4, 5]

EXAMPLE 3.1. Letx : S¥(a) x S"F(v/1 —a2) — S"*! be the isoparametric torus
defined by

x=(ax1,V1—a%x)), O<a<l,

where x| : SF — RF! xp : §77%F — R*=k+1 are unit spheres. We define the hypersurface in
R+l

f=0"lox:Sa) x " kW1 -da?) - R,
PROPOSITION 3.2. If f =0 'ox :SKa) x S" % (V1 —a2) = R**! is of constant
Mobius Ricci curvature, then
azzk—l ii:(n—k—l)(n—l)(k—l)
n—2" / k(n —k)(n —2)
PROOF. Using the relations (2.7), by direct computation, f has two distinct Mobius
principle curvatures

——— [(n— D —k) y ] [(n — Dk
R

with multiplicity k£ and n — k. We take a local orthonormal basis {Eq, ..., E,} such that

8,'/‘, l<k<n-—1.

(Bij) =diag{b,...,b1,b2,...,b2}.

Under such basis using relations (2.7) we have

AU :ni_l{k(Zn—k)—nzaz}Su, ISZ’JSk’
2k(n — k)n?

A=l (n*a® — k%8, k+1<i,j<
VT 2k —don2 " i b=
Ajj=0, 1<i<k, k+1<j<n.
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Thus the sectional curvature with respect to g are given by

n—1 2 ..
Rijijzm(l_a), 1<i,j<k,

3.8 n—1 .
38) Rijij=7k(n_k)az, k+1=<i,j=n,

Rijij=0, 1<i<k, k+1=<j=<n.
From (3.8) we finish the proof. O

PROPOSITION 3.3. Let f : SK(1) x R** — R"! pe the standard cylinder in R"*1.
If f : S5(1) x R** — R"*! is of constant Mébius Ricci curvature, then k = 1, and f is of
constant Mobius curvature A = Q.

The proof is similar to the proof of Proposition 3.2. For detailed computation of Mobius
invariants of the hypersurface f we refer to [5].

EXAMPLE 3.4. Letx : SF(r) x H* *(V/1 +r2) — H"*! be the standard embedding
given by

x =1 +r2v,ru,v1+r2w) € RT x REFL x RPF

where —v?> + w - w = —1, u - u = 1. We define the hypersurface in R"*!:

f=0lotox:80) x " */1+4r2) - R,

PROPOSITION 3.5. The hypersurface f = o 'otox : Skr) x " *(V1+r2) —
R™*L can not be of constant Mébius Ricci curvature.

The proof is also similar to the proof of Proposition 3.2. For detailed computation of
Mobius invariants of the hypersurface f we refer to [5].

EXAMPLE 3.6 ([4]). Let f :SP(a)xS?(b)x RT xR*~P~4=1 _ R"*+! be the warped
product embedding given by
f = (tuy, tuz,u3), u; €SP@), upeSIb), teRY, uzeR" P47 24p>=1.
By direct computation (or see [4]), we have the following results:
PROPOSITION 3.7. If f : SP(a) x S9(b) x Rt x R*—P=a=1 s R"*1 s of constant

Mobius Ricci curvature, then p = q = 1,n = 3, and f is of constant Mobius curvature
A=0.

The Mobius second fundamental form of the hypersurfaces given by the standard cylin-
der in R"*!, Example 3.1, Example 3.4, and Example 3.6 are parallel. In fact these hypersur-
faces exhaust the hypersurfaces with parallel Mobius second fundamental form B (see [4]).

EXAMPLE 3.8. Letu : M> — R3 be an immersed surface. We define the cylinder
over u in R"*1 as

f=@id):M>* xR SR xR72=R"" | fx,y) = @k),y),
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where id : R"~> — R"~2 is the identity map.

Let n be the unit normal vector of the surface u. Then e, = (n, 6) € R™*! is the unit
normal vector of the hypersurface f. The first fundamental form / and the second fundamen-
tal form /7 of the hypersurface f are given by

(3.9) I=1I+Igna, 11=1II,,

where [, 11, are the first and second fundamental forms of u, respectively, and I.—> denotes
the standard metric of R" 2. Let k1, k> be principal curvatures of the surface u. The principal
curvatures of the hypersurface f are obviously

k1,k2,0,...,0.

The Mo6bius metric g of the hypersurface f is
2 n 2 2 2 2n

where H,,, K, are the mean curvature and Gauss curvature of u, respectively.

EXAMPLE 3.9. Letu: M? — S3 ¢ R* be an immersed surface. We define the cone
over u in R*t! ag

f: M? x RT x R" 3 — R+ fx,t,y) = (tu(x),y).
The first and second fundamental forms of the hypersurface f are, respectively,
I =00+ Igna, 11 =111,
where I,,, I1,,, Ipn—2 are understood as before. Let k1, k be principal curvatures of the surface
u. The principal curvatures of the hypersurface f are

1 1
—k1, —k2,0,...,0.
t t

Thus the Mo6bius metric g of the hypersurface f is

2 1 2 2n 2
g=p I=t—2 4Hu—m(Ku—1) (t Iu+IRn—2)

(3.11) o

n—1

= [4113 - (K, — 1)} (L + Igpn—2)

where H,, K, are the mean curvature and Gauss curvature of u, respectively, Iy is the
standard hyperbolic of R = R* x R" 3.
EXAMPLE 3.10. Let Ri = {(x1,x2, x3) € R3|x3 > 0} be the upper half-space en-

dowed with the standard hyperbolic metric

1

ds* = —z[dxl2 +dx3 + dx32] .
x
3
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Letu = (x1, x2,x3) : M? — Ri be an immersed surface. We define rotational hypersurface
over u in R"*! as
[iMPx ST R fax,0p,9) = (v, 22, 139)
where ¢ : "2 — R"~! is the standard sphere.
Let R‘f be the Lorentz space with inner product

(V. y)=—=yi+ Y3 +¥3+yi, vy =12, ¥3 04

Let H3 = {y € R?l(y, y) = —1,y1 > 0} be the hyperbolic space. Introduce isometry
7 :R3 — H3 as below:

3

T(X1, X2,Xx3) = (

1~|—x12~|—x%+x§ l—xlz—x%—x% al x_g)

2x3 2x3 Tx3 x3

3 ya 1 )
Yi+y2? yi+y2? yi+y27°

Let n be the unit normal vector of the surface u in Ri. Write n = (1, 12, n3). Then the
unit normal vector of the hypersurface f in R+ is

The inverse 77! : H? — R3 is v (1, y2, y3, y4) = (

1
& =—(1,n2,m39).
x3

The first fundamental form and the second fundamental form of u is, respectively,

1

Iy = —(dx1 - dx1 +dxz - dxy +dx3 - dx3),
x
3

1 3
11, = —(t«(du), te(dn)) = —(dxy - dni +dxz - dnp +dx3 - dnz) — Z—Iu .
X3 3
Now we can write out the first and the second fundamental forms of f:

I=dx-dx =x3(I, + Ig), 11 =x311, — 31, — n3lg—

where Igu—> is the standard metric of S"2. Let ki, k> be principal curvatures of u. Then
principal curvatures of the hypersurface f are

ki_mo ke _m s /A
Boayooag o g
Thus
n 1 2n
pP=—— (1P —nH?) = [4H3 — ——(Ku + 1)} :
n—1 x3 n—1

where H,, K, are the mean curvature and Gauss curvature of u, respectively. So the Mobius
metric of the hypersurface f is

2
(3.12) g=pl = [4H3 - %(Ku + 1)} (Iy + Ign ) .

From Examples 3.8, 3.9, or 3.10, we have
fiM?x N"2(¢g) > R,
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when f is a cylinder over a surface u(M?) c R3, ¢ = 0and N*2(¢) = R"2; a cone
over a surface u(M?) ¢ S?, ¢ = —1 and N"2(¢) = Rt x R*3 = H"2; and a rotation
hypersurface over a surface u(M YR, e=1and N" %(e) = " 2.

Let the induced metric, Gauss curvature, and mean curvature of the surface u, be denoted
by 1,, K,, and H,, respectively. From (3.10), (3.11) and (3.12), the M&bius metric of the
hypersurface f is

2n
(3.13) g= [4113 - Kt e)} (Iu + Iyn-2(e) 1= ¢* Iy + Iyn—2(5))

where [ N2 (e) is the Riemannian metric of an (n — 2)-dimensional space form of constant
curvature €.

PROPOSITION 3.11. Let f : M" — R"‘H(n > 4) be a cylinder, or a cone, or a ro-
tation hypersurface over an umbilic-free surface u : M*> — N3(—¢), which was constructed
as Examples 3.8, 3.9, or 3.10. If the hypersurface f is of constant Mobius Ricci curvature X,
then u is a (7, n, g)-surface in N3 (—e).

PROOF. Now we take the local orthonormal basis {eq, e>} on T M? with respect to 1y,
consisting of principal vectors. Let {e3, ..., e,} be a local orthonormal basis on TN n=2(g),
then {e|, e, €3, ..., ey} is a orthonormal basis on 7 (M?% x N"2(¢)) with respect to the
product metric I, + Iyn-2g)-

Let IE- ki denote the curvature tensor for 1, + 1 N=2(e)> and R;jx; the curvature tensor for

the Mbius metric g. Setting 4 = + = —— L then by direct computation (also

¢ JaH2- 2 (K, te)

Rijij = W Rijij + i + pejj — \Vul>, i #j,

see [13]), we have
3.14) g =
Rijik = W Rjjix + i jk, when{i, j, k}aredistinct ,

where 1;; and Vu are the Hessian matrix and the gradient of 1 with respect to the metric
Iu + IN”_z(s)'

Next we assume that f is of constant Mobius Ricci curvature A. Note the metric [, +
1 N=2(e) is a Riemannian product metric, from (3.14), we have

A=pP(n—3)e+uApn—(n— DIV,
(3.15) A=Ky + pAp+ (n =2 ppn — (n— DIV,
A=Ky + pAR+ (n—2ppa — (n — 1)Vl
Note that Ay = u11 + p22, from (3.15) we get

2p

Au =
H n—2

[((mn —3)e — Kyl =2u11 =2u2,
wn(n —3)e —2K,] A
(n—1n-=2) n—1"
From (3.14), we also have u1p = 0. O

(3.16)

Vil = uf + 5 =
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4. Proof of Theorem 1.4. Let f : M" — R"*'(n > 4) be an immersed hyper-
surface without umbilical points, which is of constant Mobius Ricci curvature. Since three
dimensional Einstein manifolds are of constant sectional curvature, in this section we assume
n > 4. Because of the local nature of our results, we can assume that the multiplicities of all
principal curvatures are locally constant. In fact there always exists an open dense subset U
of M" on which the multiplicities of the principal curvatures are locally constant (see [10]).

We assume that the hypersurface has (s 4 ¢) distinct principal curvatures. Since the mul-
tiplicities of all principal curvatures are locally constant, we can choose a local orthonormal
basis {Eq, ..., E,}, such that

(4'17) (Blj) = dlag{blabQ.a "'7bS5bS+15 "'5bS+15 "'7bS+l7 "‘5bS+t}'

Here the Mobius principal curvatures by, . .., by are simple, the multiplicities of the Mobius
principal curvatures by 1, . .., by, are great than one. From (2.5), we have

Rij = 8ij = — ) BBy +tr(A)8i; + (n — 2)Ajj
(4.18) k |
(Aij) =diagla, ..., an}, ai:—z()»—kbl-z—tr(A)), l<i<n.
_

Since f is of constant Mobius Ricci curvature, A and tr(A) are constant.
By covariant derivative for the first equation of (4.18), we get that

1
(4.19) Ajjx = — < Z Bim kBnj + Z Bimij,k) .
m m
Using (4.17) and (4.19), we have

(4.20) (bi +bj)Bijk = (n —2)Ajj k.
LEMMA 4.1. Under the basis {E1, ..., E,}, set [i] = {m|b, = b;}. The Mobius
invariants of f have the following relations:
Ci=0; Bijjx=0, i,j>s, i#j, 1<k=n,
Bijr =0, i#j, j#k, k#i,

bi + (n—1)b; nb; . .
4.21) B =~ fc.’ B = J C;, ;
JJj,i b — bJ i ij,] b — bJ i [i] 3’é []]
B;i; B ; nb;C; nb;C;j
wij = —Lwi + L = L i1 # Ljl-

b,’—bj b,’—bjwj (bi_bj)zwj_(bi_bj)zwi’

PROOF. UsingdB;ij+Y ; Brjwki+ Y Bikwkj = Y Bijxwx, setting [i]1 = [j1,i # Jj,
so b; = b;, we get

(4.22) Bijr=0, [l=1[jl, i#j, 1=<k=n.
Particularly, B;; ; = 0. Using (2.1) and (2.3)
Aijj — Ajji =bjCi, Bijj = Bjji = —Ci,
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and (4.20), we obtain

n

5biCi=0.

n—
Ifbj #0,then C; = 0. Ifforall b; =0, j > s then E;(b;) = Bj;; =0, and C; = 0. Thus
Ci=0, i>s.

Wheni # j, j # k,i # k, then B;j x = Bix,j, Aijk = Ai,j. Moreoverif b; # b or b; #

b, using (4.20) we get
(4.23) Bijr=Aijx=0, i#j, j#k, i#k.
Combining (4.22) and (4.23), we obtain

Bijr =0, i,j>s, i#j, 1<k=<n.
If [i] # [j], using (2.1), (2.3) and (4.20), we obtain that

2b;
i =y =g Pind = Sy B =y B+ G

and

bi + @ —1)b; _ nb;
b,’—bj U’/_b,’—bj

Using d B;; + Zk Byjwyi + Zk Birwyj = Zk Bij rwi, we have

(bi —bj)wij =Y Bijkek .
k

Bjji = Ci, B Ci.

Since b; # b;, we have
. Bij i Bij, _ nb;C; nb;C;
_bi—bjwl+bi_bjwj_(bi_bj)za)/ (bi_bj)za)l.

We complete the proof of Lemma 4.1. O

wij

PROPOSITION 4.2. Let f : M" — R"! be an umbilic free hypersurface with con-
stant Mobius Ricci curvature. If the Mobius form C = 0, then locally f is Mobius equivalent
to one of the following examples:

(1) cylinder f : S' x R"~! — R**1;

(2) the image of o~ of the torus Sk(‘/%) XS"_I‘(‘/%) cS"H 1l <k<n—1.

Particularly, f has only two distinct principal curvatures.

PrROOF. Since C =0, i.e., C; = 0, from Lemma 4.1, we know that Bj;; =0, i # j.
Since tr(B) = 0, we have ), Bymi = 0and B;;; = 0. Thus B;jx = 0(1 < i, j, k < n)
is constant. So the Mobius second fundamental form of f is parallel. From reference [4] and
Proposition 3.2, Proposition 3.3, Proposition 3.5 and Proposition 3.7, we finish the proof. O

THEOREM 4.3. Let f : M" — R"*! (n > 4) be an immersed hypersurface without
umbilical points. If f is of constant Mobius Ricci curvature, then f has three distinct principal
curvatures at most.



CLASSIFICATION OF HYPERSURFACES WITH CONSTANT MOBIUS RICCI CURVATURE 395

PROOF. We assume that s + ¢ > 4. Next we prove that there exists a contradiction.
Now we fix the indices i, j, k such that [i] # [j], [j] # [k], [k] # [i], then

Bijx=0, ielil, jeljl, kelk].
Noting Ex(b;) = Bij r, and Using definition of C; ; and Lemma 4.1, we can obtain
Bij jk = Ex(Bij,j) + Byj, jwki (Ex)

by + (n —1)b; nb;
=n C,Cr+ C',k.
(bi —bj)(bx —bj) " bi—b;
Similarly we have
nzbj
Bij ki = CiCy.

(bi —bj)(br — b))
From Ricci identity B;j jx — Bijrj = (bi — bj)Rjijx = 0 we get
4.24) CiCh+b;Cix =0.
Since s +¢ > 4, there is [/] such that [/] # [i], [j], [k]. Similarly we have C; Cx 4+ b;C; x = 0,
from (4.24) we get
bj—b)Cix =0, CiCr=0.
This implies that there are at least n — 1 zero elements in {C}, ..., C,}, and we assume that
Cr=---=C,=0.
If the multiplicity of b; is greater than one, then from Lemma 4.1 we have
(4.25) Ci1=0, Bjr=0, 1=<i,jk=<n,
thus B is parallel. From ([4]) we know that M™ has at most three distinct Mobius principal
curvature. This is a contradiction.

Now we assume that the multiplicity of by is one. Since s + ¢ > 4, we take i, j, k > 1.

Noting [i] # [j], [J] # [k], [k] # [i], so we have
C; =Cj=Ck=0, wjj =0, wir=0, a)ijO,

nbiC nb;Ci ol
R T e A T e
Using dwjj — ), wit A wlj = _% 21 Rijkiow A w1, we get
Rijij = bibj +ai +aj = i -
(4.26) (b1 — bi)*(b1 — b))?
—n?b;by 2

Rikik = bib + ai +ar =

(b1 — bi)2(by — b2
where i € [i], j € [j], k € [k].
The first formula of (4.26) minus the second formula of (4.26) we get
n?biC3(bj — b)(bjbx — b})
(b1 = bi)2(b1 — b)* (b1 — bj)*

(4.27) bi(bj — br) + (aj —ak) =
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From (4.18), we have a; — a; = bz:gf' Combining (4.27) we get
@.28) (n—2)bi +bj + by _ n?b;C3(bjbx — b}) ‘
n—2 (b1 — bi)?(b1 — br)* (b1 — bj)?
Similarly
429) (n—2)bj +bi + b _ n?b;C3(bibx — b}) ‘
n—2 (b1 — bj)>(b1 — br)*(by — b;)?
Using (4.28)—(4.30), we have
n?Cb? n—3

(b1 = bj)>(b1 — b2 (b1 — b)>  n—2'
which is equivalent to
nZCIZb% +n—3:o'
(b1 — bj)>(b1 —bp)?(b1 — b))>  n—2
Clearly the equation (4.30) does not hold, which is a contradiction. Thus we complete the
proof of Theorem 4.3. O

(4.30)

THEOREM 4.4. Let f : M" — R" '\ (n > 4) be an immersed hypersurface with three
distinct principal curvatures. If f has constant Mobius Ricci curvature A, then locally f is
Mobius equivalent to one of the following examples:

(1) a cylinder over a (1, n, 0)-surface in a Euclidean 3-plane R3;

(2) acone over a (7, n, 1)-surface in a 3-sphere S*;

(3) a rotation hypersurface over a (A, n, —1)-surface in a hyperbolic 3-plane Ri-

Since the proof is long, we will give the proof at the end of this paper.

Next we consider that f has only two distinct principle curvatures. Let b1, by denote the
two Mobius principal curvatures with multiplicity k and n — k, respectively. Using (2.6) we
get

1L [(n—=1)(n—k) _l [(n — Dk
(4.31) bl——; B E— bg—n 7(n—k)k'

When the multiplicity k& and n — k are greater than 1. We take a local orthonormal
{Eq1, ..., E;} such that
(Bij) =diag{by,...,b1,b2, ..., b2}.
—_— —
k n—k
Using Zm Bijmwm = dB;j + Zm Biywmj + Zm By jwmi and by, by are constant, we get
4.32) ..
Bijm =0, k+1=<i,j<n, 1<m=<n.
When 1 <i,j <k,i # j,using (2.3) we have

Cj =Bii’j—Bl'j’,' =0.
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Similarly when k + 1 < i < n we can get C; = 0. Thus C = 0. From Proposition 4.2, we
know that f is Mdbius equivalent to the image of o ! of the torus

Sk< k_;)xS”_k< L]H)CS""H, l<k<n-—1.

n— n—2

When k£ = 1. It is a well-known fact that an n-dimensional hypersurface in space form
is conformally flat if and only if it has a principle curvature of multiplicity at least n — 1
everywhere. Thus f is conformally flat, Since f is of constant M&bius Ricci curvature, so f
is of constant Mdbius sectional curvature.

Sum together we complete the proof of our main Theorem 1.4.

5. Appendix: Details of proof to Theorem 4.4. In the section, we prove Theorem
4.4. We assume that f has three distinct principal curvatures. From Lemma 4.1, Proposition
4.2 and n > 4, we need to consider the following two cases:

Casel {b1,..., by} =1{b1, 4y ..., u,v,...,v}, Case2 {by,...,b,} =1{b1,b2,v,...,v}.
In the following two propositions, we show that Case 1 can not appear, and Case 2 is
Mbobius equivalent to a cone, a cylinder, or rotational hypersurface over a (A, n, ¢)-surface.
PROPOSITION 5.1. Let f : M" — R"™ 1\ (n > 4) be an umbilic free hypersurface. If
f has three distinct principal curvatures and one of the principal curvatures is simple, i.e.,
{bls"'sbn}:{blsuv"'vuv\)s"'sv}s 1+s+t:n7 sstzz'
—_— —
N t
Then the Mobius Ricci curvature of f can not be constant.

PROOF. We assume that f is of constant Mobius Ricci curvature. From Lemma 4.1,
setting i € {m|b,, = n}, j € {m|b, = v}, we have

Cr= = Cy =0,
Biij=—2—Cy, B, o
(533) li,i — bl o 1, 1j,j — bl 1,
Bii i By
llzbl_ wj , wl/zb]—vw/’ wij—o
Since Bj;1 = Byj,j + C1, from (5.33), we obtain
by +(n—hu bi+m—1)v
(5.34) Bijjy =——C;, Bjjj=——""—"Cj.

by —u by —v
Since tr(B) = 0, v, tr(B) = tr(vg,B) = 0,i.e., ), Bum,1 = 0. Combining by +su+1tv =
0 and b% +sp?+1v? = "n;l, we obtain

nb% —n=l
n

(5.35) Bi1,1 = —sBij1 —tBjj1 = —————C
" H (b1 — )by —v)

1-
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Using dw;j — Y, wit Awjj = —% Y ki Rijiwi A wp, we obtain
2
—n*py )
5.36 Riiii = Cy.
-30) YT — w2 — )2 !

Using the definition of B;; ;; and Lemma 4.1, we obtain

b1Bii;1 — uB11,1 nu nuCi
Blij = —2 Lnc) + Cii. Biiii = (Bii1— Biig — Blij)——— |
1i,il (bl — H)Z 1 by — m 1,1 1i,1i ( 11,1 ii,1 11,1) (bl — M)Z
B blBjj,l —vBll,l Cr + nv C B (B B B ) nvC1
L= n , L — _ B4 — . .
1j,j1 (b —U)2 1 b —v 1,1 1j,1j 11,1 jj.1 1j,j (b]—l))z

Using Ricci identity By; ;1 — Bii,1i = (& — b1)Ry;1; and Lemma 4.1, we get

Cy

2 n
(b1 — W Ryt = P

(5.37) lnc“
(b — V)Zlelj = bl—_lv[21)311,1 — (b1 +v)Bjj1 —vByj il —nvCy .

[2uBi1,1 — (b1 + w)Bij1 — uBiiil —nuCix,

From (5.37), (5.33) and (5.35), we can get
n(p — v)Cl2
X
(b1 — w2 (b1 —v)?
X 2 Dp + 02 + b2 —2b1(u+ v) — 40 — Dl 4+ Gn — 2)b v (i 4 v)
+@2n% = 2n+ Hu>?.

(b — W*VRij1i — (b1 — v)*uRyj1j =

Combining (5.36), we have
2 2 H—=V
(5.38) (b1 — W Ryt — (by — V) uRyj1; + n—WXRijij =0.

Using (2.4), (5.38) and by + sy + tv = 0,57 + su? + tv> = =1 we know that by, i, and v
are constant.

Therefore by, i, v are constant, then from Lemma 4.1 we get C; = 0. Therefore C = 0.
Using Proposition 4.2, we know that f has only two distinct principal curvatures, which is a
contradiction. we finish the proof. O

PROPOSITION 5.2. Let f : M" — R™ 1 (n > 4) be an immersed hypersurface. As-
sume we can diagonize the Mobius second fundamental form under an orthonormal frame
{E1, ..., E,} with respect to the Mobius metric g such that

(Bij) =diag{bi, ba, p, ..., u}y, by #by, b #p, br#p.

IfBpga=0,Cy=0,1<p,g=<2,3<ac=n.

Then f is Mobius equivalent to a cone, a cylinder, or rotational hypersurface over a surface
in sphere S3, Euclidean space R3, and hyperbolic space Ri constructed by the examples
(3.8), (3.9) and (3.10).
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PROOF. Let{Y,N,Y1,...,Y,, &} be a moving frame in R’ILH (see Section 2). In the
proof below we adopt the convention on the range of indices as below:
1<p,g=<2, 3<oaB,y<n, 1=Zijkl<n.
Without loss of generality we make a new choice of frame vectors such that
(5.39) Agp = agbap -

Applying dB;j + Y Bijwki + )i Bikwkj = Y Bij kwi for off-diagonal element Byg (o #
B) and using the fact By, = Bgg = ., Bog = 0 we get

(5.40) Busk =0=Brap, Ya#p, 1=<k=n.

The second equality is by the integrability equation. Since n — 2 > 2, we can always choose
indices o # B. Then by integrability equation and the assumption Cg = 0 one has

(5.41) Eﬂ(ﬂ) = Bowt,ﬁ = Baﬂ,a + Saacﬂ - Saﬂca = Cﬂ =0, vB.

Here Byg o = 0 due to (5.40). Similarly we have Bpy g = Bpg,a +0paCq — 8pgCa = Bpg .o
and Bpy,o = Baa,p — Cp = Ep(u) — Cp. Together with the assumption Bpg o = 0 we
summarize that

(5.42) Bpga = Bpag =0, Bpgoa=Ep(n)—Cp, Vp,q,a.

Now with the help of (5.40) and (5.42) we compute the covariant derivatives of off-diagonal
components B,y and find

B
(5.43) Wp = 7 P22 o, Ypoa.

p
Differentiating once more we obtain the curvature tensor. Compare the coefficient of the
component w, A wy for any given p # g. We find that

Rpapg = 0.
From the integrability equation (2.4) we get
(5.44) Ay =0, 1<g=<2, 3=<ac=n.

Similarly by comparing the component w, A w, we observe that Ry, is independent of o
(here we use (5.42)). Equation (2.4) yields Rpapa = bpit + App + Age and

(5.45) Ageg =a, Ya.

Next we compute the covariant derivatives of tensor A and C. By the condition C,, = 0
and the integrability equation (2.1) A;j x — Aik,j = BixCj — B;i;j Ck,

(5.46) Ey(a) = Eq(Apg) = Apga = Aapp =0, Ya#p.
As a consequence of (5.43) and dC; + Zk Crwri = Zk C; rwi we get that
(5.47) Ey(Cp)=Cpa=Cap=0, Vpo.
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Let’s look at the geometric meaning of these results. From the formula in (5.43) we know
that distributions

Dy £ Span{E|, E;}, D £ Span{E,|3 < a < n}
are integrable. Any integral submanifold of distribution D is an m-dimensional submanifold.
On the other hand, along any integral submanifold of D, the hypersurface Y is tangent to
(5.48) F2py+§,
the principal curvature sphere of multiplicity n — 2. Using (5.41), E () = Baa,p = Bpa,o +
C) and the structure equation it is easy to get that
(5.49) Eq(F)=0, E,(F)=BpyoY+u—>0p)Yp.
Then principal curvature sphere F induces a 2-dimensional submanifold in the de-Sitter space
+2
Sy ~
F:M?=M"/L - S'*2,

where fibers L are integral submanifolds of distribution D;. In other words, F' form a 2-
parameter family of n-spheres enveloped by the hypersurface Y.

The next crucial observation is that F is located in a fixed 4-dimensional linear subspace
of R’ILH. To show that we compute the repeated derivatives of F, which contains all infor-

mation of the envelope Y. Straightforward yet tedious computation shows that the frames
of

(5.50) Vi £ Span{F, E|(F), Ex(F), P}
2
N pa,o
where P—AaaY—N+;mEP(F)+MF

satisfy a linear first order PDE system. Hence these vectors, including F itself, are contained
in a fixed 4-dimensional subspace V; endowed with degenerate, Lorentzian, or positive defi-
nite inner product. This agrees with the geometry of cylinders, cones, and rotational hypersur-
faces (see Examples 3.4, 3.5, 3.6), where the principal curvature sphere F is orthogonal to an
(n—1)-parameter family of hyperplanes/hyperspheres. Moreover, the orthogonal complement
Vll of dim =n — 1containsall Y,,3 < o <n.

The final fact above inspires us to proceed in an alternative and easier way. Differentiate
any given Y, and modulo components in the subspace Span{Y,, 3 < y < n}. By (5.39),
(5.44), (5.43) one finds

Ei(Yy) = —AaqiY —8aiN + Zj wuj(Ei)Y; + Byi&

_ —T (modY,, wheni=uqa;
(55D o { 0 (mod Y,), otherwise,
where
2 B
(5.52) T2 AgY + N+ Y P20y, —ut

p=l1 by —n



CLASSIFICATION OF HYPERSURFACES WITH CONSTANT MOBIUS RICCI CURVATURE 401

is independent of « by (5.42), (5.45). Then we assert that the subspace
(5.53) Vo £ Span{T, Y,|3 <y <n)

is parallel along M. According to our previous computation, E;(Yy) = 0 (mod V»), Vo . So
we need only to consider E;(T). Fix i and choose o # i. (Such « exists by the assumption
n — 2 > 2, which is the third and final time that we use it. Recall that this condition has been
used to derive (5.41), (5.46),i.e., E4(n) = 0 = E,(a).) Rewrite the first equality of (5.51) as

(5.54) T=—Ey(Ya)+ Y ()Y,

By this clever choice of index & we may prove in a unified way that
Ei(T)=—Ei(Eq(Ya)) + Yy (--+)Ei(¥y) (mod Yy)
= —Ea(Ei(Ya)) + [Ea. Eil(Ya) + »_ y(-+)Ei(Yy) (mod Y,)

=—Eo( Y pC)¥p)) + [Ea Eil(Ya) + () Ei(Y,) (mod ¥,)

=0 (mod V).
This verifies our previous assertion. More precisely, we have
Bpa,(x
(5.55) Ep(T) = b—T, Ey(T)=Q0Yy, Vp,o
p— M
where
2 BZ
Q2 (T, T)=2Ape + 1>+ —L2
ao I; (bp _ M)Z
satisfies
2Bpa,a
(5.56) Ey(Q) = b—Q’ Eq(Q)=0.
p — M

One could verify (5.55) directly. But the easy way is using (7', Yy) = 0 and (5.51) to get

Q, when i =«;

(5.57) (Ei(T), Yo) = —(T, Ei(Yo)) = {O, otherwise .
This implies E,(T) || T for any 1 < p < 2. Then E,(T) as in (5.55) is derived by differ-
entiating (5.52) and comparing the & component with 7. The formula for E£,(Q) in (5.56)

follows directly. On the other hand, we know

1
(Ea(T).T) = 5Ea(Q) =0,

where we used (5.42) and its consequence [E, Ey] € D together with (5.41), (5.46), (5.47).
Combined with (5.57) we have E,(T) = QY.

Regarding (5.56) as a linear first-order ODE for Q we see that Q = 0 or Q # 0 on the
connected manifold M”. Thus there are three possibilities for the induced metric on the fixed
subspace V, C R’1‘+3 .

CASE 1. Q = 0on M"; V, is endowed with a degenerate inner product.
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In this case, (T, T) = 0. By (5.55), E,(T) || T, so T determines a fixed light-like
direction in R’1‘+3 , which we may take to be

[T1=1[1,-1,0,...,0] e R},

This corresponds to oo, the point at infinity of R"+!. Choose space-like vectors X3, ..., X, so
that V, = Span{T, X3, ..., X,}. We interpret the geometry of hypersurface f : M" — R"*!
as below:

1) Any X, determines a hyperplane in R"*+! because (T, X,) = 0;

2) Span{Xy, (3 < @ < n)} corresponds to an (n — 2)-dimensional plane X' in R+,

3) F isa2-parameter family of hyperplanes orthogonal to the fixed plane X'.

f (M), as the envelope of this family of hyperplanes F, is clearly a cylinder over a
hypersurface M C R3.

CASE 2. O < 0on M"; V, is a Lorentz subspace in R’1‘+3.
Fix a basis {Py, Pso, X4, ..., X} of the (n — 1)-dimensional V, so that Py, Py, are
light-like. Without loss of generality we may assume

Py=(1,1,0,...,0), Ps=(,-1,0,...,0).

Using the stereographic projection o they correspond to the origin O and the point at infinity
oo of the flat R"+!, respectively. We interpret F and V, in terms of the geometry of R"+1:
1) Span{Xy|4 < « < n} corresponds to a coordinate plane R*=3 ¢ R*! because X,
must be space-like and orthogonal to Py, Px.
2) F is an m-parameter family of hyperplanes (passing O and oo) and orthogonal to
this fixed R" 3.
Based on the fact 1), f (M), the envelope of F, is a cylinder over a 3-dimensional hyper-
surface in R* (the orthogonal complement of the previous R”3); moreover, the fact 2) means
that (M) is a cone (with vertex O) over a 2-dimensional hypersurface in s3.

CASE 3. Q > 0 on M"; V, is a space-like subspace.
Without loss of generality we assume that P, = (1, —1,0,...,0) is contained in the
orthogonal complement of V,. As before we make the following interpretation:
1) V corresponds to a 2-dimensional plane R? ¢ R"*1,
2) Fisan (n — 2)-parameter family of hyper-spheres orthogonal to this fixed plane R?
with centers locating on it. Thus F envelops a rotational hypersurface f (M) (over
a hypersurface in half-space Ri).

Sum together we complete the proof to the proposition. O

THE PROOF OF THEOREM 4.4. Since the Case 1 can not appear. In Case 2, from Lemma
4.1, we have Bpgo =0, C, =0(1), 1 < p,g <2, 3 <a < n.From Proposition 3.11 and
Proposition 5.2, we finish the proof of Theorem 4.4.
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