Tohoku Math. J.
67 (2015), 297-321
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Abstract. We give a concrete expression of a minimal singular metric on a big line
bundle on a compact Kéhler manifold which is the total space of a toric bundle over a complex
torus. In this class of manifolds, Nakayama constructed examples which have line bundles
admitting no Zariski decomposition even after modifications. As an application, we discuss
the Zariski closedness of non-nef loci.

1. Introduction. We consider the positivity of a big holomorphic line bundle over a
compact Kéhler complex manifold. Especially, we are interested in the information related to
the obstruction to the nef-ness of the line bundle. Our main result is the explicit construction
of a minimal singular metric, or a singular hermitian metric on L with minimal singularities,
of a big line bundle L when the manifold X is the total space of a smooth projective toric
bundle over a complex torus (Theorem 4.7).

In order to state our main theorem in general form, we have to define some terminology.
So in this section, we introduce our result only when (X, L) is a Nakayama example ([14,
IV §2.6]), which is one of the most important examples when we study the obstruction to the
nef-ness of the line bundle, since it admits no Zariski decomposition even after modifications.
Let E| be a sufficiently general smooth elliptic curve such as C/(Z + (7 + ~/—1)Z), E> a
copy of Ei, and z; a coordinate of E; for j = 1,2. Let us fix an integer a > 1, points
p1 € E1, p2 € E, and define the three line bundles L; (j =0, 1,2) over V = Ey x E3 by

Lo=0yv(Q2F —4F+24),

Li=0Oy((@a—1DFi+@—1)F+ (a+2)4),

Ly =0v((a+3)Fi+(a—3)F2+ad),
where F stands for the prime divisor {p1} x E> C V, F, stands for the prime divisor Ej x
{p2} C V, and A stands for the prime divisor {(x, y) € E x E | x = y}. Then there exists

a hermitian metric & ; over L; whose curvature tensor ®p, j €c (L) is a harmonic form and
each h; can be denoted as /1 (&, ) (z,.z,) = e ¥/ 172y, where

B 4 =2 T
vo(z1,22) = (21, 22) < ) _2) (Zz)
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B 2a+1 —(a+2) T
¢1(Z1,Zz)—(Zl’Z2)<_(a+2) 2a+1 ><ZZ>

B 2a+3  —a 21

on each small open subset U of V with appropriate local trivialization s/ of L jonU. Letus
define the variety X as the total space of a P2-bundle w: P(Lo @ L; @ L,) — V over V and
L = OpyoL,01,)(1). Let U be a sufficiently small open set of V. We use the function

([xo0; x1; x21, 21, 22) V> [x0S0(21, 22); X151(21, 22); X282(21, 22)]
€ (Cs%z1,22) ® Cs'(z1, 22) ® Cs%(z1, 22))*/C* = 7 (21, 22)

as a coordinates system on 71 (U), where s is a dual section of st Using these coordinates,
our main result applied to this example can be stated as follows:

THEOREM 1.1. Let (X, L) be the above example, which is introduced by Nakayama
[14] and admits no Zariski decomposition even after modifications. There is a minimal singu-
lar metric hmin on L whose local weight function v is continuous on X \ P(Lg) and is written
as

v Og(ar,%?éf](lx” lx217") + O(1)

at each point in P(Lo) with local coordinates (x1, x2, z1,z22) = ([1; x1; x21, 21, 22), where
H={@p) eR|a,p=0,a(@+p)>=(1-a)?+1-p8)7}

This expression enables us to compute the multiplier ideal sheaf 7 (h! . ) for each posi-
tive number ¢, whose stalk at xg € X is defined by
T(h!xo = {f € Oxx | |fIPe™¥min is integrable around xo}
where @min is the local weight function of A, around xg.

COROLLARY 1.2. j(hfnin) is trivial at any point in X\IP(Lo). For a point xo € P(Ly),

the stalk J (hmin)x, of the multiplier ideal sheaf is the ideal of Ox x, which is generated by
the polynomials

x| (p+1,9g+1) € Int(S;) NZ%},
where we denote by S; the set {(ta, t8) € R® |a, B = 0, a’(a+p)> > (1 —a)’> + (1 —p)?}
(For the shape of S; in this case, see Figure 1).

According to [14], this (X, L) is an example which admits no Zariski decomposition even
after modifications. So, it can be expected in this case that the behavior of this multiplier ideal
sheaf is different from the algebraic cases. Indeed, the set of jumping numbers Jump(¥; xo)
for a point x in P(Lg) (see [9, Section 5] for definition) can be written as follows in this case;

2p2a? — §2

Jump(i/f;)m)={pJr p,q€Z,0§q<p,p—qEO(m0d2)},
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FIGURE 1. The shaded area of this figure represents the set Sj. The set S; is
the set of points p € R? which satisfies % € Sy.

\

\

which is the set of the largest roots of the quadratic equations 472 — 4pT + (1 — 2a°)p* +
g> = 0 of T, where integers p and ¢ satisfy the above conditions. This set has different
properties from algebraic multiplier ideal sheaves. For example, it seems difficult to expect
the “periodicity" property, and does not have the “rationality" property in this case (For these
property, see [9, 1.12] or Remark 6.3 below). Especially, the singularity exponent cy, (),
which is the minimum number in the set of all jumping numbers, satisfies

o) =V2a+1,

and it is clearly irrational.

More generally, we give a concrete expression of a minimal singular metric on a big line
bundle L on the total space of such a toric bundle, see Theorem 4.7. As an application, we
discuss Zariski closedness of the non-nef locus NNef(L) of L, see Corollary 5.5.

The organization of the paper is as follows. Let X be the total space of a smooth projec-
tive toric bundle over a complex torus, and L be a big line bundle over X. In Section 2, we
recall some facts and notations related to analysis on X and L. In Section 3, we fix a way to
coordinate X, and study how modifications of X or zeros of holomorphic sections of L can
be treated by using this coordinates system. In Section 4, we construct a singular hermitian
metric {e"¥2} of L and show it is a minimal singular metric. In Section 5, we study some
properties related to the positivity of L, as applications of the result in Section 4. Here we in-
troduce how to calculate the Kiselman numbers and the Lelong numbers of minimal singular
metrics, and study the non-nef locus of L and multiplier ideal sheaves associated to minimal
singular metrics. In Section 6, we introduce three examples for (X, L), all of which is based
on the example introduced in [14], and apply our result to them.
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2. Preliminaries to analysis on toric bundles.

2.1. Analysis on compact Kéhler manifolds. Let X be a compact Kihler manifold
and L be a holomorhic line bundle on X. Let £ be a singular hermitian metric on L. For each
local trivialization of L on an open set of X, “the inner product" defined by 4 can be written
as (£,7n),; = e~V @gR where z is a point in the open set, £ and 7 are points in C, which we
regard as the z-fiber of L, and ¥ is a locally integrable function defined on the open set, which
we call the local weight of /. The local currents written as dd“y for the local weight ¢ of &
glue together to define the curvature current associated to 2. We denote it by ©,.

In order to define the minimal singular metric, let us recall how to compare the singular-
ities of plurisubharmonic functions.

DEFINITION 2.1 ([8, 1.4]). Let ¢ and ¥ be plurisubharmonic functions defined on a
neighborhood of x € X. We write ¢ <ging ¢ at x when there exists a positive constant C
such that the inequality e™¥ < Ce™¥ holds for each point sufficiently near to x. We denote
@ ~sing ¥ at x if ¢ <ging ¥ and ¢ >ing ¥ holds at x.

By using this notation, we can define the minimal singular metric as follows.

DEFINITION 2.2. Let hpin be a singular hermitian metric on L which satisfies &, >
0. We call Ay a minimal singular metric if ¥ <ging ®min holds at any point x € X for all
singular hermitian metric A satisfying &, > 0, where @i, and ¢ stand for the local weight
functions of Ay, and &, respectively, with respect to a local trivialization of L around the

pointx € X.

It is known that there exists a minimal singular metric on every pseudo-effective line
bundle. This fact is proved by considering the upper semi-continuous regularization of the
supremum of the all appropriately normalized ‘s, where v is as in Definition 2.2 (see [8,
1.5] for details).

Let L be a big line bundle. We denote by N (L) the negative part 3 1. jiime divisor ¥ (#min,
I')I" of L in the sense of the divisorial Zariski decomposition [3], where @i, is the local
weight of a minimal singular metric on L and v(¢min, 1) is the Lelong number of ¢, at
the divisor I". We say that L admits a Zariski decomposition if the positive part P(L) :=
c1(L®Ox (L)) is nef class. We here remark that this definition of the Zariski-decomposability
coincides with Nakayama’s algebraic one [14].

2.2. Complex tori. Here, let us recall some fundamental terminologies related to
complex tori. Let A C C? be a lattice. We denote C¢/A by V and the natural map C¢ — V
by p.

PROPOSITION 2.3 ([2, Chapter 3]). Following four propositions hold for above d, V ,

and A as above. Here, let us denote by Hy the set of all hermitian matrices of size d x d with
C-coefficients.
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(1) There exists an injective R-linear map NS(V) @ R — Hj.
(2) By this linear map, NS(V) is identified with {H € Hy | VA, u € A, Im (AH 1) € Z}.
(3) By this linear map, the nef cone Nef(V) C NS(V) is identified with

{H e Hy | H > 0and H is an element of the image of the set NS(V) @ R} .

(4) Let c1(E) be identified with Hg € Hy by this linear map for a line bundle E on V.
Fix a metric hg of E whose curvature form is a harmonic form with respect to the Euclidean
metric (such hg always exists and is unique up to scale). Here we fix a point of V and denote
by z = (21, 22, . - -, 24) the local coordinates of V around the point induced by the map p and
the usual coordinates of C%. Then, there exists a canonically determined local frame e of E
on the neighborhood of the point such that, with respect to this local trivialization, the local
weight function g of hg can be written as

<1

22
vE(21,22, ..., 24) = (21,22, ..., 2d)HE

2d
2.3. Toric bundles. Here, we review fundamental terminology related to toric bun-
dles. We follow [14, IV] basically. Let us denote by V' a base complex manifold. For simplic-
ity, we restrict ourselves to the case where V is a complex torus. Let N be a free Z-module
of rank n, and M be the dual module Hom(N, Z). We denote by ey, e2, ..., e, generators
of N,and by el e?, ..., e" the dual generators of M. We write Ng and MR for N ® R and
M ® R, respectively. We fix a group homomorphism

L: M — Pic(V)

and a fan X of N, and construct a toric bundle 77 : Ty (X, £) — V. We assume the fan X is
smooth projective, which means that the fan is defined by a smooth full-dimensional lattice
polytope. Under this assumption, the toric variety Ty (X') is a smooth projective variety. We
denote by L™ € Pic(V) the image of m € M. For simplicity, we also denote by £ the image
of m € Mg with respect to the linear map

LOR: Mr — Pic(V)®@R.
DEFINITION 2.4. Foro € X, we define the affine toric bundle 7 : Ty (o, £L) — V by
Ty (o, £) = Specy, @ Ln
meoYNM

with the canonical morphism to V, and the toric bundle 7: Ty (X, £) — V by gluing
{Tn (o, L) > V}sex in the natural way.

For each cone 0 € X, there exists a corresponding T := Hom (M, C*)-orbit O, (L) as
the case of toric varieties. Let us denote by V(o, £) the closure of Q5 (L£) as the subset of
Tx (X, £). Just as the case of toric varieties, the codimension of V(o, £) coincides with the
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dimension of . In particular, for each 1-dimensional o € X, V(o, £) is a prime divisor of
Ty (X, L).

DEFINITION 2.5. We denote by Ver(X') the set of the whole primitive generators v €
N of one-dimensional cones of ¥. For v € Ver(X), we denote by I, the prime divisor
V(R>ov, £). Let us set

PLy(X,Z) ={h: Ng —> R | foreacho € X, h|, is linear, and h(N) C Z} .
For h € PLy (X, Z), we define the divisor Dy, by
Dy= Y (=h)I.
veVer(X)
It is known that any line bundle over T (X, £) can be written by adding a divisor of the

form Dy to the pull-back of a line bundle over V ([14, 2.3]).

EXAMPLE 2.6. The cone {0} is always an element of the fan X'. Here we consider the
affine toric bundle Ty ({0}, £). Fix a metric on £¢ whose curvature form is a harmonic form
with respect to the Euclidean metric for each j. Let U be a sufficiently small open set in V
and z — s/ (z) be such a local trivialization of £¢ on U asin Proposition 2.3, and z > 5(2)
be the dual frame of the local frame z +> s/ (z) for j = l_, 2, n. It can be easily checked
that the frame z > s;(z) is also such a section of £7¢ = £y " asin Proposition 2.3.
Here,

Tn ({0}, £)I(zy = Spec Cls' (2), s%(2), - . ., 5" (2), s)71@), D7 @)+ .o, ()7 (@)]
=]]c* s
j=1

for z € U. Thus, it follows that the affine toric bundle Ty ({0}, £) can be considered as the
(C*)"-bundle on V of which the system {s;}; works as a local trivialization on U.

EXAMPLE 2.7. Second exampleis a case wheren = 2. Let Lo, L1, L2 be line bundles
over V. Let £ be a map defined by ¢/ — L i®Ly '(j =1,2) and X be the fan generated
by the three cones

o1 = Coneley, e}, oo = Cone{ez, —(e1 + ¢2)}, and 03 = Cone{—(e1 + ¢3), e1}.

Fix a metric on £ whose curvature form is a harmonic form with respect to the Euclidean

e
o]
)
e
03
—(e1 +e2)

FIGURE 2. X.
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metric for each j. Let U be a sufficiently small open set in V and z +— s1(2),z > $2(2)
be such local trivializations of (L| ® Lal)_l, (L ® Lal)_1 of U as in Proposition 2.3,
respectively, and s/ be the dual of s j for j =1, 2. Here,

Tw (o1, £)|iz) = Spec Cls'(2), sz(z)] ,
T (02, £)|(z) = Spec C(s' (2)) 752 (2), s @) 7',
Ty (03, £)|(z) = Spec Cl(s*(2) ™1, s' (@) (s> ()71,

for z € U. Using this expressions, we can calculate that
TN(Z, L) =POy & (L1 ® Ly )Y ®(La® Ly ) =P(Lo® L1 ® L»).

In this case, Ver(X) is the set consisting of the following three elements; vg = —(ej +
e2), v = e1,and vy = ey. Letus define 1 € PLy (X, Z) by vp = —1, v > 0, and vp — 0.
Then the line bundle L = Op(1,01,01,)(1) can be written as

L=7"Lo® Ox(Dp) .

3. Toric bundles over complex tori.

3.1. Holomorphic sections and local coordinates. Let V be a smooth projective
variety and X' be the fan defined by a smooth full-dimensional lattice polytope of M just as in
the previous section. We denote by X the total space of the toric bundle 7 : Ty (X, £) — V.
Here we consider holomorphic sections of a line bundle L over X. According to ([14, 2.3]),
without loss of generality, we may assume L = 7*Lo ® Ox (Dy), where L is a holomorphic
line bundle over V, and 4 is an element of PLy (X, Z).

DEFINITION 3.1. We denote by Oy, the set {m € MR | Vx € N, (m, x) > h(x)}, and
by OnNef(Lo, i) the set {m € Oy | Lo® L™ is nef} for a line bundle Lo over V and an element
h e PLy(X,7Z).

Since Oy, is a bounded closed convex set, we clearly obtain the following lemma.
LEMMA 3.2. Onef(Lo, h) is a bounded closed convex subset of MR.

DEFINITION 3.3. Here we use notations in Example 2.6. For m € M, we define the
meromorphic section x™ of 7*L™™ on Ty (X, L) by

(5@ = [ @)™ = @™ - ()™ - )™ - (ﬂ(sfrmf)(z)
j=1

j=1
on Ty ({0}, £)|y, where m; = (m, e;).

Tx ({0}, £), which we considered in Example 2.6, is always a dense subset of Ty (X, £).
In the case of toric varieties, or the case that V is the “O-dimensional complex torus”, regular

functions on Ty (X, £) can be regarded as meromorphic functions on Ty ({0}, £). There is
an analogue of this fact in the general setting.
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PROPOSITION 3.4 ([14,2.3,2.4]). The line bundle L = 7w*Lo ® Ox(Dy,) is pseudo-
effective if and only if the set Oner(Lo, h) is non-empty. In this case, we obtain the equation

HYX,L) = @ x™ -7 HOV,Lo® L™).
meONer(Lo,h)NM

In the following, we assume that V is a complex torus.

OBSERVATION 3.5. Here we rewrite the meromorphic function x™ - 7* f in Proposi-
tion 3.4 by using notations in Example 2.6. Let U be a sufficiently small open set in V and
7 = so(z) be such a local trivialization of Ly on U as in Proposition 2.3. Under the local
trivialization z +—> (so . ]_[;'-zl s/ )(z) of Lo ® L™, we may assume f is written as

flu@@) =n() - <S0 . l—[(sj)(’”’e/))(z)

j=1

on U for some holomorphic function n on U. Since

n
X" f (g sj(@)) = X" (x5 (@)) - f2) = (]‘[(xj)“"’fﬂ)n(z) +5(2)
j=1
holds, it can be checked that x™ - 7* f is a meromorphic section of 7*L¢, indeed. Moreover
we can check that it is an element of H(X, L) = HY(X, 7*Loy ® Ox(Dy)), since m is an
element of Oj,.

In Observation 3.5, we calculated x™ - 7* f as a meromorphic section of 7*Lgy. We can
rewrite it as a holomorphic section of 7*Ly ® Ox (D) by using following canonical local
coordinates.

DEFINITION 3.6. Let o be an element of X,x := {0 € ¥ | dimo = n}. Since the
fan X is smooth, there exists vy, v, ..., v, € Ver(X) such that 0 = Cone{vy, va, ..., v,}
and vy, vy, ..., v, generates N. We call such vy, vy, ..., v, N-minimal generators of o.

Let v!, v2, ..., v" be the dual generators of vy, va, ..., Uy. Then the dual cone of o can
be written as 0¥ = Cone{vl, vi ., v"}. Fix a metric ,; of £V whose curvature form is a
harmonic form with respect to the Euclidean metric for each j. Let U be a sufficiently small
open set in V. Let us fix such a local trivializations z > 1/ (z) of £ on U asin Proposition
2.3, and the dual section #; of t/ for j=1,2,...,n. Using these notations, we can calculate

= SpecC[1'(2), *(2), ..., " (2)]
{z}

Tw(. Ol =Spec @ =i

ap,az,....ap>0

for z € U. So, it turns out that Ty (o, £) is a C*-bundle which #1, 1, ..., 1, gives a local
trivialization on U. So, we can regard the map

(X1, %2, .+, X, 2) B> (x - 1j(2))j € T (o, L)z

as a local coordinates system on Ty (o, £)|y. We call this local coordinate system the canon-
ical one of Ty (o, £)|y associated to the N-minimal generator vy, v, ..., v, of 0.
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As it is clear from the definition, the canonical coordinates system of Ty (o, £)|y asso-
ciated to the N-minimal generator vy, v2, ..., v, of o depends on the choice of the metrics
{hyi};. In the following, we fix basis e', e?,...,e" of M and a metric h,; of £¢ whose

curvature form is a harmomc form with respect to the Euclidean metric for each j, and we

always choose the metric h® i ® h@’a2 ® - ® h®“” for h,;, where v/ =Y, ake . By using
this metric, we can say that the canomcal coordmates system of Ty (o, £)|y associated to the

N-minimal generator vy, v2, ..., VU, is uniquely determined.
REMARK 3.7. Letvy,vy,..., v, be N-minimal generators of o, and (x1, x2,. . .,Xp, 2)
be the canonical coordinates system of Ty (o, £)|y associated to vy, v2, ..., v,. Then, {x; =

0} = FUJ. holds for j =1,2,...,non Ty (o, £)|y.

DEFINITION 3.8. For 0 € Xmax, we denote by m, € M the point which satisfies
h(w) = (mg, w) for all w € o. We call {m, }, the Cartier data of Dy,.

OBSERVATION 3.9. Let o be an element of Xy,x, vy, v2, ..., v, be N-minimal gen-
erators of o, and (x1, x2, . .., X5, z) be the canonical coordinates system of Ty (o, L)|y asso-
ciated to vy, v, ..., vy. In Ty (0, £)|y, the map

n
(1, X2, X, 2) > [ e e
j=1

gives a local trivialization of Ox (Dy,), where {m}, is the Cartier data of Dj. So, by using
notations in Observation 3.5,

(X1,X2,...,X,,2) > <1_[(xj)(ma,vj)> ~s0(z)

j=1

gives a local trivialization of L. Under this trivialization, x™ - n*f € H 0(X , L) can be
regarded as the holomorphic function

n
(X1, X2, - X 2) > (H(xjﬂm—mm”ﬂ) ()
j=1
on Ty (o, O)|y.
The projective line P! = {[z; w]} can be regarded as the union of two disks {[z; 1] |

|z] < 1} and {[1; w] | |[w| < 1} with radius 1. The following proposition is an analogy of this
fact.

PROPOSITION 3.10. Let U be a sufficiently small open set in 'V, zg be a pointin U, o
be an element of X max, V1, V2, ..., Uy be N-minimal generators of o, and (x1,x2, ..., Xn, 2)
be the canonical coordinates system of Ty (o, L)|y associated to vy, va, ..., v,. We set

KO',Z() ={(x11x27---,xn710) ETN(O-vﬁ) |V.] 6{1721~-~1n}7|xj| S 1}
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Then,
U Kow=7"0

0 € Xmax

holds.

PROOF. Since Ty ({0}, £)liz0) = 7~ Yz0), it is sufficient to show that

U Koo D TN (O} £)lizg) -
0 € Xmax

Let us fix a point yo € Ty ({0}, £)|(z,) and an element T € Xyax. Let uy, ua, ..., uy,
be N-minimal generators of 7, and (y1, y2, ..., Yn, 2) be the canonical coordinates system
of Ty (z, £)|y associated to uy, us, ..., u,. In this coordinates system, assume yq is written
as (o)1, (V0)2, - .-, (¥o)n, 20). Since yo € Tn ({0}, £), it turns out that (yg); 7 0 for all
j. Thus, wg = — 27:1 log|(y0);| - u;j defines a point of Ng. Since X' is complete, there
exists an element ¢ € Xy such that ng € o. Let vy, va, ..., v, be N-minimal generators
of o, and (xy, x2, ..., xu, z) be the canonical coordinates system of Ty (o, £)|y associated to

V1, V2, ..., Uy. In this coordinates system, yp can be written as

Yo = ((]‘[((yom“’*““) ,Zo> ,
k=1 J

1 2, ..., v" is the dual basis of V1, V2, ..., U,. On the other hands, wg can be rewrit-

where v
ten as

n n n
wo 2_210g|()’0)k| CUfp = — ZZlOgKyo)kl(vj, Ug) - v;
k=1

k=1 j=1
n
=— Zlog
j=1

n .
[ J(Goon®
k=1
Since we have chosen o as the condition ng € o holds, —log | ]_[Zzl((yo)k)<”j’“k>| > 0, or
ITTiZi (o)) 9| < 1 holds forall j € {1,2,...,n}. We thus obtain yo € Koz, which
proves the proposition. |

;.

3.2. Modifications. Let X be a smooth projective fan of the n-dimensional lattice N.
Here we fix a smooth subdivision fan ¥ of ¥ , and consider a toric bundle X=T N (f] , L) and
the canonical morphism : X — X. As in the case of toric varieties, i X —> Xisa proper

modification of X. From this section, we use letters with subscripts such as vy, vo, ..., v, for
generators of N, and we denote the dual generators by the same letters with superscripts, such
asvl, 02, ..., 0", throughout this paper.

First of all, we obtain the following result by simple computations.

LEMMA 3.11. Let o € Zmax, & € Emax be cones such that & C o, vy, v, ..., Uy be
N-minimal generators of o, and vy, 0y, . .., Uy be N-minimal generators of 6. We denote by
(x1,x2,...,Xn,2) and (X1, X2, ..., Xy, 2) the canonical coordinates systems of Ty (o, L)|y
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and Ty (6, L) |y, respectively. In these coordinates, the morphism [ : X — X can be written

as
n
p(Er, %2, K 2) = ((]‘[(xkﬂ"’*ﬁ“) : z).
k=1 J

Lemma 3.11 immediately implies the following corollary.

COROLLARY 3.12. For j € {1,2,...,n}, there exists a subset JUJ. c {1,2,...,n}
such that W* Iy, = ey, {8 =0} in Ty (G, L)|u-
J

REMARK 3.13. For Corollary 3.12, the set Juj. can be written as
Ju; =1k € (1,2, ....n} | (v, 0k) # 0}

For o0 € X, we define the set E~U by 3, = {6 € b3 | ¢ C o}, and we denote by
(Z})melx the set {6 € Z:JU | dim6é = n}. By using the expression of u in Lemma 3.11, we can
get the following lemma.

LEMMA 3.14. Fixapointzo € U,aset I C {1,2,...,n}, and a cone ¢ € Xmax.
Denote by W 5., the set

{1, x2, .00, x0,20) € Ty (o, £) [ Vj el |xj| <1, Vjell,2,...,n},x; #0},
and by Wy 5 . the set
{(x1, X2, ..., Xn,20) € TN (0, L) | Vk € Ujer o, [Xkl <1, Vj € {1,2,...,n},X; # 0}
foreach o € (Zs)max. Then,

M( U WI,&,zg) = WI,(I,ZO

&E(i‘a ) max

holds.

This lemma can be proved in the almost same way as those used in Lemma 3.10. Apply-
ing this lemma with / = {1, 2, ..., n}, we obtain the next corollary.

COROLLARY 3.15. Here we use notations in Lemma 3.14. Denote by K the set
{(x1,x2,...,x1,2) € Tn(o, £)|U [Viel{l,2,...,n}, |x;| <1}
and by K; the set
{(X1, %2, ..., %n,2) € TN (G, D)l | Vj €{1,2,...,n},1x;| <1}
for each n-dimensional cone 6 € 3. Then,
M( U K&) =K,
& €(Zo)max

holds.
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3.3. Convex subsets of M. Let X be a smooth projective fan of the n-dimensional
lattice N, 0 € X be an n-dimensional cone, vy, v2, ..., v, be N-minimal generators of
o, and (x, x2, ..., X,, z) be the canonical coordinates system of Ty (o, £)|y associated to
vy, V2, ..., Uy, where U is a sufficiently small open set in V.

DEFINITION 3.16. For A C o, we denote by A the set

{meoY|Yw e o, minm',w) < (m, w)}.
meA

When A = ¢, we formally regards Daso.

DEFINITION 3.17. Let m, be an element of the Cartier data D;, which is associated
to 0. We denote by S(Lg, h), the subset {m — my | m € Oner(Lo, h)} C oV.

REMARK 3.18. In HjEI{|Xj| <1} x ]'[jﬂ{xj eClx U,

max l—[ |xj|2<’”’”f'> = max l_[ |J¢j|2<’”_’”"”’f>
meS(Lo,h)s -, me€DNet(Lo,h) -,
je je

I I
forany I C {1, 2, ..., n}, where m, is an element of the Cartier data D;, which is associated
too.
DEFINITION 3.19. For a point ((x0)1, (x0)2, -, (x0)n, z0) € Tn(o, L)|u, let us

denote by [ the set {j € {1,2,...,n} | xé = 0}. We define the set P(f1, f2,...,
Do), x0)20 s 0Imrz0) TOT ST 20y f1 € O(xo), (x0)2, .., (x0)nr20) @S Tollows. Let

Folet, X, x) = Y (D) Av (e, 2),
a>0
be the Taylor expansion of each f, (v = 1,2,...,/) around the point ((x¢)1, (x0)2, - - -,
(x0)n, zo) for variables {x;};cs, where @ = (a;) jes is a multi-index, the signature “(x;)*”
stands for [ je ;(x))%, and A, 4 is the germ of a holomorphic function with (n — #I + d)-
variables ()C[c, Z) = ((Xj)jgly Z). We define P(fl, fz, N ﬁ)((xo)ls(xo)z ..... x0)n»20) by

1
P(f1, f2r o oy JD(G0)1, (60) 2 (0)mnz0) = U { Zaj VA ), # 0} co’.

v=1 ' jel
REMARK 3.20. Here, we use notations in Definition 3.19. Set

Ps = P(f1, f2, -+, [1)0,0,...0,20)

for (0,0,...,0,z0) € Ty(o, £)|y. Let ¥ be a smooth complete fan which is a subdivision
of ¥, 6 € Zmax be a cone such that & C o, 1, 02, ..., Uy be N-minimal generators of
6, and (X1, X2, ..., X,, ) be the canonical coordinates system of Ty (5, £)|y associated to
U1, 02, ..., Uy. For the point (0, 0, ..., 0, zg), let us set

Ps = P(u* fi, " fa, ..., " f1)(0,0,....0,20) »
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and assume that f, is expanded as

fo(X1, X2, .0y Xn,2) = Z H(xj)“jAu,(aj)j(Z)

(aj)jz0 j=1

around (0,0, ..., 0, zg). Then, by Lemma 3.11, u* f;, can be written as

n i~
Wi En ) = Y [[E= YA, o) ()

(aj)j20k=l
around (0,0, ..., 0, zo). Thus, it follows that the following two sets are same;
I n ‘ I n )
U X0 v/, 20} =U{ 3 aytvl, 50 #avc, 2 0).
v=1 ' j=1 v=1 ' j k=1

However, since the two signature - appeared in the definition of P, and P; are different from
each other, we can not say nothing more than P, C P; in general.

REMARK 3.21. Here, we use notations in Definition 3.19. We remark that
P(f1, f2, -y JD((o)1,(x0)2,... (x0)m,20) 1S finitely generated in the following sense; There exists
a finite subset

n
{my,ma, ..omiy TP S, o0 TD o)1 (60)20 s (0)nnz0) (1) @Zzovj
j=1
of the lattice such that the equation
P(fts fas oo Do) o) dnz0) = {12, oo mip)

holds. More generally, for any subset A C @7:1 Zzov/ , there exists a finite subset

n
{mi,ma,...,my} C Zﬂ@ZZovj
j=1

of lattice points such that the equation i = {my,mo, ..., m;} holds.

LEMMA 3.22. For each finite set A C @?:1 Qsov/ of rational points, there exists a

smooth complete cone X which satisfies the following two conditions (i) and (ii). (i) Yisa
subdivision of X. (ii) For all n-dimensional cone & € X satisfying & C o, there exists an el-
ement mg € A such that minmei(m, w) = (mo, w) holds for all w € &, where V1, V2, ..., Uy
is N-minimal generators of G.

PROOF. Let ¥ be a fan which is made by cutting all cones of X by the all hyperplanes
{we Ng | (mj, w) = (mg, w)} (mj, mp € A)
of Ngr. Since A C 697: 1 (@Zovj , each cone of ¥ is rational. Moreover, for all n-dimensional

cone of X satisfying & C o, there exists an element ms € A such that minmei(m, w) =
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(mg, w) holds for all w € &. Let £’ be a smooth fan which is a subdivision of X. This fan

X' is what we desired. O

4. Construction of minimal singular metrics. Here, we use notations in the previ-
ous section. In this section, we construct a minimal singular metric on the big line bundle
L = n*Ly ® Ox(Dy) over the total space of a toric bundle X = Ty (X, £) over a com-
plex torus V, where X' is a smooth projective fan in an n-dimensional fan N. According to
Proposition 3.4, it is clear that the set Oner(Lo, #) = Oner(Lo, /) is not empty in this setting.

First of all, we define the singular hermitian metric e VYo foreachm € Onet(Lo, h).

DEFINITION 4.1. Letm be an element of Onef(Lo, i), o be an element of X%, v,
v2, ..., U, be N-minimal generators of o, and {ms}, be the Cartier data of Dj,. Here, we
define the plurisubharmonic function ¥4, on Tx (o, £)|y by

n

WU,m(xls x21 IR ] x}’h Z) = log ( 1_[ |xj|2(m_mg’vj)> + (pL0®£m (Z) B
j=1

where U is a sufficiently small open set in V and ¢ ,gcm = ¢, + Z;le (m,vj)pv;. For
the definition of ¢, and ¢ v;, see Proposition 2.3. And here, we formally regard 0%as 1.

REMARK 4.2. In Definition 4.1, the first term of the defining equation of ¥, ,, is
clearly plurisubharmonic. According to Proposition 2.3, the second term is also turned out
to be plurisubharmonic. Thus v ,, is also a plurisubharmonic function, indeed.

REMARK 4.3. The functions {e Vo }, ¢ Toae 2lue together to give a singular hermitian
metric on L. Here, we explain this fact when m is a rational point of MR for simplicity.

Let v be a natural number such that vim € M. By Observation 3.5, vy, ,, can be rewritten
as

VWom = 1og X" 1> + voLerm -

Since x " can be regarded as a meromorphic section of the line bundle Ox (D) @ T* L™V,
the first term of the right hand side of the above equation is turned out to be a local weight
of a singular hermitian metric which is defined globally on Ox(D,;) ® 7*£~"". Since the
second term is also a local weight of the hermitian metric globally defined on 7*(Lj ® £"™),
the sum vy, is a local weight of a singular hermitian metric globally defined on vL =
n*Ly ® Ox (Dyp).

This explanation also makes sense in the general case, by considering formally with
R-line bundles.

DEFINITION 4.4. We define the plurisubharmonic function ¥/, on Ty (o, £)|y by

Yo (X1, X2, ..., %0,2) = max Yo ,m(x1,x2,...,Xp,2)
meONer(Lo,h

for a sufficiently small open set U of V and 0 € Xpax.
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REMARK 4.5. Since each ¥, 5, is plurisubharmonic, it is clear that the upper envelope
(X1, X2, ., Xn, 2) > lim sup Yo (' E2, . " 0)
(E1,E2,....6",0)—> (X1, X210, X, 2)
of Y, is a plurisubharmonic function. Now let us consider the function

(X1, X2, -y Xny 2), 1) > Vo (X1,X2,00.20,2) <ﬁ |xj|2(m—masvj>) . ePLo®Lm (@)
j=1
This function is a continuous function defined on Ty (o, £)|y x Onef(Lo, h). Since
Onef(Lo, h) is compact (Lemma 3.2), the function

(X1, X2, + ..\ Xn, 2), M) > Vo (F1.X2,0Xn.2) max eVom(X1,X2,0.0%n,2) ,
meBNer(Lo,h)

is also continuous. Therefore, v itself is also a plurisubharmonic function.

REMARK 4.6. Remark 4.3 yields that {¢7 V7 },¢ Zmax glue together to give a singular
hermitian metric on L whose curvature current is semi-positive.

THEOREM 4.7. Assume that L is a big line bundle, then the singular hermitian metric
e~V of L is a minimal singular metric.

From now on, we will prepare for the proof of Theorem 4.7. Let 0 € X be an n-
dimensional cone, vy, va, ..., v, be N-minimal generators of o, and (x1,x2, ..., X, 2) be
the canonical coordinates system of Ty (o, £)|y associated to vy, vy, ..., v,, where U is a
sufficiently small open set in V. We use these notations throughout this section.

LEMMA 4.8. Let us fix a point ((xo)l, (x0)2, ..., (x0)n,20) € Tn(o, L)y, and de-
note by I the set {j € {1,2,...,n} | xé = 0}. Then, there exist constants C1 and Cy such
that

max  lo x;|2mmmevi) 4o ) < < max lo x;|2m—me Vi) 4 ¢

meONet(Lo.h) gH' j L=V S gH' i ?
Jjel jel

holds on H;’-51{|xj| < l}x]_[j¢1{|xj—xé| < S-j}xﬁ, where (8} j¢1 is a system of sufficiently

small positive numbers such that 0 & {|x; — xé| <djlforall j & I, andmg is the element of

the Cartier data of Dy, which is associated to o.

PROOF. The function
(m, Gce)jgrs ) m log [ [l 2= + op@pn (2)
il
defined on Ones(Lo, k) X ]_[j¢,{|xj — xé| <d;tx U is continuous. According to Lemma 3.2,
ONer(Lo, B) x [T jg/{1xj — x| < 8} x U is compact, which yields that this function has both
the maximum value and the minimum value, which we denote by C; and C> respectively.
Therefore, the inequality

logl_[ |xj|2(m—mg,vj> +Ci < VYom < logl_[ |xj|2(m—mg,uj) +C
jel jel
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follows, which proves the lemma. O

As we have assumed that L is big thus in particular pseudo-effective, there must be a
minimal singular metric on L. We fix one of these and denote it by /-

LEMMA 4.9. Let o be an element of Ymax, and we denote the weight function of hmin
around Ty (o, L)|7 with respect to the local trivialization of L as in Observation 3.5 by
@min,o- Then, there exists a constant C, such that

Pmin,c = Yo + Co
holds on the set Ky = {(x1, X2, ..., Xn,2) € Tn(0, D)7 | Vj € {1,2,...,n}, |x;| < 1}.

PROOF. Let us denote by m, the element of the Cartier data of Dj, associated to o.
Applying Lemma 4.8 with I = {1, 2, ..., n}, it follows that there exists a constant C such
that

me0Ner(Lo,h)

n
max log l_[ Ixj|2<m_m“’”f> <vYs+C
j=1

holds on K.
Thus here, we compare ¢@min,e With max,,eny (Lo, k) 10g ]_[;le |x |2m=mo.vj),

We choose an infinite subsequence {v} C N and a finite subset {f J'(U)}IS j<n, of
HY(X, vL) for each v satisfying the following condition; The function

R
_ 1 2
wu—UIOg‘Ellfj |
]:

converges pointwise to @min,» on X except a subset of measure 0 as v — oo, and the max-
imum value My, of ¢, on K, also converges to M, .
existence of these functions can be immediately shown by applying [6, Theorem (13.21)]
regarding ¢ in the theorem as (1 — %)(pmin + %<p+ for each natural number k, where ¢ is
the local weight of a singular hermitian metric 4 on L which satisfies ®),, > ew for some
positive number ¢ and a Kéhler metric  on X.

Then, according to the next Lemma 4.10, an inequality

¢ = MAaxg, Pmin,c aS V — 00. The

n
oy < max log | | |xj|2(’”_m"’”f'> + M,
me€ONet(Lo,h) i
j:

holds on K. Considering this inequality as v — oo, we obtain

n

2 _ .

wmiﬂ,ﬂ' S max IOg l_[ |xJ| fm ma,Uﬂ + M‘ﬂminﬁg
meDNef(Lo,h) izl

on K, except the subset of measure 0. Since the both hand sides are plurisubharmonic, this
inequality holds on whole K, .
According to the above argument, we obtain the inequality

Pmin,ec = Yo +C + 1W<ﬂmin,<T
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on K, which proves the lemma. O

LEMMA 4.10. Here we use notations in the proof of Lemma 4.9. The inequality

n
oy < max log | | |xj|2(’”_m"’”f'> + M,
me€ONet(Lo,h) i
j:

holds on K.

PROOF. Let P(p,)s = %P(fl(v), Z(U), . ..,fli,l:))(o,o,wo,m). According to Proposi-
tion 3.4 and Observation 3.9, vP(¢,), is a subset of S(Ly, vh),. Since DNef(LE)), vh) =
vONef(Lo, 1) holds, it turns out that S(L}, vh)s = vS(Lg, h)s , thus we obtain

P((pv)a C S(L(), h)a .

Therefore, according to Remark 3.18, it is sufficient to show the inequality

n
< max lo xi[2mvi 4om,
o= max gj]:[ll Jl ,

on K.

According to Remark 3.21, there exists a finite subset A of P(¢,) whose elements are
rational and which satisfies P(¢,) = A. For this set A, we fix such a subdivision Yof X
as in Lemma 3.22. In the following, we use notations we used in Section 4.2. According to
Corollary 3.15, it is sufficient to show that

n
W, < ,u*( max logl_[ |xj|2(’”’vj)) + M,
j=1

meP(py)o
on Ky = {(%1, %2, ..., %0, 2) € TG, Ol | Vj € {1,2,...,n}, 1% < 1} foreach & €
(Ea)max-
Since
n n n . n
log [ T lee*xj P v =log [ T [T 1P 270550 =3 “tm, i) log |5/
j=1 j=lk=1 k=1

holds, we obtain

n

n
* max lo xi 2 ) = max m, v;)log |%|%.
a <meP(wu)g gjlj[ll il meP (@) j_l( i) log Il

Aslog|X; |2 < 0 holds for all j on Kz, the equation we desire can be rewritten as

n
Wy <log [ [ 15,1207 + My, ,
j=1
where mo € P(¢,)s is such an element as in Lemma 3.22.
Let P(¢y)s = %P(,u*fl(”), ,u*fz(”), e M*fzs;:))(o,o,...,o,zg)- According to Remark 3.20,
and since both P(¢,)s and P (¢, ), are generated by the same set, it turns out that u* f /‘(V) can
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be divided by the function [T;_, (x¢) "% forall j € {1,2, ..., N, }. Denoting the quotient
by gj('V)’ the function p*@, — log [T, %;|*0-%/) can be rewritten as

n N,
- 5 1 -

oy —log [ 15200 = —log > IQJ(U)IZ.
j=1 =1

Thus, this function is a plurisubharmonic function on K3, and it has the maximum value on
K5, which we denote by M, 5. Then, since

n
Wy <log [ TIE;1P0%) + My, 5
j=1
holds on K. Therefore, it remains to prove that M, 5 < M,,.

Assume that the plurisubharmonic function u*¢, — log[] jer | % |2(mo.Uj) has the maxi-
mum value at the point ((Xo)1, (X0)2, ..., (X0)n, 20) € K5. We may assume |(Xp) ;| = 1 for
all j after we change the point ((Xp)1, (X0)2, - - -, (X0)n, 20) € K; if necessary. It is because,
in the case when |(Xp)1]| < 1 for example, by considering the plurisubharmonic function

n
T w1, (R0)2, (F0)3s -+ (R0)ns 20) — log <|21|2<'”°*“1> JT1Go j|2<’”°’“f‘>>
Jj=2

defined on {|X{| < 1}, the value of the function above must constantly be M,,, 5.
Then, we can calculate that

n
My, 5 = 1 ou((E0)1. (F0)2. - - .. (Fo)n. 20) — log [ | (o) jm0-
j=l1

=@y (u((Xo)1, (X0)2, - - - » (X0)n» 20)) -
Since u((¥0)1, (X0)2, ..., (X0)n, 20) € Ko, the value is at most M, . O

PROOF OF PROPOSITION 4.7. Let us denote by 4 the singular hermitian metric de-
fined by {e_‘/’“ }o» and by s a smooth hermitian metric on L. Then, there exist upper semi-
continuous functions ¢/ . and ¥ on X such that

Bimin = hooe ™ min, I = hoge ™"’
hold. Here, it is sufficient to prove that there exists a constant C such that
Prin < V' +C

holds on 7 ~1(U) C X.
According to Lemma 4.9, for each o € X4« there exists a constant C,; such that

(/);nin < w/ + Ca
holds on the set Ko = {(x1,x2,...,%,2) € Tn(Z, L)l | Vj € {1,2,...,n}, |x;] < 1}.
Thus, according to Lemma 3.10,
r/nin = w/ +C



MINIMAL SINGULAR METRICS OF A LINE BUNDLE 315
holds on 7~!(U) € X, where C = maxyex,, Co. O

5. Properties related to the singularities of minimal singular metrics.

5.1. Kiselman numbers and Lelong numbers of minimal singular metrics and non-
nef loci. Let X be a smooth projective variety and L be a holomorphic line bundle over X.
According to [3, 3.6], the next proposition follows.

PROPOSITION 5.1. IfL is big, then the non-nef locus NNef(L) of L can be written as
NNef(L) = {x € X | v(¢min, x) > 0},
where e~ %min js a minimal singular metric on L.

According to this proposition, we can specify the non-nef locus of a big line bundle by
calculating the Lelong number of a minimal singular metric. It can be done, actually, in our
setting.

PROPOSITION 5.2. Let X be the total space of a toric bundle Ty (X, L) over a com-
plex torus and L = n*Lo ® Ox(Dy) be a big line bundle over X, where X is a smooth
projective fan in an n-dimensional lattice N. The Kiselman number

n+d
ng(wmina X0) = sup {f >0 ‘ @min = thgZ Ilezwf + 0(1) aroundxo}
Jj=1
associated to the coordinates system
$=(1,82, -, Cnta) = (X1, X2, ..o, X0y 201,22, - - -5 Zd)

and w = (wj) € @jel R.o of a minimal singular metric e~ %mn at a point xo =
((x0)1, (x0)25 - . ., (X0)n, 2z0) € Ty (o, L) (see [1, Section 5.2] for the definition) can be cal-
culated by using notations in the previous section that

Ugw((pmin, x0) = min <m, Z _f>’

S(Lo.h w

meS(Lo,h)o el Jj
where we denote by I the set {j | x(]) = 0} and by (x1,x2, ..., Xn, 21,22, .- -, 2d) the canon-
ical coordinates system of Ty (o, L)|y associated to N-minimal generators vy, va, ..., v, of

o. Especially, the Lelong number at xo can be calculated that

V(@min, = min , V7).
(@min, X0) mES(Llo,h)g Z(m vj)
jel
COROLLARY 5.3. Let X, L be as that of the previous proposition. The following con-
ditions are equivalent.
(1) @min(x0) (= Y5 (x0)) = —00.
(2) Yo is not continuous at x.

(3) v(@min, xX0) (= v(¥s, x0)) > 0.
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Especially,
@pmin(—00) = Pole(¢min)
holds, where we denote by Pole(¢min) the set {x € X | v(¢min, x) > 0}.
The next proposition is also obtained easily by Theorem 4.7.

PROPOSITION 5.4. Let X, L be as that of Proposition 5.2. Then, Pole(¢min) is a
Zariski closed set.

According to these argument, we obtain the following corollary.

COROLLARY 5.5. Let X be the total space of a toric bundle Ty (X, L) over a complex
torus and L = n* Lo ® Ox (Dy,) be a big line bundle over X, where X is a smooth projective
fan. Then, the set NNef(L) is a Zariski closed subset of X.

5.2. Multiplier ideal sheaves. Let X be a smooth projective fan of an n-dimensional
lattice N. Fix N-minimal generators vy, v2, ..., v, of 0 € Xpax. Let (x1,x2, ..., x,,2) be
the canonical coordinates system of Ty (o, £)|y associated to vy, va, ..., v,, where U is a
sufficiently small open set in V. In this section, we consider the condition

I € T igin) (o)1 0)2s - (k0D 20) 5

where ((x0)1, (x0)2, ..., (x0)u,2z0) is a point of Ty(o, L)y, f is an element of
Ox, (o)1, x0)2,.... o)msz) \ 10}, £ 18 a positive real number, and A, is a minimal singular metric
on L. In the following, we also denote by 7 (f¢min) the multiplier ideal sheaf J (Al ) by
using the local weight function ¢p;, of the singular hermitian metric /p;y.

Let I := {j € {1,2,...,n} | (xo0); = 0}. For this set /, let us denote the expansion
appeared in Definition 3.19 by

fonx, . ox = Y e A, 2),

mePr! (cVNM) j€l

where the map Pr/ is the projection from Mg to Spang{v/} jer- As the dual version of this
map, we denote the projection from Ng to Spang{v;};es by Pr; in the following. Fix a set
A C P(f)(xo)1,(x0)2, ... (xo)n,z0) OF lattice points such that

PP o, (012, Godnz0) = A

holds.
COROLLARY 5.6. The followings are equivalent.
(D) f € TUPmin) (o)1, x0)2,-.. (x0)n-20)

i J
2 met.lgl(l?(l),h)J(m’ w) < <MO + 126; v, w>f0r allmg € A andw € Prj(c) \ {0}.
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Corollary 5.6 immediately follows from Theorem 4.7 and the result of Guenancia [10]
referring to the way to compute the multiplier ideal sheaves associated to “toric plurisubhar-
monic functions”, which can be regarded as a generalization of the famous Howald’s result
([11, Theorem 11]) in algebraic setting.

According to Corollary 5.6, [5, 1.10, 1.11], and [13, 11.2.12 (ii)], we obtain next corol-
lary.

COROLLARY 5.7. Let X be the total space of a smooth projective toric bundle over
a complex torus, D a big divisor on X, and e”%min be a minimal singular metric on the line
bundle Ox (D).

(1) If f € T(t¢min)x, at the point xo, then f € J((1 + &)t @min)x, holds for sufficiently
small positive number ¢ and any positive real number t. Especially, since the sheaf J (t @min)
is coherent, it follows that

J (tomin) = T+ @min) -
(2) Let P be a nef big divisor on X, then

HI(X,0x(Kx + P+ L) ® J(¢min)) =0
holds for all j > 0.

6. Some examples. In this section, we will introduce three examples for X and L in
the previous sections. We construct them as P2-bundles over abelian surfaces, by following
[14, CHAPTER 1V §2.6] basically. In this section, we use notations in Example 2.7.

As a preparation, we first recall a useful lemma to see L is big.

LEMMA 6.1. In the setting of Example 2.7, L is big if and only if there exists a triple
(a, b, ¢) of nonnegative integers such that L ® L}f ® LY is ample line bundle over V.

This lemma can be easily shown by applying the result known by Cutkosky ([12, Lemma
2.3.2]) and the fact that the ample cones of complex tori coincide with these big cones.

Let E be a sufficiently general smooth elliptic curve and o be a point of E. For example,
you can choose C/(Z + (r + «/—1)Z) for E. Let

V=EXE.
It is known that the rank of the Neron-Severi group NS(V) of V is three and this group is

generated by the following three classes ([12, Chapter 1.5.B]).

e f1 =c1(Oy(Fy)), where F] stands for the prime divisor {0} x E C V.
e f> =c1(Oy(Fy)), where F;, stands for the prime divisor E x {o} C V.
e § =c1(Oy(4)), where A stands for the prime divisor {(x,y) € E X E | x = y}.

By using these three classes, the nef cone Nef(V) of V can be written as

Nef(V) ={afi +bfa+cS|a,b,ceR, ab+bc+ca>0, a+b+c >0}
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In order to obtain more useful expression of Nef(V), let us define the other basis of NS(V)®R
by
1

1 1
h=c(fi+fr=20) b= 5(—@% ++3f), andl3 = it htd.

By using these classes, Nef(V) can be written as
Nef(V) = {aly + bly +cl3 | ¢* = a* + b*, ¢ > 0}.
This expression of Nef(V) makes it easy to judge the nef-ness of line bundles.

EXAMPLE 6.2. The first example is an example which admits a Zariski decomposition
after appropriate modifications. Let us fix two positive integers u < v. Let Lo := Oy (—uF;—
uFy —ud), L ;= Oy((u +v)F1 + (u + v)F>, + (—2u + v)A), and Ly := Oy ((—u +
VF1 + (—u + v)F + Qu + v)A). Then ¢1(Lg) = —6uls, c1(L1) = 6(ul; + vl3), and
c1(L2) = 6(—uly + vl3) hold. These expressions make it clear that the line bundle L1 ® L»
is ample and, according to Lemma 6.1, that L is a big line bundle in this case.

The set Oner(Lo, k) in this setting is rational polyhedral. More precisely, Oner(Lo, k) is
the convex closure of the five points ¢!, ¢, %ez, z(u‘fmel + mez, %el in Mg. So, by
applying Theorem 4.7, it immediately turns out that the weight of a minimal singular metric
1//Uj satisfies 1//Uj ~sing 1 at any points of X except for the locus P(Lo), and

2Qu+2 2Qu+2 2 2
Yo, (X1, X2, 2) ~ log max { ][22 x| 2320 13120 x, 2V}

u
sne 2v(u + v)
~sing ZU(MM+ v) log (|x1 |2(2u+2v) + |x2|2(2u+2v) + |X1|2U|xz|2v)

at a point (0, 0, zo) € P(Lg). Therefore, it follows that the non-nef locus NNef(L) is a Zariski
closed subset IP(Lg) of X.

According to [14, 2.5], the fact that Oner(Lo, /) is a rational polyhedral yields that L
admits a Zariski decomposition after appropriate proper modifications. Especially, when u
and v can be written as

u=1,v=2n-2
for some integer n > 1, (X, L) is an example which admits a Zariski decomposition just after
the n-time blow-up centered at the non-nef locus of the pull-back of L. It can be also checked
out by using the above expression of the minimal singular metric on L.

According to the above expression of Onef(Lo, /), the result of Corollary 5.6 can be
rewritten as follows. First, it is clear that J (hinin) is trivial at any point in X \ P(Lg). Next,
for a point xg € P(Lg), the stalk of 7 (Amin)x, of the multiplier ideal sheaf at xq is the ideal
of Ox x, which is generated by the system of the polynomials

Pxd | (p+1,9+1) € Int(S) NZ?),
where we denote by Int(S;) the interior of the set
i ={((tm, 1), {tm, e2)) € R? | m € S(Lo, h)oy )} -

For the detail shape of S;, see Figure 3.
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k.

<|

u u
( 2(u+v)* 2(u+v) )

u
v

FIGURE 3. The shaded area of this figure represents the set S1. The set S; is
the set of points p € R? which satisfies % € Sy.

The set of the whole jumping numbers Jump(v/,,; xo) at a point xg € P(Lg) can be
written as Jump (Y4, ; x0) = {2p +(p+ q)5| p,q€el, 1<p< q}, and the singularity ex-
ponent ¢y, (¥, ), which is the least number in Jump(v/4, ; X0), satisfies ¢y, (Vo) = 2 (l + 2).

u

REMARK 6.3. In Example 6.2, the behavior of the multiplier ideal sheaf 7 (¥,)
around a point of P(Lg) coincides with that of the (algebraic) multiplier ideal sheaf 7 (a“),
where a is an ideal generated by (xlz(”+”), x% (w+v) x{x3) and c is the rational number 5.

This means that the analytic multiplier ideal sheaf 7 (¥, ) x, has properties same as alge-
braic multiplier ideal sheaves. For example, it is known that, related to the algebraic multiplier
ideal sheaf 7 (a©), the set of the whole jumping numbers Jump(a; xo) is a discrete subset of
the set of rational numbers @, and has the property so-called “periodicity” in a sufficiently big
parts of this set (see [9, 1.12] for details). Indeed, it can be easily checked that Jump (¥, ; xo)

is a discrete subset of (@, and has a “period” =201+ 5).

EXAMPLE 6.4. Second example is the example found out by Nakayama ([14]), which
admits no Zariski decomposition even after modifications.

Let us fix an integer a > 1 and set Lo := Oy (2F|, — 4F, + 2A),L; := Oy ((a —
DF 4+ (@ —1)F, + (a +2)A) ,and Ly, := Oy((a +3)F; + (a — 3)F, + aA). Then
c1(Lo) = —6(l1 +~/3h), c1(L1) = 6(=l1 + al3), and c¢1(L2) = 6(—+/3l> + al3) hold. By
these expressions, it turns out that the line bundles L; and L, are ample and, according to
Lemma 6.1, that L is also a big line bundle in this case. For this example, see Section 1.

EXAMPLE 6.5. Finally, we introduce an example which can be proved that admits no
Zariski decomposition even after modifications in the almost same way to the case of previous
Nakayama example, however whose minimal singular metric can be expressed more easily.

Let Lo := Oy(4F, +4F, + A),L; := Oy ,and Ly := Oy(—F| + 9F, + A). Then
c1(Lg) = 6(114313), c1(L1) =0, and ¢ (L2) = 611+10+/31,+1813 hold. By this expression,
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1

FIGURE 4. The shaded area of this figure represents the set S;. The set S; is
the set of points p € RR2 which satisfies % €S

it turns out that the line bundle L( is ample and, from Lemma 6.1, that L is also a big line
bundle in this case.

The set Oner(Lo, k) in this setting is not rational, but is polyhedral. More precisely,
Onef(Lo, h) is the convex closure of the three points 0, e!, and 2T‘/6e2 in Mr. So, apply-
ing Theorem 4.7, it immediately turns out that the weight of a minimal singular metric Y,

satisfies 1//Uj ~sing 1 at any points of X except for the locus P(L2), and

2 2
Vo3 (X1, X2, 2) ~sing log max {|xo|*, |x1]*}

~sing log (Ixo[** + [x1]%)

at a point (0, 0, zo) € P(L32), where we denote by « the positive irrational number 1 — 2T‘/6.

According to the above expression of Onef(Lo, /), the result of Corollary 5.6 can be
rewritten as follows. First, it is clear that 7 (hfnin) is trivial at any point in X \ P(L3). Next,
for a point xg € P(L7), the stalk J (Amin)x, of the multiplier ideal sheaf at x is the ideal of
Ox,x, Which is generated by the polynomials

x| (p+1,qg+1) € Int(S;) NZ%},

where we denote by S; the set {({(tm, e1), (tm, e2)) € R% | m € S(Lo, h)s;}. For the detail
shape of S; in this case, see Figure 4.

Let xo be a point in P(L3). In this case, Jump(¥s,; xo) can be calculated that
Jump(Ygy; X0) = Zso @ é - Z~0, and the singularity exponent can be calculated that
Cxo(Woy) =1+ é, which is not rational, too. It can easily be proved by using ([14, 2.11]) that
L admits no Zariski decomposition even after modifications in this settings.
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