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Abstract. In this paper we consider a nonlinear parametric Dirichlet problem driven
by a nonhomogeneous differential operator (special cases are the p-Laplacian and the (p, g)-
differential operator) and with a reaction which has the combined effects of concave ((p —
1)-sublinear) and convex ((p — 1)-superlinear) terms. We do not employ the usual in such
cases AR-condition. Using variational methods based on critical point theory, together with
truncation and comparison techniques and Morse theory (critical groups), we show that for all
small 1 > 0 (A is a parameter), the problem has at least five nontrivial smooth solutions (two
positive, two negative and the fifth nodal). We also prove two auxiliary results of independent
interest. The first is a strong comparison principle and the second relates Sobolev and Holder
local minimizers for C! functionals.

1. Introduction. Let 2 € R" be a bounded domain with a C2-boundary 052. In this
paper, we study the following nonlinear parametric Dirichlet problem:

—div (a(Du(z)) = Mu(2)|972u(z) + f(z, u(z)) in £2,
ulpge =0, 1 >0.

1)

Here the map a : R" — R" involved in the differential operator of (1), is strictly monotone
and satisfies certain regularity conditions (see hypotheses Hp). The p-Laplacian (p > 1)
defined by Apu = div(| Du||?~2Du) forallu € Wg’p(.Q) and the (p, 7)-differential operator
(2 <1 < p)defined by Apu + wAu forall u € Wg’p(.Q) with © > 0, are special cases
of the differential operator in problem (1). We stress that the differential operator in (1) need
not be homogeneous and this is the source of many technical difficulties. In (1), ¢ € (1, p)
and so the first term in the right-hand side of (1) is “concave” (i.e., (p — 1)-sublinear). On
the other hand, for f(z, x) we assume that it is a Caratheodory function (i.e., for all x € R
x — f(z,x) is measurable and for a.e. z € £2 x — f(z, x) is continuous), which exhibits
(p — 1)-superlinear growth near +00 in the x-variable. So, in the reaction of problem (1) we
have the combined effects of “concave” and “convex” nonlinearities and a special case of the
right-hand side of (1), is the following function which we encounter in the literature

g, A) = A9 2x 4+ x"2x with l<g<p<r<p*,
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where

Np .
r if P < N
p* = p (the critical Sobolev exponent) .

+00 if p>N

This particular reaction can be found in the semilinear works (i.e., equations driven by the
Laplacian) of Ambrosetti-Brezis-Cerami [2], Bartsch-Willem [5] and Tang [31], who focus
on the existence and multiplicity of positive solutions. Their work was extended to equations
driven by the p-Laplacian by Garcia Azorero-Manfredi-Peral Alonso [15], Guo-Zhang [20]
and Kyritsi-Papageorgiou [23].

In this paper, using a combination of variational methods based on critical point theory,
with suitable truncation and comparison techniques and with Morse Theory (critical groups),
we produce five nontrivial smooth solutions and provide precise sign information for all of
them (two positive, two negative and the fifth is nodal (sign changing)). We mention that
all previous results concerning the existence of nodal solutions, deal with equations driven by
the Laplacian or p-Laplacian and the reaction satisfies the well known Ambrosetti-Rabinowitz
condition (AR-condition for short), see Bartsch-Liu-Weth [4], Dancer-Du [10] and Filippakis-
Kristaly-Papageorgiou [14]. The fact that the differential operator in problem (1) is not ho-
mogeneous, does not allow the use of the techniques employed in the aforementioned papers.
It seems that our result here is the first one on the existence of nodal solutions for nonlinear
equations driven by a nonhomogeneous differential operator.

2. Mathematical background. In this section, we briefly review the main mathe-
matical tools which we will use in the sequel. We also prove two auxiliary results, which are
of independent interest. So, let X be a Banach space and X* its topological dual. By (-, -),
we denote the duality brackets for the pair (X, X*). Letgp € C L(X). We say that ¢ satisfies
the “Cerami condition” (the “C-condition” for short), if the following holds “every sequence
{xn}n>1 € X such that {¢(x;)},>1 € R is bounded and (1 + ||x,|)¢’(x,) — 0 in X* as
n — oo, admits a strongly convergent subsequence.”

This compactness type condition, is in general weaker that the usual Palais-Smale con-
dition (PS-condition for short). However, the C-condition suffices to prove a deformation
theorem and from it derive the minimax theory for certain critical values of ¢ € C L(X) (see,
for example, Papageorgiou-Kyritsi [29]). In particular, we have the following result, known
in the literature as the “mountain pass theorem.”

THEOREM 2.1. If ¢ € C'(X) satisfies the C-condition, xo,x1 € X, p > 0, ||x; —
xol > p
max{g(xo), ¢(x1)} < inflp(x); [x —x0ll = pl =1,
and ¢ = infy, ey maxo<;<1 @(y (t)), where I' = {y € C([0, 1], X); y(0) = xo, y(1) = x1},
then ¢ > 0, and c is a critical value of ¢ (i.e., there exists x € X such that ¢'(x) = 0 and
@(x) = o).
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Given ¢ € C!(X) and ¢ € R, we introduce the following sets:

Ky={xeX;¢'(x) =0}, K; = {x € Ky 9(x) = ¢}
and ¢ = {x € X; ¢(x) < c}.

Let (Y1, Y2) be a topological pair with Y € Y; € X. For every integer k > 0, by
Hi (Y1, Y2) we denote the kth-relative singular homology group for the pair (Y7, Y2) with
integer coefficients. The critical groups at an isolated point x € K are defined by

Ci(p,x) = H(p NU, ¢ NU\{x}) forall k>0,

where U is a neighborhood of x such that K, N ¢° N U = {x}. The excision property of
singular homology, implies that this definition is independent of the particular choice of the
neighborhood U.

In the analysis of problem (1), in addition to the Sobolev space Wol’p (£2), we will also
use the ordered Banach space C}(2) = {u € C'(2); ulse = 0}. The order cone of C}(£2)
is C4 = {u € C}(£2); u(z) = 0 forall z € £2}. This cone has a nonempty interior given by

9
intC+={ueC+;u(z)>O for all ze.Q,a—u(z)<0 for all zeag},
n

where n(-) denotes the outward unit normal on 0§2.

Next we prove two auxiliary results, which are of independent interest. The first is a
comparison principle, while the second relates local Cé (£2) and Wol’p (£2) minimizers for a
large class of C !_functionals. To this end we introduce the following hypotheses:

H: G:2xR" — RisaC'-functionsuchthatforall z € 22, G(z,0) =0, V,G(z,y) =

a(z,y),a(z,0) =0and
(i) aeCl(2x (R™\{0}), R™) and for every K < R™\{0} compact, there exists
a € (0, 1) such thata € C*(2 x K, R");
(i) forevery z € £2 and every y € R"\{0}, we have

co + Iy IDP2NEI* < (Vya(z, )&, &) ge forall & € R"

and some ¢p > 0,1 > 0;
(iii) forevery z € £2 and every y € R™\{0}, we have

IVya(z, )| < ci(m+ [ylH?~? for some c; > 0
and with n > 0 asin (ii);
(iv) forevery p > 0, there exists c; = c2(p) > 0 such that

la(z, y) —a(@', y)| < ca(l + Iy P~z = 2l

forall z,z/ € 2, all |y|| < p.

From these hypotheses and using the integral form of the mean value theorem we can
have:
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LEMMA 2.2. Ifhypotheses H hold, then for all z € 2, a(z, ) is strictly monotone and
there exist c3, c4 > 0 such that

la(z, Il < e3(L+1lyIDP~" and (a(z,y),y) = eallyll” forall (z,y) € 2 x R".

An immediate consequence of this lemma is the following growth estimate for the po-
tential function G(z, -):

COROLLARY 2.3. If hypotheses H hold, then for all 7 € 2, G(z, ) is strictly convex
and there exist cs, cg > 0 such that

esliyl? = Gz, ) < (L +lIylIP) forall (z,y) € 2 x R".

As we already mentioned, the first auxiliary result is a strong comparison principle. It
extends Proposition 2.2 of Guedda-Veron [19] and Proposition 2.6 of Arcoya-Ruiz [3], who
deal with the p-Laplacian (i.e., G(y) = %||y||1’ for all y € R".) Other comparison results,
can be found in the works of Cuesta-Takac [9] and Lucia-Prashanth [26]. So, we consider the
following two nonlinear Dirichlet problems:

2) —div a(z, Du(2)) + ylu@)|Pu(z) = hi(z) in 2, ulse =0.

3) —div a(z, Dv(2)) + y|v(2)|P?v(z) = ha(z) in 2, vlpe =0,

where y > 0and hy, hy € L°°(£2). We assume that h; < hy meaning that for every compact
K C 2, wecan find ¢ = ¢(K) > O such that h1(z) + ¢ < hy(z) for a.e. z € K. Note that if
hi,hy € C(£2) and h1(z) < hy(z2), then hy < hj.

PROPOSITION 2.4. Ifu,v € Wé’p(.Q) are nontrivial solutions of (2) and (3) respec-
tively, u,v > 0and hy < hy, thenv —u € intCy.

PROOF. From Theorem 7.1 (p. 286) of Ladyzhenskaya-Uraltseva [24], we know that
u,v € L°°(£2). So, applying Theorem 1 of Lieberman [25], we have u, v € C4\{0}. More-
over, invoking Theorem 2.4.1 (p. 30) of Pucci-Serrin [30], we have that

u(@) <v(z) forall ze 2.
For small § > 0 let £25 C 2 be the 6-neighborhood of 92 in 2 defined by
2s ={z€ 2;d(2) <6},

where d(z) = d(z, 952) (the distance of z € £2 from 0£2). From the proof of Lemma 14.16
(p- 355) of Gilbarg-Trundinger[18], we know thatd € C 2(02s). Hence, 382 is a C2-manifold.
From Cuesta-Takac [9] (see (2.2) in the proof of Proposition 2.4), we know that w = v — u
satisfies in the sense of distributions the following nonlinear elliptic inequality

A dw

4 — —(aij@x)— )|+ 0w =hy —h; >0 in £2s,

“ l_jXZjl Bzi( l,(z)azj) @w=hy—h = 5
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where the coefficients a;; belong in C(£2s), the differential operator in (4) is uniformly elliptic
in 25 and 8 € C(£25), 8 > 0. Invoking Theorem 4 of Vazquez [32], we infer that

9
(5) a—w(z) <0 forall z €32 C a8y,
n

Let C = {z € £;u(z) = v(z)} (the coincidence set). From (5) it follows that C is a
compact set in £2. Let £2’ be an open set such that C € £’ € £’ € 2. For small ¢ € (0, 1),
we have

(6) u(z) +e <v(z) forall ze€ 3R and hi(z) +¢& < ha(z) forall z € £2’.
We choose § € (0, ¢) such that
(D ylxIP2x = |y|P%y| < e forall x,y € [rrgnu,r%xu + 1} with [x — y| < 25.
Then we have
—div a(z, D(u+8) +y @ + 8"~ = —div a(z, Du) + y (u + 8)?~!
=yl +8"" —uP N+ hy (see (2)
<&+ hy (see (7))
< hy (see (6))
= —div a(z, Dv) + yvP~! ae. in 2’
(see (2)).

Using once more Theorem 2.4.1 (p. 30) of Pucci-Serrin [30], we infer that u(z)+8 < v(z)
for all z € £2’. Since C C £2’, it follows that C = @J. Therefore

()

9) w(z) =v(z) —u(z) >0 forall z € £2.
From (5) and (9), we conclude that w = v —u € int C.. O

REMARK 2.5. A careful reading of the above proof reveals that we may replace the
term y|x|?~2x by a Caratheodory function S(z, x) which is locally Lipschitz in x € R,
%ﬂ(z, x) > 0fora.e. z € 2 x R and there exists r > 0 such that

98 17|)c|”_2 ifl<p=<?2
—(z,x) = fora.e. (z,x) € 2 x (0,r)

0x n if 2<p

with n > 0 as in hypotheses H(ii) (iii) (see Cuesta-Takac [9]).

The next auxiliary result compares local Cé (£2) and Wol’p (£2)-minimizers for a large
class of C'-functionals. Our result generalizes those of Brezis-Nirenberg [6], where G (y) =
%H y||? for all y € R" and of Garcia Azorero-Manfredi-Peral Alonso [15] and Guo-Zhang
[20], where G(y) = %||y||1’ (in[15] 1 < p < oo and in [20] p > 2). Moreover, our proof is
simpler.
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Let fo : 2 x R — R be a Caratheodory function with subcritical growth in x € R, i.e.,

| foz,x)| <a(z) +clx|"™" forae. ze 2, allx € R,
with a € L*®(2)1,c>0,1<r < p*.

We let Fy(z,x) = f(f fo(z, s)ds and consider the C'-functional
Yo : Wy (2) > R
defined by
1/fo(u)=/ Gz, Du(z))dz—/ Fo(z, u(2))dz forall u e Wy’ (82).
2 2

PROPOSITION 2.6. If hypotheses H hold and ugy € Wé’p(Q) is a local Cé (2)-mini-
mizer of Vo, i.e., there exists pg > 0 such that
Youo) < Yoluo +h) forall h e Co(2) with |[hllcy ) < po.
then ug € C(l)”s(ﬁ) for some B € (0, 1) and it is also a local Wé’p(Q)-minimizer of Yo, i.e.,
there exists p1 > 0 such that
Yo(uo) < Yoluo +h) forall h e Wy'P(2) with [kl < p .
PROOF. Leth € Cé (£2) and let t > 0 be small. By hypothesis we have

(10) Vo (uo) < Yo(uo +th) = 0 < (Yo(uo), h).
Since h € C(l) () is arbitrary and C(l) (£2) is dense in Wol’p (£2), from (10) it follows that
(11) Vo(uo) =0, = V(o) = N, (uo),

where V : WOLP(Q) — W—l,p’([)) = WOI’P(‘Q)* (1/p+ l/p/ — 1) is the map defined by
(V). y) =/(G(Z’ Du), Dy)gedz forall u,y € Wy'"(2)
2

and Ny (u)(-) = fo(-,u(-)) forallu € Wé’p(Q). From (11) it follows that
(12) —div a(z, Duo(z)) = fo(z,uo(z)) a.e.in £2, uplpe =0.

As before, invoking Theorem 7.1 (p. 286) of Ladyzhenskaya-Uraltseva [24], we have that ug €
L>°(£2). So, we can apply Theorem 1 of Lieberman [25] and conclude that ugy € Cé’ﬂ () for
some 8 € (0, 1).

Next we show that ug is also a Wé’p (£2)-minimizer of 9. We argue by contradiction.
So, we suppose that u is not a local Wé’p(Q)-minimizer of Y. Let & > 0 and set §; ={ue
Wé "P(2); |lull, < &}. We consider the following minimization problem

(13) inf [Yo(uo + h); h € B,] = m§ > —00.
Since we have assumed that ug is not a local Wg”’ (£2)-minimizer of vy, we have

(14) mg < Yo(uo) .
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Let {h,}n>1 C §Z be a minimizing sequence for problem (13). From Corollary 2.3 and
the growth condition on fy(z, -) we see that {h,},>1 C Wol’p(s?) is bounded. So, we may
assume that

(15) hy = he in Wy'(2) and h, — he in L'(2) as n — oo.

Exploiting the compact embedding of W(} "P(£2) into L"(£2) (recall that r < p*), we can

easily check that vy is sequentially weakly lower semicontinuous on WO1 "7 (£2). So, from (15)
it follows that

Yo(uo + he) < liminfyo(uo +h,) and he € B,
n—o0
= Yo(uo+he) =my andso he #0 (see (14)).
Hence, in problem (13) the infimum is attained at some s, € E;\{O}. By virtue of the La-

grange multiplier rule (see, for example, loffe-Tichomirov [21] (p. 74)), we can find A, < 0
such that

lp/("tO + he) = )he|he|r_2he
= V(o + he) = Njy(uo + he) + relhel " 2he .

Hence

(16) —div a(z, D(uo + he) (@) = fo(z, (o + he)(2) + Aelhe ()" 2he(2),
ae.in £2, helso =0.

From (12) and (16) we have

) { —div (a(z, D(uo + he)(2)) — a(z, Duo(2))) }

= folz, o + he) (@) — fo(z, 40(2)) + relhe(2)|P2he (2) ae. in 2.

Case 1: Suppose that A, € [—1,0] for all e € (0, 1]. Set v:(z) = (ug + h:)(z) and
£(z,y) = a(z, y) — a(z, Duo(z)). Then (17) becomes

—div & (z, Dve(2)) = fo(z, ve(2)) — fo(z, uo(z)) }

{19 { + el (Ve — u0)(2)|P 7% (ve — uo)(z) ae. in £2.

By virtue of Theorem 7.1 (p. 286) of Ladyzhenskaya-Uraltseva [24], we can find M; > 0
such that

(19) lvelloo < My forall e € (0,1].

Using Lemma 2, we can easily check that &.(z, y) verifies hypotheses H. This fact and
(19), permit the use of Theorem 1 of Lieberman [25]. So, we can find y € (0, 1) and M, > 0
such that

(20) ve € Cy7 (2) and ety < M2 forall & € (0. 1].
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Case 2:  Suppose that A,, < —1 foralln > 1, with &, | 0. In this case, we set

’S\g,, (z,y) = IAT;‘[at(z, y) — a(z, Duo(z))]. Then (17) becomes

—div &, (z, Dvg, (2))
@21) = 7 Lfo(z. ve, (@) = fo(z, u0(2)] = | (ve, — u0) (2|7~ (ve, — 10)(2)

a.e.in 2

where vg, = ug + hg,. Forall w € Wg’p(.Q), we have

(22) (V(uo), w) =/ﬂfo(z,uo(1))w(Z)d2 (see (11))

(23) (V(vg,), w) = /9 Jo(z, ve, (2))w(2)dz + Ae, /9 |(ve, — u0)|" > (ve, — u0)(2)dz
(see (16)).
For 7 > 1 we consider the function |ve, — uo|* (ve, — uo). We have
D(Jve, — uo|" (v, — u0))

Vg, —
= |vg, — uo|* D(vg, — o) + T (Vs, — Uo)

n

TOR— |ve, — uol™™" D(ve, — uo)
en

= (t + Dve, — uo|* D(ve, — uo)

= |vg, — " (ve, — ug) € Wy'P(2) (recall that v, , ug € C}(2)).
We use |ve, — uo|® (vs, — up) as the test function w in both (22) and (23). Then we
subtract (22) from (23). We obtain

0<(t+1 /Q(a(z, Dvg,) — a(z, Dug), Dve, — Dug)gr|ve, — uo|"dz
24 = /Q(fo(z, Ve,) — fo(z, u0))(Ve, — uo)|ve, — uol*dz
+ Ag, /ﬂ lve, — uo|*""dz forall n > 1.
Recall that ||vg, oo < My foralln > 1 (see (19)) and that ug € Cé (£2). Therefore
/Q(fo(z, ve,) — fo(z, u0))(ve, — u0)|ve, — uol"dz

< M3/ |Vg, — uolr‘Hdz for some M3 >0, alln > 1,
Q

r—1

(25) < M3|Q|57 llve, — uoll*1}

using Holder’s inequality with exponents T and T ,
T4+1 r—1
where | - |; denotes the Lebesgue measure on R". Using (25) in (24), we obtain

r—1

T+r 1
—ep Ve, — uollZ2r < M3| Q157 lve, — uollZt;
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r—1

= —Ag llve, —uollig) < M3|2157 forall T>1, all n>1.

Let T — +00. We obtain

—he, Ve, — “0||gl < Mj forall n > 1

r—1 M3
(26) = [lve, —uolle =
1Ae,|
We return to (21) and denote the right-hand side function by g, (z, x). Then for a.e.
z € 2 and all x € [—My, My, | where M4 = ||lugllco + M1, we have

forall n>1.

|Ge, (2, X)] < [Ms + M3] forsome Ms >0, alln>1.

enl
Therefore, we can apply Theorem 1 of Lieberman [25] and obtain By € (0, 1) and Mg > 0
such that

27 he, € Co™(2) and |k, < Mg forall n>1.

”C;»ﬁo(ﬁ)

Recall that for every 8’ € (0, 1), the space Cé”s /(5) is embedded compactly in Cé (2).
Then, from (20) and (27) it follows that for a suitable subsequence, we have

uo + he, — ug in CJ(2) as n — oo.
Since by hypothesis u is a local Cé (£2)-minimizer of v/, we can find ng > 1 such that
(28) Yo(uo) < Yo(uo + he,) forall n > no.
On the other hand, since i, n > 1 solves problem (13) and because of (14), we have
(29) Yo(uo + he,) < Yo(ug) forall n>1.
Comparing (28) and (29) we reach a contradiction. This concludes the proof. O

As in the above proof, let V : Wg’p(.Q) — WL (£2) be the nonlinear map defined by

(30) (V(u),y) = / (a(z, Du), Dy)gndz forall u,y e Wg”’(.Q).
2
From Gasinski-Papageorgiou [16] (p. 591), we have:

ProOPOSITION 2.7. IfV : Wé’p(.Q) — W~LP () is the nonlinear map defined by
(30), then V is bounded, continuous, strictly monotone (hence maximal monotone too) and
of type (S)4, L.e., if uy B uin Wé’p(Q) and limsup,_, . (V (un), uy, —u) <0, thenu,, — u
in Wy'? ().

In what follows, for every r € R, we set rE = max{=+r, 0}. Recall that, if u € Wol’p(.Q),

then |u|,ut,u” € Wé’p(.Q) and we have |u| = ut +u~, u = u™ — u~. As we already
mentioned in the proof of Proposition 2.6, by | - |y we denote the Lebesgue measure on R”.
Note that by || - | we will denote both the norm of the Sobolev space WO1 P2) (u| =

| Dull, forall u € Wé ‘P (£2), by Poincare’s inequality) and the norm of R”. It will always be
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clear from the context which one is used. Finally, let A1 > 0 be the principal eigenvalue of
(—=Ap, W(}"’(Q)). Recall that A1 [lul|5 < ||Du|/} forall u € Wg*f’(:z).

3. Solutions of constant sign. In this section, for A > 0 sufficiently small we show
that problem (1) has at least four nontrivial smooth solutions of constant sign (two positive
and two negative). To this end we introduce the following conditions on the map a(y) y € R”"
and on the nonlinearity f(z, x) (z,x) € £2 x R.

Hp: G e C!'(R", R) such that G(0) = 0, VG(y) = a(y) = ao(||y|])y with ag(¢) > 0 for
allt > 0, a(0) = 0, a satisfies hypotheses H(i), (ii), (iii) (without the z dependence)
and
@iv) pG(y) —(a(y),y)gr > B forsome 8 € Randall y € R".

REMARK 3.1. Hypotheses Hy are a restricted version of hypotheses H. So, in partic-
ular, the estimates in Lemma 2.2 and Corollary 2.3 remain valid and G (-) is strictly convex.
Since G(0) = 0 and VG (y) = a(y), we have

(€29 (a(y), y)gr = G(y) forall y € R".
Examples: The following maps satisfy hypotheses Hy:

ai(y) = |ly|IP~2y with 1 < p < oo (corresponds to the p-Laplacian),

ax(y) = IIyIP 2y + pllyl™%y with 2<7 < p < 400

(corresponds to the (p, T)-equations)

p=2 .
() =+ yI» 7y with p=2
(corresponds to the generalized mean curvature operator),
as(y) = Y172y +in(1 + [IyI7~?)y  with p >2.
Now the hypotheses for f(z, x) are the following:
Hj:  f:$£2 x R — Ris Carathodory function such that f(z,0) = O fora.e. z € £2 and
() |fz x)| <a@) +c|x|""forae. z € 2,allx € Rwitha € L*(2)4, ¢ >0
and p <r < p*;
.. _ X .
(i) If F(z,x) = [y f(z,s)ds, then xl}r}[loo
£2;
(iii) there exist T € ((r — p)max{1, %}, p*), T > g and By > 0 such that
Sz, x)x — pF(z,x)

Bo < liminf uniformly for a.e. z € £2;
x—+o0 [x|?

F(z,x)
|x|P

= 400 uniformly for a.e. z €

(iv)
Sz, x)
x—0 |x|1’_2x
v) f(z,x)x > 0forae. z € £, all x # 0 and for every p > 0, there exists
¥p > Osuchthatforae. z € 2,x — f(z,x)+ yp|x|1’_2x is nondecreasing on

= 0 uniformly for a.e. z € £2;
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REMARK 3.2. Hypothesis H;(iii) implies that for a.e. z € £2, the primitive x —
F(z, x) is p-superlinear. Clearly H; (iii) is satisfied if

f(z, x)

im ——— = +oo uniformly fora.e. z € 2,
x—+o0 |x|17—2x

i.e, fora.e. z € £2, the nonlinearity x — f(z, x) is (p — 1)-superlinear. We emphasize that
we do not employ the usual in such cases Ambrosetti-Rabinowitz condition (AR-condition
for short). We recall that the AR-condition says that there exist u > p and M > 0 such that

(32) 0 < uF(z,x) < f(z,x)x forae. z € 2, all |x|] > M and eésian(~, +M) > 0.
Integrating (32), we obtain the following weaker condition
(33) c7lx|* < F(z,x) forae. z€ £, all |x| > M andsomecy > 0.

Evidently (33) implies the much weaker condition

(34) fim L&)

x— 400 |x|l’

= +oo uniformly for a.e. z € 2 (see H;(ii)).

The AR-condition although quite natural and very helpful in verifying the PS-condition
for the energy functional of the problem, is rather restrictive and excludes from consideration
(p — D)-superlinear functions with “slow” growth near o0 (see (33)). For this reason there
have been efforts to replace (32). A survey of the relevant literature, can be found in Miyagaki-
Souto [27]. Here, instead of the AR-condition, we use H; (iii), which covers new situations.
Similar conditions were first used by Costa-Magalhaes [8] and Fei [13]. The second part
of hypothesis H;(v) is more general than assuming that for ae. z € 2, x — f(z,x) is
nondecreasing.

Examples: The following functions satisfy hypotheses H; (for the sake of simplicity
we drop the z dependence):

fi(2) = |x|"2x  where p <r < p*

f2(2) = |x|P2x log(1 + |x|P).
Note that f; satisfies the AR-condition, but f» does not. For A > 0, let (p)jhE : WO1 P(R2) > R
be the C!-functionals defined by

A
PiE) :/ G(Du(z))dz — ;Iluillg —/ F(z, 2u™(2))dz forall u € Wg’p([)).
Q Q
PROPOSITION 3.3. If hypotheses Hy and Hy hold and ). > 0 then (,o)jhE satisfy the C-

condition.

PROOF. We do the proof for (p;f, the proof for ¢, being similar.
Let {un}n>1 € Wé’p(Q) be a sequence such that

(35) lo;f (un)l < My forsome M; >0, all n>1,

(36) and (1 + ||un||)(<p;“)/(u,,) — 0 in W_l’p/(s?) as n — 0.
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From (36) we have

(@) (), ) k]l forall h e Wy (£2) with &, | 0

< T
= [(V(uy), h) —)»/ (u;:_)q_lhdz—/ f(Z,u;:_)hdZ|
2

37) <— " || forall n=1.
I+ [lunl

In (37) we choose h = —u,, € Wé’p(.Q) and have

/ (a(=Du, ), —Du, )gndz < &, forall n>1
2

= c4|Duy ||, <&, forall n> 1 (see Lemma2.2)
(38) = u; =0 in Wy (2)asn — oo,

From (35) we have
39) /QpG(Dun)dz - A—pllu:[HZ - /Q pF(z,ul)dz < pM; forall n>1.
Also, if in (37) we choose h = u € W0 P (£2), then
(40) —/Q(a(Du;),Du;)RnderAuu;ng +/Qf(z,u;)u;dz <eg, forall n>1.
Adding (39) and (40) and since G > 0 (see Corollary 2.3), we obtain
fg(pG(Du;) — (a(Du})), Du;)Rn)dz+/Q(f(z,u;)u; — pF(z,u;))dz

< M, +A<£ - 1>||u;||3 forsome My >0, all n> 1
q

(CIIE /Q (f Guuy = pF(z,u))dz < M3 + x(s - 1>||uz||z
for some M3 > 0,alln > 1 (see Ho(iv)).
By virtue of hypotheses Hj (i), (iii), we can find 81 € (0, Bp) and cg > 0 such that
(42) Bixt —cg < f(z,x)x — pF(z,x) forae. z€ £, allx >0.
If we use (42) in (41), we obtain

Billuw % < My +A<§ - >||u+||q for some My > 0, all n > 1

= llu;f 1T < Ms + collu, |14
for some M4 > 0, co >0andall n > 1
(43) = {u =1 € L7(£2) is bounded (since ¢ < 7).
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It is clear that in hypothesis Hj (iii), we may assume that T < r < p™*. First suppose that
N # pandlett € [0, 1) such that

11—t

t
r T p*
By virtue of the interpolation inequality (see for example, Gasinski-Papageorgiou [17]
(p. 905)), we have
(17 Pl 17 o 17 A8

(44) = ||u;f||£ < M10||u:[||" for some Mg > 0, all n > 1 (see (43)).

Hypothesis H; (i) implies that
45)  |f(z,x)x| <a(z) +<Clx|” forae.z€ £2, allx € R, withad e L*(2),,c> 0.

In (37) we choose h = u;| € WOI”’(.Q) and have

f (a(Du™), Dut)gedz — Mlu, |13 —/ fouDutfdz < e, foralln > 1
22 2

= cal|Duy I < cro+ At 1§ 4 cunllug Il
for some c1g, 11 > 0, all n > 1 (see Lemma 2.2 and (45))

46) = |ul 1P < cia(1+Alluf |7 + [lu,||I") for some cjz > 0, all n > 1 (see (44)).

From the hypothesis on 7 (see Hj (iii)) and an easy calculation, we infer that tr < p. So,
from (46) it follows that

{u; 1a=1 € WP (2) is bounded

47) = {unln>1 C Wol’p(.Q) is bounded (see (38)).

If N = p, then by definition p* = +o00 and the Sobolev embedding theorem implies
that Wg’p(.Q) is embedded compactly in L7(£2) forall n € [1, +00). Let T < r < n and let

t € [0, 1) be such that

11—t -

LU Sk SN b2

r T n—rt
Note that % — r —t asn — 400 = p* and by hypothesis H (iii)) » — t < p (recall
N = p). So, for n > r large enough, we will have rr < p. Hence, if in the previous argument
we replace p* by such large n € (r, 4+00), then as above we reach (47). Because of (47) and
by passing to a subsequence if necessary, we may assume that
(48) Up — u in Wé’p(.Q) and wu, — uin L' (2) as n — o0.
In (37) we choose h = u, — u, pass to the limit as n — oo and use (48). Then

limsup,,_, oo (V (un), un —u) =0
=u, = uin Wé’p(Q) (see Proposition 2.7)

= ¢, satisfies the C-condition.
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A similar argument works for ¢, . |

PROPOSITION 3.4. If hypotheses Hy and Hy hold, then there exists \* > 0 such that
to every X € (0, A*) there corresponds ,0)\i > 0 for which

inf [pF@); |ull = pf1=ni > 0.

PROOF. We do the proof for go;r, the proof for ¢, being similar. By virtue of hypotheses
H; (i), (iv), given ¢ > 0, we can find c13 = c13(¢) > 0 such that

f(z,x) < exP~ U pepsx” ! forae. ze€ £, allx >0

(49 =F(z,x) < Exr By forae. ze 2, alx>0.
p r

Then foru Wé’p(.Q), we have
A
goj(u):/ G(Dwydz — = |u™|§ —/ F(z,u")dz
2 q 2

A e C13
> cs||Dulll, — 5I|MIIZ - ;|Iu||£ — T||u||ﬁ (see Corollary 2.3 and (44))

&
> <C5 - x—p)lIqu’ —cralull? + llu]l") forsome ci4 > 0.
1

Choosing ¢ € (0,’):11705), we infer that
o () = cisllull? — cra@ullull? + lu])")  for some ci5 > 0, allu € Wol’p(ﬂ)
(50) = ¢ () = (c15 — craGlull ™7 + ul" =P Jull”  forall u € Wol’p(-Q)-
Consider the function
51 E@)=a9"P +¢7P forall t >0.
Evidently &(-) is continuous on (0, +00) and since ¢ < p < r, we see that
£(t) > 400 as t > 07 andas t - 400.
So, we can find 1y € (0, +00) such that
&(fo) = min[§(1); t > 0] > 0
e =@G-pri "+ —-pi " =0
=Ap—q)=0—pr*
Mp — q)} = '
r—p
Evidently fo(A) — 0" as A — 0T and so from (51) it is clear that we can find A* > 0
such that for every A € (0, A*) we have &(f9) < c15/c14. Hence from (49) we infer that

=1t =1ty(A) = |:

inf@; (w); lull = p 1=1n > 0.

A similar argument works for the functional ¢, . O
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PROPOSITION 3.5. If hypotheses Hy and Hy hold and u € C\{O} with |ull, = 1,
then (pit(l‘u) — —ooast — +oo.

PROOF. Again we do the proof for go;r, the proof for ¢,  being similar. By virtue of
hypotheses Hj (i), (ii), given u > 0, we can find c¢16 = c16(1t) > 0 such that

(52) F(z,x) > ux? —c1g forae. ze £, all x>0.

Then for u € C\{0} with |lu|, = 1 and ¢ > 0, we have

Atd
o (tu) =/ G(D(tu)dz — — ||ul|§ —/ F(z, tu)dz
Q q Q
<cr7(1 + t2||ul|?) — ut? (see Corollary 2.3 and (52))
(53) =tP(ci7lull? — ) +ci7.

Choose it > c17]|u||”. Then, from (53) it is clear that (p;“(tu) — —ooast — 4o0.
A similar argument works for the functional ¢, . o

Now we are ready to produce the constant sign smooth solutions of problem (1), A €
(0, 1%).

PROPOSITION 3.6. If hypotheses Hy and Hy hold and ). € (0,A*) (A* > 0 as in
Proposition 3.4), then problem (1) has at least four nontrivial smooth solutions of constant
sign

uo,ﬁe intCy, ug fﬁ, UuQ ;éﬁ

and vy, v € —intCy, D<wvg, D #1g.

PROOF. First we establish the existence of the two positive smooth solutions. Propo-
sitions 3.3, 3.4 and 3.5, permit the application of Theorem 2.1 (the mountain pass theorem).
So, we obtain ug € WOI”’(Q) such that

(54) @ (0) =0 < 0 < ¢ (uo)

(55) and (¢;) (o) =0.
From (54) we see that up 7% 0. From (55) we have
(56) V(uo) = Aud)? ™"+ Np(ug) where Nyu)() = f(-,u(-) forall ue Wol*f’(fz) )
Acting on (56) with —uj € W,'”(£2), we obtain
c4llDug ||, <0 (see Lemma 2.2)
=uo>0, up #0.
So (56) becomes
V(uo) = Ml ™" + Ny (uo)
= —div a(Duo(z)) = ruo(z)? " + f(z,u0(z)) ae.in £2, uplyge =0.



598 M. FILIPPAKIS, D. O’'REGAN AND N. PAPAGEORGIOU

Hence, u¢ is a nontrivial solution of (1) and the nonlinear regularity theory (see [24] and [25])
implies that ug € C+\{0}. We have

—div a(Dug(2)) = M)’ + f(z,u0(z)) = 0 ae.in 2
= up € int C4 (see Montenegro [28], Theorem 6).

Next consider the following truncation of the reaction

Mo(2)?7 "+ fzouo(2)) i x < up(2)

+ —
(57) hi(zx) = {m—l + [z %) if uo(@) <x.

This is a Caratheodory function. Let HA+ (z,x) = f o h;r(z, s)ds and consider the C!-func-
tional ;" : Wy (2) — R defined by

I/f;(u)zf G(Du(z))dz—/ H;f (z,u(z))dz forall u e WyP(2).
2 2

CLAIM 3.7. uq is a local minimizer of the functional w;\".

PROOF. Letu € KW;. Then
(58) V@) = Ny ) () where N+ (@) = hy (- u(-)) forall ue Wol’p(.Q).
On (58) we act with (ug — 1) ™ € Wol’p(.Q). We have
V@), (o — ) = /g W (2, ) (o — ) dz

:/ Qud ™'+ £z, 10)) (o — ) Fdz (see (57))
22

= (V (o), (uo — )")

= (a(Dug) — a(Dit), Dug — Dit)gndz =0

{uo>iut}

= up < u (since a(-) is strictly monotone, see Lemma 2.2) .

Let6 € (A, A*) and let g € int C be a solution of problem (1) with the parameter being
0 obtained as above via the use of the mountain pass theorem (see Theorem 2.1). We have

(59) —div a(Duy(z)) = 0uo(z) + f(z,uo(z)) > Auo(z) + f(z,u0(z)) ae.in 2.

Therefore up € intC4 is an upper solution for (1) with the parameter being A. Then by
truncating at uo(z) and using the direct method, we can produce a solution of (1) (with the
parameter being A), which is less than or equal to . So, we may assume ug < u.

Let [ug) = {u € Wy (2); up(z) < u(z) ae. in 2}and [0,7] = {u € WyP(2);0 <
u(z) < uop(z) ae.in $£2}. We have just seen that KW C [up). Also we may assume that
K Yyt N [0, up] = {uo} (otherwise we already have a second smooth positive solution as it is
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evident from (57)). We consider the following truncation of h;r(z, ):
hi(z,up(z)) if x < uo(2)

(60) Bz, %) = { iz, x) if uo(z) < x <7o(2)
hi(z,u0(2)) if Ho(z) < x.

This is a Caratheodory function. We set ﬁf (z,x) = fOx /ﬁ;r (z, 8)ds and consider the C!-
functional {ﬂf : Wé "P(£22) — R defined by

fp\j(u) :/ G(Du(z))dz —/ ﬁf(z, u(z))dz forall u e Wg”’(.Q).
2 2

It is clear from (60) and Corollary 2.3 that {h\f is coercive. Also exploiting the compact
embedding of Wé "P(£2) into LP(£2), we can easily check that 1’/7; is sequentially weakly

lower semicontinuous. So, from the Weierstrass theorem, we can find 71y € Wé’p (£2) such
that

U3t @) = inf [; (w); u € Wy P (2)]
= (J;") (@) =0
(61) = V(o) = Nj+ (@), where Nj:+(u)() = I u()) forall ue Wyl ().

On (61) we act with (ug — up)* € Wg”’(.Q). Using (60) and (57), as before we obtain
uo < up. Also, on (61) we act with (iy — )+ € W&”’(.Q). Then

(V (@), @ — o)) = /g 7F (2, o) @0 — 7o)+ d=

:/ (Aﬁg_l + f(z,u0)) (o — o) Tdz (see (60) and (57))
Q

</ Ol " + f(z,0)) (@0 — W) "dz since i < 6
2

= (V (o), (@o — 7o) ™) (see (59)).
S (a(Diio) — a(Dig), Dty — Ditg)gedz < 0

{ito>T0}

= Uy < ug (by virtue of the strict monotonicity of a(-), see Lemma 2.2).
So, ug € [ug, uo] and (61) becomes
V (o) = N+ (10) (see (60))
=1y € K¢+ N [0, o]
A
=>it\() =Uugp.
Let p = |luolleo and let y, > 0 be as postulated by hypothesis Hj(v). We have
— div a(Duo(2)) + vpu0(2)" " = huo(2)1™" + [ (2, u0(2)) + ¥puo()" !
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< Oup(2)™" + f(z,u0(2)) + ypu0(z)P~" (since A < )
< 0ui0(2)" " + £ (2, W0(2)) + yplio(x)P ™" (sence ug < wo, see Hi(v))
= —div a(Duto(z)) + y,li0(z)P " ae.in 2.
Invoking Proposition 2.4, we infer that ug — ug € int C. Since 1//1_ l[0,7] = 1//7):Ir |10,
and ug € intCy, up — uo € intC4, we infer that ug is a local Cé (£2) minimizer of I/f):".
Invoking Proposition 2.6, we have that u is a local Wé’p (£2) minimizer of w;r . This proves
the Claim. O
We may assume that ug is isolated in K vt (otherwise and since K v C [ug), we have a
whole sequence of positive smooth solutions of problem (1), see (57)). Then reasoning as in
Aizicovici-Papageorgiou-Staicu [1] (see the proof of Proposition 29) we can find p € (0, 1)
small such that
(62) ¥y (o) < inf [y ); llu —uoll = pl = 7y
A PO A
Letu € C4\{0}, |lu]l, = 1. Asin the proof of Proposition 3.4, using hypothesis Hj (i1)
and (57) we can show that
(63) Y (tu) = —coas t — +oo.
Finally, a slight modification of the proof of Proposition 3.3, reveals that I/f;r satisfies

the C-condition. This fact together with (62) and (63), permit the use of Theorem 2.1 (the
mountain pass theorem). So, we obtain € Wé P (£2) such that

(64) Uit (uo) < 7 < YT @ (see (62))
(65) and (y;) (@) =0.

From (64) we have that ug # u. From (65) and the nonlinear regularity theory we have

ue wa C [up) Nint C4. Hence u € int C solves problem (1) and ug < u, ug # u.
Similarly, working with ¢,”, we obtain two nontrivial negative solutions of (1), Vv €

—int C+, with ¥ < vy, U # vg. O

4. Nodal solutions. In this section we look for nodal solutions (i.e., sign changing)
solutions. We start by considering the following auxiliary problem

(66) —diva(Du(z)) = fo(z,u(z)) in 2, ulse =0.

We strengthen hypotheses Hy as follows:
Hj: Hypotheses Hy hold and

(v) if Go(t) = fé ao(s)sds, then there exists T € (g, p) such that t — Go(t%) is
convex on (0, +00) (note that G(y) = Go(|ly]|) forall y € R™).
The hypotheses on fa(z, x) are the following:
Hy: ﬁ) : 2 x R — R is Caratheodory function such that f(;(z, 0) =0 for a.e. in £2 and
@) Iﬁ)(z, x)| <a(z)+c|x|""forae.in 2, forall x € R witha € L®(2),, ¢ >0
and 1 <r < p*;



NONLINEAR PROBLEMS WITH CONCAVE AND CONVEX TERMS 601

(i) with ¢ € (1, p) as in Hy(v), for ae. z € 2 x — fo(z,x)/x97" is strictly
decreasing on (0, +00), x — fa(z, x)/|x]97%x is strictly increasing on (—o0, 0)
and f(;(z,x)x > —Clx|? forallx € R, with¢ > 0,6 > p.
The next result establishes the uniqueness of solutions of constant sign (when they ex-
ist) and extends an analogous result of Diaz-Saa [11], where the differential operator is p-
Laplacian.

PROPOSITION 4.1. If hypotheses Hy and Ha hold, then problem (65) has at most one
nontrivial positive solution and at most one nontrivial negative solution.

PROOF. We show the uniqueness of the nontrivial positive solution (when it exists) the
proof for the uniqueness of the nontrivial negative solution being similar.
Let&: L'(2) > R = R U {+00} be the integral functional defined by

/ G(Du¥)dz if u>0, ut € Wo'(82)
Eu)y=1/2

+00 otherwise .

Then & is convex (see H6(V) and Diaz-Saa [11]) and lower semicontinuous (by Fatou’s
lemma).

Suppose u is a nontrivial positive solution of (66). As before, the nonlinear regularity
theory (see [24], [25]) and the nonlinear maximum principle (see [32] and hypothesis H»(ii)),
imply u € intC.. Note that u* > 0 and (uf)% =u € Wé’p(.Q). So u® is in the effective
domain of the R-valued functional £. Let h € C}($2) and A > 0 small. Then u® + Ah € C4
and so the Gateuax derivative of & at u” in the direction % exists. Moreover, using the chain
rule we have

©7) £ ) (h) = /
2

Let y be another nontrivial positive solution of (66). Again we have y € intC,. By
virtue of the convexity of £(-) and using (67), we have

/ <—div a(Du) + div a(Dy)
2

ut —1 yr—1

—diva(D
iva( u)h

ut-1

dz.

)(u’ —y9dz >0

~0> / (fO(Z’ u) _ Sl y))(uf —yT)dz >0 (see (66) and Ha(ii))
2

1 yr-1
=u =1y (see Ha(ii)).
Similarly we can obtain the uniqueness of the nontrivial negative solution. O
Now, let J/‘(\)(z, x) = |x|97%x and consider the following auxiliary problem:
(68) —div a(Du(z)) = AMu(z)|*2u(z) in 2, ulpe =0, 1>0.

PROPOSITION 4.2. If hypotheses Hj hold, 1 < q < p and A > 0, then problem
(68) has a unique nontrivial positive solution ftf‘Ir € int C4 and a unique nontrivial negative
solution —ﬁi € —intCy.
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PROOF. We do the proof for ﬁﬁr, and from this follows the uniqueness of a negative
solution. Let 6, : Wg”’ (£2) — R be the C'-functional defined by

A
0, (u) = /Q G(Du(z))dz — 5||u+||3 forall u e W(}”’(Q).

Corollary 2.3 and the fact that ¢ < p, imply that 9; is coercive. Also 9;’ is sequentially
weakly lower semicontinuous. So, we can find ﬁf;_ € Wol’p (£2) such that

(69) 0 (i%) = inf[6; (u); u € Wy (2)] = m} .

Ifu eintCy and ¢t € (0, 1) is small, then since ¢ < p we have

0;F (tu) <0
=0 @%) = mf < 0=67(0)
=it #0.

From (69) we have

O @) =0
(70) = V(@) = a@p)hHet.

On (70) we act with — (%)~ € Wé’p(Q) and via Lemma 2.2 we obtain &% > 0, i, # 0.
Then (70) becomes

V(i) = a@h)d!
= @i, € intCy (see [25], [28]) solves (68).

The uniqueness of ﬁi follows from Proposition 4.1 (recall that T > g).
Similarly we have —i;, € —intCy. O

Using this proposition, we can establish the existence of extremal constant sign smooth
solutions for (1) (A € (0, 1*)), i.e., we show that there exist a smallest nontrivial positive
solution and a biggest nontrivial negative solution for (1) (A € (0, A*), where A* > 0 is as in
Proposition 3.4).

PROPOSITION 4.3. If hypotheses Hj, and Hy hold and % € (0,1*) (A* > 0 as in
Proposition 3.4), then problem (1) has a smallest nontrivial positive solution u’: € int C;. and
a biggest nontrivial negative solution v € —intCy.

PROOF. We do the proof for u’, the proof for v* being similar.
First we show that if u is a nontrivial positive solution of (1) (A € (0, A*)), then u > ﬁ:‘_
To this end, first note that u € int C+ (as before) and

(71) —diva(Du(z)) = M) "+ f(z,u(z)) = ru(z)?" ae. in 2 (see H(v)).
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We consider the following function

0 if x <0
(72) vy (z,x) = { axd~! if 0<x <u(z)
a4 i u@) < x.

This is a Caratheodory function. Let I A+ (z,x) = f(;c J/):Ir (z, s)ds and consider the C!-func-
tional o : W,'”(£2) — R defined by
o () = / G(Du(z))dz —/ I (z,u(z)dz forall u e W(}’P(Q).
2 2

It is clear from Lemma 2.2 and (72), that O'):’_ is coercive. Also, it is sequentially weakly
lower semicontinuous. So, we can find & € Wol’p (£2) such that

(73) o, (@) = inf[o, (u); u € W(}*P(Q)] =m, .
As before, since ¢ < p, we have
o (@) = m; < 0=0,"(0)
=i#0.

From (73) we have

(037 (i) = 0
(74) = V@) = Ny;f ()

where N, +(u)() = v G u(-) forall u e W(}”’(Q).
On (74) we act with —ii~ € Wé’p(Q) and obtain # > 0 and in fact # € intC4 by

nonlinear regularity theory and the nonlinear maximum principle (see [24] and [25]). Also
acting on (74) with (i — u)™ € Wé’p(.Q), we obtain

(V(@D), @ — )t = / V(2 )i — u)tdz
2
= / @ —w)tdz (see (72))
2
< (V). (@ —w™) (sce (T1))

= (a(Du) — a(Du), Du — Du)gndz <0

{u>u}

= u < u (recall that a(-) is strictly monotone, see Lemma 2.2).

Then i € [0, u] NintCy and so (74) becomes V (i1) = Ai9~', hence ii = ﬁi by virtue of
Proposition 4.2. Therefore ﬁi <u.
We introduce the set

S+(A) = {A > 0; problem (1) has a nontrivial positive solution} .
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From Proposition 3.6, we know that S1.(1) # . Also, S4+(A) < [i#}) NintC4 where [it}) =
{u e Wé P(2); 0 %(z) < u(z) ae.in £2}. Moreover, as in Filippakis-Kristaly-Papageorgiou
[14] we can check that S ()) is downward directed (i.e., if uy,u2 € Sy(A), we can find
u € S4(A)suchthatu < min{uq, us}). Let C € S4 (A1) be achain (i.e., a totally ordered subset
of S+(1)). From Dunford-Schwartz [12] (p. 336), we know that we can find {u,},>1 € C
such that

inf,>1u, =infC.
Evidently, we may assume that u, < ug for alln > 1, with uo € int C4 from Proposition 3.6.
We have
(75) V) =l + Nu,) forall n>1
= {unu=1 € Wy'P(£2) is bounded.

We may assume that
(76) un 57 in WyP(2) and w, — 7 in LP(2) as n— oo,
On (75) we act with u,, —u € Wg”’(.Q), pass to the limit as n — oo and use (76). We obtain

im(V (u,), u, —v) =0

77) =u, - u in Wé’p(.Q) as n — oo (see Proposition 2.7).

From the first part of the proof we have ﬂﬁr < u. Also, passing to the limit as n — 00 in
(75) and using (77), we obtain

V@) =2l + Ny @)
=uecSt(A)NintCy and u =infC.

Since C is an arbitrary chain in S4 (1), from the Kuratowski-Zorn lemma, we infer that S (A)
admits a minimal element ui‘ > ﬁi. Since S (A) is downward directed, it follows that ui‘ is
the smallest nontrivial positive solution of problem (1). Similarly, we produce vi‘ € —intCy,
vl < —ft}jr the biggest nontrivial negative solution of (1). O

Having these two extremal constant sign smooth solutions, we can now implement the
strategy of Dancer-Du [10] (see also [14]). Namely, we focus on the order interval [vi, ui] =
{u e Wé’p(.Q); vi(z) <u(z) < ui(z) a.e. in £2}. Using suitable truncation and variational
techniques coupled with Morse Theory (critical groups), we show that problem (1) has a
solution yo € [v}, u]1 N CL($2), yo # 0. The extremality of v*, u?, implies that y must be
nodal.

PROPOSITION 4.4. If hypotheses Hj, and Hy hold and } € (0, 1*), then problem (1)
has a nodal solution yy € Cé (2).
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PROOF. Letu’ € intCy and v} € —intC; be the two extremal constant sign solutions
of (1) produced in Proposition 4.3. We introduce the following truncation of the reaction:

A @200 (2) + [z vk (2) if x < vi(z)
(78) Bi(z,x) = | Alx|972x + f(z, x) if v2(z) <x <ul(2)
() + f(z, ut(2) if uk(z) <x.

This is a Caratheodory function. We set By (z, x) = f(;‘ E)\(z, s)ds and consider the C!-
functional j,, : Wy'”(£2) — R defined by

Ja(u) :/ G(Du(z))dz—/ Bi(z, u(z))dz forall u e Wé’p(Q).
2 Q

Also set El\i(z, x) = B(z, £xF), ’B\ic (z,x) = [o Eit (z, s)ds and consider the C'-functionals
JE Wy P(2) — R defined by

j;t(u) :/ G(Du(z))dz —/ ’B\it(z,u(z))dz forall u e Wg”’(.Q).
Q Q
Reasoning as in the proof of Proposition 4.3, we can show that
Kj, S il K+ Sl0.u5], K- € [v}, 0] (see (78)).
Taking into account the extremality of the solutions u” and v} (see Proposition 4.3), we have
(79) Kj Sliufl, Kpe={0.u}, K;-={v.0}.
CLAIM 4.5. u’ € intCy and v} € —int C5 are local minimizers of j.
PROOF. Evidently j)f is coercive and sequentially weakly lower semicontinuous. So,
we can find iijy € Wol’p(.Q) such that
o~ Cers 1, —
(80) Jiag) = inf[j;F@); ue WyP (@)1 =m .
As before, the presence of the “concave” term axd1 x €0, ui(z)], implies that
Jiag) =ml < 0= jif(0) (see (80)),
iiy #0 andso @i = ul (see (80)).

Note that ji|w, = j;rlw+ Wi ={uce Wol’p(.Q); u(z) > 0 ae.in £2} and recall that

* € int C; (see Proposition 4.3). So, it follows that ui is a local Cé (£2)-minimizer of j.

k
Invoking Proposition 2.6 we have that u* is a local Wg”’ (£2)-minimizer of j,. Similarly for
v} € —int C; using this time the functional J,_ - This proves the claim. O

u

We may assume that j (vi) < Jx (ui‘) (the analysis is similar if the opposite inequality
holds). Also because of the claim and reasoning as in Aizicovici-Papageorgiou-Staicu [1] (see
the proof of Proposition 29), we can find p € (0, 1) small such that

(81) ) < jad) <inf[j@); lu —ulll = pl =, vk —ulll > p.
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From Lemma 2.2 and (78), it is clear that j, is coercive, hence it satisfies the PS-condition.
This fact together with (81) permit the use of Theorem 2.1 (the mountain pass theorem). So,
we can find yo € K, \{v}, ul} € [v}, ul]\{v}, ul} (see (79) and (81)). Then yy € C}(£2)
and solves (1). Also, since yy is a critical point of j, of mountain pass type, we have

(82) Ci1(jxs yo) # 0 (see Chang [7] (p. 89)).
On the other hand, from Jiu-Su [22] (Proposition 2.4), we know that
(83) Cr(jn,0) =0 forall; k>0 (dueto the “concave” term).

Comparing (82) and (83), we conclude that yg # 0. Therefore yg € Cé (£2) is a nodal solution
of (1) (A € (0, A™)). O

Summarizing the situation for problem (1), we have the following multiplicity theorem
with precise sign information for all solutions.

THEOREM 4.6. If hypotheses H(, and Hy hold, then there exists A* > 0 such that for
all & € (0, A*) problem (1) has at least five nontrivial smooth solutions

uo,ﬁéintC.,., uofﬁ, uo;éﬁ
Vo,V € —intCy, V<wvy, V#g
and yo € Cé (2) nodal .

REMARK 4.7. Itisinteresting to know if the above theorem is still valid for differential
operator satisfying hypotheses H. What is missing, is a nonlinear maximum principle for such
operators.
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