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IRREGULAR SETS ARE RESIDUAL
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Abstract. For shifts with weak specification, we show that the set of points for which
the Birkhoff averages of a continuous function diverge is residual. This includes topologically
transitive topological Markov chains, sofic shifts and more generally shifts with specification.
In addition, we show that the set of points for which the Birkhoff averages of a continuous
function have a prescribed set of accumulation points is also residual. The proof consists of
bridging together strings of sufficiently large length corresponding to a dense set of limits of
Birkhoff averages. Finally, we consider intersections of finitely many irregular sets and show
that they are again residual. As an application, we show that the set of points for which the
Lyapunov exponents on a conformal repeller are not limits is residual.

1. Introduction. Our main aim is to show that the irregular set of points for which
the Birkhoff averages of a given continuous function diverge can be very large from the topo-
logical point of view. Namely, for shifts with weak specification we show that the irregular
set is either empty or residual, even though in the context of ergodic theory it has zero mea-
sure with respect to any invariant measure. This includes topologically transitive topological
Markov chains, sofic shifts and more generally shifts with specification, which means that
any two strings can be bridged by a string of fixed length. As an application, we obtain a
corresponding result for the Lyapunov exponents on a conformal repeller for a C! expanding
map. Namely, we show that the set of points for which the Lyapunov exponents are not limits
is a residual subset.

More precisely, let f: X — X be a continuous map on a compact metric space and let
¢: X — R be a continuous function. The irregular set for ¢ is defined by

n—1

n—1
Xy = {x € X:lim géf% ;w(fi(x)) < lim sup % ; go(f"(x»} :

As a consequence of Birkhoff’s ergodic theorem, the irregular set has zero measure with
respect to any finite f-invariant measure on X. Therefore, at least from the point of view of
ergodic theory, the set X, can be discarded.

Remarkably, from the point of view of dimension theory the set X, can be as large as the
whole space. In particular, it was shown by Barreira and Schmeling in [6] that for a repeller
X of a C'*% map f that is topologically mixing and conformal on X (the derivative of f is a
multiple of an isometry at each point of X), if ¢ is Holder continuous and is not cohomologous
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to a constant then X, is as large as the whole space from the points of view of topological
entropy and Hausdorff dimension, that is,

(1) h(f1X,) =h(f|X) and dimpX, = dimyX,

where h(f|Z) is the topological entropy of f on the set Z C X and dimy Z is the Hausdorff
dimension of Z. We recall that ¢ is said to be cohomologous to a constant if there exist a
bounded function ¥y and a constant ¢ such that

o=¥%—vYof+c on X.

Clearly, if ¢ is cohomologous to a constant, then X, is the empty set.
Now let ¥ = |, X, be the union over all Holder continuous functions. Under the
former hypotheses, for a repeller X we have

2) h(f1Y) = h(f]X) and dimyY = dimyX .

The first identity in (2) was first established by Pesin and Pitskel in [13] for the full shift on
two symbols. In a related direction, Shereshevsky [14] proved that for a generic C? surface
diffeomorphism with a locally maximal hyperbolic set X and an equilibrium measure p of a
Holder continuous C-generic function, the set of points for which the pointwise dimension
does not exist has positive Hausdorff dimension, that is,

I B 1 B
dimy {x e X; liminfiogu( x, ) < lim sup log n(B(x, r)) } >0.
r—0 logr =0 logr

The identities in (1) also hold for topologically mixing topological Markov chains, al-
though in this case the two are equivalent since up to a multiplicative constant the topological
entropy and the Hausdorff dimension coincide. Again for topological Markov chains, the first
identity in (1) was extended by Fan, Feng and Wu in [10] to arbitrary continuous functions.
For repellers of C!*¢ conformal maps, the second identity was extended by Feng, Lau and
Wu in [11] to arbitrary continuous functions. We refer the reader to the book [2] for a de-
tailed discussion of some of these results and to [4, 8, 12, 15] for further related work also
for multifractal flows and maps with specification. In addition to showing that the irregular is
large from the points of view of topological entropy and Hausdorff dimension, the topological
pressure is also considered.

In another direction, it was noted in [6] that, under the former assumptions, the irregular
set X, is dense (this follows easily from the definitions). In the present paper we show, for
shifts with specification and for an arbitrary continuous function ¢, that the set X, is residual
(that is, X, contains a dense G; set). This shows once more, in strong contrast to what
happens in the context of ergodic theory, that the irregular set may be as large as the whole
space from various points of view. Roughly speaking, the proof consists of bridging together
strings of sufficiently large length corresponding to limits of Birkhoff averages. Some special
irregular sets related to number theoretical properties of integer base representations were
earlier shown to be residual in [1, 5].
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In fact, we study also a refined version of the irregular set. Namely, given an interval
I C R, let

(€) X ={xeX;A,(x) =1},

where A, (x) is the set of accumulation points of the sequence

n—1

1 .
) Sp(x,m) =~ o(f().
i=0

When 7 is not a singleton we show, for shifts with specification and for an arbitrary continuous
function ¢, that the set X; is also residual. We note that it is a subset of the irregular set X,
(when [ is not a singleton). Incidentally, Li and Wu studied in [12] the topological entropy of
X for amap f with the specification property.

As an application of these results, we obtain corresponding statements for the averages
Sy (x,n) when X is a repeller fora C ! expanding map f. More precisely, we show that when
¢: X — R is a continuous function and / is not a singleton, then the set X; in (3) is residual
(see Theorem 5.1). In particular, when f is conformal on X (which means that d f is a
multiple of an isometry for every x € X) this implies that the Lyapunov exponent

1
3(x) = lim sup ~ log [ldy /"
n—oo N

is not a limit on a residual subset. In other words, the set
1 1
{x € X; liminf — log ||dy f"|| < limsup — log ||dxf"||}
n—oo n n—oo Hh

is either empty or residual. This follows readily from the fact that since f is conformal on X,
we have

A(x) = limsup S, (x, n)

n—oo

taking ¢ = log ||d, f || (since f is of class C!, the function ¢ is continuous). A related result
can be obtained for the local entropy £, (x) of a Gibbs measure. We recall that if u is a
Gibbs measure of a continuous function ¥, assumed without loss of generality to have zero
topological pressure, then

1
hy(x) = lim ——logu(B,(x,&)) = lim S_y(x,n),
n—oo n n—00
where

n—1
By(x,8) = ) f*B( (), )

k=0
(whenever both limits exist, in which case they are equal, where ¢ is any sufficiently small
constant). Certainly, Gibbs measures may not exist for an arbitrary function i but they exist
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for a large class of continuous functions (for details, see for example [2]). It follows from our
results that the set
1 1
{x € X; liminf ——log u (B, (x, €)) < limsup —— log u (B, (x, 8))} ,
n—o00o n N—>00 n
on which the local entropy is not defined, is either empty or residual (we emphasize that the
map f need not be conformal).
Acknowledgment. Research supported by Portuguese National Funds through FCT - Fundacdo
para a Ciéncia e a Tecnologia within the project PTDC/MAT/117106/2010 and by CAMGSD. Jinjun

Li was also supported by NSFC 11301473, the NSFFP (2014J05008), the ECFP (JA13203) and the
program for NCETs in Minnan Normal University (MX13002).

2. Preliminaries. Let 0: ¥t — X7 be the shift map on the space of one-sided
sequences ¥t = {1, ..., k}"V, where k > 2 is an integer. We equip £+ with the distance

dw,0)=27", o= (0)ien, o = (@)ieN,
where n is the smallest integer such that w, # ).
Given a compact and positively o-invariant set X C X (this means that 6 (X) C X) we
consider the subshift 6| X : X — X. Foreachn € N, let
X" ={( o) (@) € X} and X*=[ ] X"
neN
be, respectively, the family of all X-admissible strings of length n and the family of all X-

admissible finite strings. When w = (w1wz--+) € X andm € N or whenw = (w1 -+ - wp) €
X" and m € N withm < n, we write

wlm=w; - wpy .
Moreover, for each w € X", we write |w| = n and we define the cylinder set generated by w
by
[w] ={p € X; pln = w}.

Now we introduce the notion of weak specification. Given strings w = (w1 - - - w;) € X"

and o' = (0] --- w),) € X™, let
w0 = (0] -+ 0] -+ ©),)

be the concatenation of w and @’. We note that, in general, ww’ need not belong to X ntm We

say that the subshift o | X has the weak specification property if there exists T € N U {0} such
that for any two admissible strings @, @’ € X* there exists

T
p=p o) el )X
k=0
such that wpw’ € X*. The string p(w, o) is called a bridge between w and «’. To simplify
the notation, we write wp®’ = w < @’ (although we emphasize that p need not be unique).
Moreover, given subsets W, Wy, ..., W, of X* and a string w € X*, we write

Witk oa W, = {or oy w0 € Wi, 1 i <nj
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and
o< W={wsin;ne W},
where each symbol < runs over all admissible bridges. Finally, we write
We = Wi W,
when Wi =...=W, =W.

EXAMPLE 2.1. A particular class of subshifts with the weak specification property are
those with the specification property, that is, those for which all bridges have the same length.

EXAMPLE 2.2. Givenak x k matrix A = (a;;) with entries in {0, 1}, let
2t ={(wwr ) € B; aw,0,,, = 1forn € N}.

Clearly, G(Zj{) C Ej. The restriction a|2j{: E:{ — E:{ is called the (one-sided) topologi-
cal Markov chain or subshift of finite type with transition matrix A. One can easily verify that
if the matrix A is irreducible (that is, if for each pair (i, j) there exists a power of A whose
(i, j)th-entry is positive), then o | EX has the weak specification property (since there are only
finitely many entries). We note that A is irreducible if and only if a|2):‘r is topologically
transitive.

EXAMPLE 2.3. In the particular case when A is transitive (that is, when some power
AT 1 of A, with T > 0, has only positive entries) or, equivalently, when o | Ej is topologically
mixing, the topological Markov chain a|2]2r has the specification property and all bridges
(can) have length 7.

EXAMPLE 2.4. A sofic shift is a continuous factor of a topological Markov chain. All
sofic shifts have the specification property and are topologically mixing. We note that even
though there are only countably many sofic shifts, there are uncountably many shifts with the
specification property.

3. Results for one-sided shifts.
3.1. Mainresult. Leto: X — X be asubshift. Given a continuous function¢: X —
R, we consider the level sets

(&) By(a) = ia)eX;nl_i)n;OS(p(w,n) =a},
where

n—1
©) Sp(w,n) = %Z(;tp(oi(a))).

We consider also the set
L, ={a € R; By(a) # 0}.

When o|X = a|2]2r is a topologically mixing topological Markov chain, the set £, is a
nonempty closed interval (see [9]). Moreover, one can easily verify that for each a € Ay(w)
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(setting f = o) there exists w’ € Zj{ such that
lim S,(0',n) =a
n—o0
(see, for example, Lemma 6.5 in [11]), that is, o € £,. Therefore,
Ly= ] Ay(@).
weZX

The following is our main result. In fact, all other statements in the paper are its conse-
quences.

THEOREM 3.1. Let o|X be a subshift with the weak specification property and let
@: X — R be a continuous function. Given a closed interval I C L, that is not a singleton,
if the set

) Xo1 :={w e X; Ay(w) = I}
is nonempty, then it is residual.

The proof of Theorem 3.1 is given in Section 6.
We note that if (a,), is a bounded sequence such that @,+1 — @, — 0 whenn — oo,
then its set of accumulation points A is a bounded closed interval, that is,

(8) A= [lim inf a, lim sup an] .

n—00 n—00

In particular, since

1 1
|S<p(60, n+1)— Sy(w, n)| = ‘—m&p(w, n) + mw(a”(w))‘

- 2 max |¢|

-~ n+1
when n — 00, it is sufficient to consider closed intervals I in Theorem 3.1. Moreover, by (8),
we have

-0

Ag(w) = [lilnj)ggf&p(a), n), lim sup S, (, n)] .

n—0o0
3.2. Applications. Now we give several applications of Theorem 3.1. The first one
concerns the (irregular) set of points for which the Birkhoff averages do not converge.

THEOREM 3.2. Let o|X be a subshift with the weak specification property and let
¢: X — R be a continuous function. If the irregular set
Xy = {a) € X; liminf Sy(w, n) < limsup Sy (o, n)}
n—00 n—00
is nonempty, then it is residual.
PROOF. If the set X, is nonempty, then there exists a closed interval I C L, for which

Xy,1 # ¥ is not a singleton. Indeed, if X, ; = @ for any closed interval, then, in view of the
remark after Theorem 3.1, X, would be empty. Moreover, if for any closed interval / such
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that X, ; # ¥ this last set was a singleton, then again X, would be empty. Since Xy ; C X,
the desired result follows readily from Theorem 3.1. O

The former results can be extended to the case of irregular sets obtained from finitely
many functions. Namely, we consider irregular sets obtained from the intersection of finitely
many irregular sets as in (7).

THEOREM 3.3. Let o|X be a subshift with the weak specification property and let
@1,...,9k: X — R be continuous functions. Given closed intervals I; C Ly, fori =
1, ..., k, that are not singletons, if the set

R:= Xy, 0N Xy 1,
is nonempty, then it is residual.

PROOF. By Theorem 3.1, foreachi =1, ..., k there exists a G5 set E; C X, j; thatis
dense in X. Now let

F=(E.
i=1
Clearly, the Gs set F is dense in X and F C R. Therefore, R is residual. O

An argument similar to that in the proof of Theorem 3.2 yields the following result.

THEOREM 3.4. Let o|X be a subshift with the weak specification property and let
@1y .- @k : X = R be continuous functions. If the irregular set

Si=Xp N--NXy,
is nonempty, then it is residual.
It was observed by Barreira and Schmeling in [6] that S is a proper dense set whenever

it is nonempty.

4. Results for two-sided shifts. In this section we consider the shift mapo: ¥ — X
on the space of two-sided sequences ¥ = {1, ..., k}%. We equip  with the distance

d(w, o) =27 M) ) — (w)iez, o = (@)iez -

Let o : X — X be a subshift, where X C X is compact and o -invariant. Given a continuous
function ¢: X — R, we consider the level sets By () in (5) with Sy, (w, n) as in (6). We
emphasize that now each set By («) is composed of two-sided sequences.

The following result is a version of Theorem 3.1 for two-sided sequences.

THEOREM 4.1. Letc|X be a (two-sided) subshift with the weak specification property
and let ¢: X — R be a continuous function. Given a closed interval I C L, that is not a
singleton, if the set X, 1 is nonempty, then it is residual.

PROOF. Letm: X — X7, be the projection defined by

) (- w_jwowi -+ ) = (wow1 -+ +) .
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By a result of Bowen in [7] (see also Section 4.2.3 in [2]), there exists a continuous function
¥: Xt — R, where XT = 7(X), such that ¢ and ¥ o 7 are cohomologous on X. This
means that there exists a bounded function #: X — R such that

¢o—Yomr=h—hoo on X.
This implies that ¢ and ¥ o 7 have the same irregular sets, that is,
(10) Xo,1 = Xyon,I -
Now we show that
(11) Xyor1 D ' Xys.

Let
o=_(-w_1wyw]---) € n_le,I
with n = (wow; ---) € Xy, 7. Then
1 n—1 1 n—1
=Y Wom©@ @) =—3 v m),
k=0 k=0
which implies that @ € Xy oz, 7. This establishes (11).

On the other hand, it follows from Theorem 3.1 that X ; is residual, which implies that
D, ¢ .1 1s also residual. Indeed, since 7 is continuous, its preimage of a G5 set is still a G
set. Moreover, it follows from the explicit form of 7 in (9) that the preimage of a dense set is
dense. The theorem follows now readily from (10) and (11). d

The statements in Theorems 3.3 and 3.4 also hold in the context of two-sided shifts.
The proofs are identical to those for one-sided shifts but now using Theorem 4.1 instead of
Theorem 3.1.

5. Results for repellers. In this section we obtain corresponding results for the
Birkhoff averages of a continuous function on a repeller.

Let f: M — M be a C' map on a smooth manifold and let / C M be a compact
f-invariant set (this means that f~'J = J). We say that f is expanding on J and that J is a
repeller for f if there exist ¢ > 0 and t > 1 such that

lde f™v|| = et vl

forx € J,v e TyM and n € N. We shall always assume that there exists an open neigh-
borhood U of J such that J = (72, f"U. Given a continuous function ¢: J — R, we
consider the irregular set

Jyo = {x € J; liminf S, (x, n) < limsupSw(x,n)} ,
n—o0

n—oo
with S, (x, n) as in (4).
The following is a version of Theorem 3.2 for the Birkhoff averages of a continuous
function on a repeller.
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THEOREM 5.1. Let J be a repeller for a topologically transitive C' map f and let
¢: J — R be a continuous function. Then the irregular set J, is either empty or residual.

In a manner similar to that in Section 3 we also present a more general result from which
Theorem 5.1 can be deduced. Givenaset I C R, let

Jor ={x € X; Ap(x) =1},
where Ay (x) is the set of accumulation points of the sequence n — Sy, (x, n). Moreover, let
Ry = {a € R; Jy(a) # 0},

where
Ty (o) = {x e J; lim S,(x,n) = a}.
n—0o0

THEOREM 5.2. Let J be a repeller for a topologically transitive C' map and let
¢: J — R be a continuous function. Given a closed interval I C R, that is not a singleton,
if the set Jy | is nonempty, then it is residual on J.

PROOF. Recall that a collection of closed sets Ry,..., Rx C J is called a Markov
partition of J (with respect to f) if:

(1 J = Uf-‘zl R; and R; = int R; for each i;

(2) intR; Nint R; = () wheneveri # j;

(3) ifint f(R;) Nint R; # ¥, then f(R;) D R;.
We note that the interiors are computed with respect to the induced topology on J. Any
repeller J for a C' map f has Markov partitions of arbitrary small diameter (see for exam-
ple [3]). Let A = (a;;) be a k x k matrix with entries ¢;; = 1 if int f(R;) Nint R; # ¥ and
a;j = 0 otherwise. Writing X = Ej", we obtain a coding map 7w : X — J for the repeller J
letting

7@ = ()" Ro,, @= (@),
neN

One can easily verify that 77 is continuous, onto and that m o0 = f om on X. The last identity
implies that Ry = Lyor.

Now let

k
B={JrJor.
n>0 i=1
where dR; is the boundary of R;. This is the set of points in J for which the coding is not
unique. Since f(C) C C, where C = Uf-‘zl dR;, the sequence f~"C is increasing and hence

the set B is invariant, that is, (f|J)~!B = B. We define

S=X\7"'B and J*=J\B.

Clearly, the map 7 : S — J* is bijective. Moreover, B is an F, set and since 7 is continuous,
S is a G set. In addition, it follows from the f-invariance of B that (f|J)~'J* = J* and
hence (0|X)~'S = S. Since any nonempty invariant set (not forward invariant set) of a one-
sided topologically transitive topological Markov chain o | X is dense, S is a dense Gy set.
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We note that 1y = ¢ o 7 is a continuous function on X. Let I C R, = Ly be a closed
interval. It follows from Theorem 3.1 that there exists a dense G5 set E C Xy . To complete
the proof, it suffices to show that the set F = w(ENS) C J* satisfies the following properties:

(1) F C s

(2) Fisdensein J;

(3) FisaGg set.

It follows from the identity 7 o 0 = f o 7 that

FCcn(E) C 7[(X¢’[) = J(p’[ .
Moreover, E N S is a dense G set since both £ and § are dense G sets. In particular,

J=nX)=n(ENS)cr(ENS)=F

and F is dense in J. For the last property, we observe that
J\NF=BUJHY\F=BU(J*\F) (since BNF =)
=BU (7(S)\7(ENS))
=BUm(S\(ENS)) (sincer is bijective on S)
=r(X\S$)Ur(S\(ENS))
=7((X\SHU(S\(ENS))
=n(X\(ENS)).
Finally, X \ (E N S) is an F, set (since E N S is a G set) and writing X \ (E N S) = Ul» F;

as a countable union of closed sets F; C X, we obtain

JNF=n(X\(EnS) =|JnF).

where 7 (F;) is a closed set (since 7 is continuous and X is compact). This shows that F is a
G set and the proof of the theorem is complete. O

6. Proof of Theorem 3.1. In order to prove Theorem 3.1 we construct a dense G set
E C Xsuchthat E C X ;.
Foreacha € R,n € N and ¢ > 0, let
F(a,n,¢) = {oln; w € X and |Sy(w, n) — a| < &},

with Sy (w, n) as in (6). Given ¢ > 0, we have F(x, n,¢) # § for each @ € L, and any
sufficiently large n (depending on « and ¢).

Now choose numbers ok 1, ..., ak g, € I for each k € N such that
gk
(12) 1 c | B(axi.1/k)
i=1

and

1 . 1
(13) otk i1 — il < % fori =0,...,qx — 1, l|akg —ak+1,1] < T
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Moreover, let 61 > &2 > - - - be a sequence of positive numbers decreasing to zero and let
I’ll,l < n1,2 < e < n1’q| <n2’1 <n2’2 < e e <n2’q2 < e
be positive integers such that
F(ak,i, nk,i, k) # @ for keN,1<i<gqg.

Let 29 = X*. For each w € £, we take integers {Ng ; () }ken.i=1
following conditions are satisfied:
(1) Nii(w) =2Mi*T for2 <i <qp —1,
Ni.i(w) > 2"i+1 %7 fork > 2and 1 <i < g — 1,

Ni g, (@) = 2"+11F7 for k > 1;
(i) Niiy1(w) = 21eHTENL@ 0+ N2 @) 024 D)4+ N (@) (ki 1)
Nis1.1(w) > oI+ +Ny 1 (@) (n1,1+T)+N1 2(0) (11 24T+ 4N gy (@) (1 gy +7)

g such that the

.....

forke Nandi =1,...,qx — 1.
We recall that 7 is the integer in the notion of weak specification (see Section 2). Now we
define recursively sets £2;; C X* fork € Nandi =1, ..., gx by

N
211 = o= Flai,np,e)™V1@,

a)E.Q()

2i2=|J ne Flar2,n12,60)"N12@,
YISO

N
21,90 = U N o F(@i gy, gy, e 0@
NES21 g1

0= |J neaFleai,nan, =M1,
neSZIV,”

and so on (taking some bridge at each concatenation). Finally, let

Eri = U [w]

WE2y i

and
00 Gk

E = ﬂ ﬂ Eg;i.
k=1i=1
Clearly, E is a G set since each cylinder set [w] is open.
Now we show that E has the desired properties.

LEMMA 6.1. E isdensein X.

PROOF. It suffices to show that £ N B(w, r) # @ for every w € X and r > 0, where
B(w, r) is the ball of radius r centered at w. We first observe that X, is dense on X. Indeed,
since L, is not a singleton, the set X, is nonempty. Moreover, 0 "X, C X, forn € N and
o0~ " X, intersects all cylinder sets of length n — 7 for each n > t (with 7 as in the definition
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of weak specification). Therefore, given @ € X and r > 0, there exist " € Xpandn € N
such that [@'|n] C B(w, r). Write n = o'|n. Clearly, n € §£29. We take
n1 € no< Flag,np,e) N

N
N2 €< Flay o, nip, )™ 1200

N

771,(11 € 771,(1.—1 > F(al,qlsnl,qls El)lx] 1,111 (n) E}
N

M1 € Mg, < Flaa1,mo 1, £2)7 2100

and so on (taking some bridge at each concatenation).
It is easy to check that ([nx,;Dken,i=1,...,q; i @ decreasing sequence of nonempty com-
pact subsets of X and thus,

.....

S:= (e AN #0.
k,i
Let p € S. Weclaim that p € ENB(w, r). Indeed, it follows from the inclusion § C ﬂk’i Ex.i
that p € E. On the other hand,
S Cn]lC B(w,r)
and hence p € B(w, r). O
Alternatively, one can observe that by construction each set Ej ; is dense and so it follows

from Baire’s theorem that E is dense (since it is a countable intersection of open dense sets in
a complete metric space).

LEMMA 6.2. E C Xy .

PROOF. In order to prove that £ C X, ;, we must show that Ay(w) = I forw € E.
We recall that for each w € E, there exists ® € £2¢ such that
(14) a)ea)0><1F(al,l,nl,l,sl)NN‘v'(“}O)|><1~-~.
We first show that
(15) I CAy(w).
Given
qk
aelC UB(Oék,i, 1/k),
i=1
take an integer ix € {l,...,q} such that @ € B(ox,,, 1/k). In order to avoid a tedious
notation we assume that iy & {1, gx} although the argument is identical when iy € {1, gx}. Let
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a1 Nij iv Nk
16)  siip =10l 20+ DY (i h ) DD k)
j=11=1 j=11=1

where A is the length of the first bridge, Ny, ; = Ni (a)o) and

‘E»/~ ifl=N,"j

Ti,j if [ #N,"j,
Aiji =
LJ

is the length of each successive bridge between strings of . It follows from weak specifica-
tion that the numbers Ag and A; ;; are bounded by .
We will prove that

(17) |S¢(a), Skix) — ak,,'k| — 0 when k£ — 0.
We first show that (17) implies (15). Indeed, it follows from (17) that

|S(p(a)v sk,ik) - Ol| < |S(p(a)v sk,ik) - ak,ik| + |ak,ik - Oll

1
< |S(p(a), Skix) — ak,l-k| + A —- 0

when k — oo. Therefore, o € Ay(w) and (15) holds.
In order to prove (17), write

(18) Sk.iy = Sk.ix + iy »

where

Ni iy
iy = Z(”k,ik + Air. 1) -
I=1

Since

ok, € [=llell, llelll, where |[lg|| =max|p(w)],
weX
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we obtain
Sk,ip —1
> 0 (@) — skiek,
i=0
Fk,ik_l Sk,ik_l
=< Z QO(O’I(C())) _?k,ikak,ik + Z w(al(w)) _tk,ikak,ik
i=0 =5,y
tk,ik_l
< Wi el +| Y o0’ (@i (@) — i
i=0
(19) Nk Meip —1 ~ .
o ] = i TAk
< Wi llel+ Y | D elod (o%at =Dt int) () — ng jan
I=1"' j=0
Niiy | Nig FAiig1—1 B
+ 2 > 90(0](US’“'kHl_l)(”"*"k“’“’k*”(w)))‘ + | Neicto. |
=1 J=niiy
Niiy | iy —1
> j ~ i [—1 i A i
< Wi Mol + Y| D elod (@%ut D0t int) (w))) — ng j o,
I=1"' j=0
+ 2T Niii llell -

In order to estimate the second term in the right-hand side of the former inequality, we intro-
duce the numbers

un(9) = sup {lp(@) — p(@)]; v, &' € X, wln = o'|n}

and

Va(g) =D vj(p).
=1

By (14) and the definition of the set F'(a,;,, nk,i, , £k), one can choose @, .. .,ENk»ik e X
such that

(20) o ki FA=D (ke if +2k iy 1) (@) |k, = @ ki
and

(21) |Sp @, nk,i) — ki | < ex
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forl =1,..., Ng,;. It follows from (20) and (21) that

Nk, —1
> plod (@I IRAD (@) — ik,
Jj=0
ngip —1 niy 1
< Z q)(Uj(U'Ek.ik+(l—1)(nk.ik+kk,ik.1)(w))) _ Z w(Uj(El))‘
Jj=0 )
"k»ik_l
+1 Y 0@/ @) - neiani
j=0

=< Vnk.ik (‘P) + Nk.i €k
forl =1, ..., N ;. Together with (19) this implies that

Sk, -1

> 00! (@) — sk,

i=0

=< 2:;/(,1'1( ”90“ + Nk,ik(Vnk.ik (‘P) + 1) + erk,ik ||§0||
= 2:;/(,1'1( “90“ + Nk,ik Vnk~ik (90) + Nk,ik (nk,ikgk + 2T ||§0||) .

Now we observe that it follows from condition (ii) that Ek,,’,{ /Sk.i, tends to zero when k — o0.
Indeed, using (16), (18) and condition (ii), we have

Sk.i
Sk,i Te,i Ni,i 27kl
~ J _1=~ J Z = knk,iszv—nk,ik
Sk, iy Sk, iy Sk,ir Sk,ir
and thus,
Sk, iy

— 400 when k — 0.

Sk.ig
Moreover, it follows readily from the uniform continuity of ¢ on the compact set X that
v, (¢) — 0 whenn — oo. Hence, V,,(¢)/n — 0 when n — oo and
Nk,ik Vnk,ik (90) Vnk.ik (‘P)
<

Sk,ir - N iy

— 0 when k£ — 0.

Finally, by the definition of s¢ ;, (see (18)), we have s¢ ;, > i, and

N iy Nk, iy €k - Ni,ix Nk, iy €k -

Sk,ix tk,ik
Therefore,
2sk.ip ol + Vi, (@) + nii €k + 27 lloll N

Sk,ir N iy N iy

0

|Sg (@, sk.i) — i | <

when k — oo, which completes the proof of (17).
Now we show that

(22) Ap(w) C I.



486 L. BARREIRA, J. LI AND C. VALLS

For each positive integer n > |a)0| + t thereexistk € N, i € {1,2,...,qx}and 1 < p <
Nk,iy+1 such that

(23) Sk +Pp <N = Sk + Pp+1

where

s—1

ps = Z(”lk,ik+1 + Aig+1.)
1=1

for each s € N. Notice that k — oo when n — o0o. We claim that
(24) |Sp(w,n) — o] — 0 when n — 00,

For simplicity of the notation, in a similar manner to that in the former inclusion we assume
that iy # gqr. If (24) holds, then it follows from (12) that

dist(Sy(w, n), I) < |Sp(w, n) — ag,i| + dist(o,i, ) — 0

when k — oo. Since [ is closed, we conclude that (22) holds.
Now we establish property (24). We have

n—1 Sk,ik_l
Y o @) —nai| < | Y @@ @) = ki
i=0 i=0
Sk,ik+pp_1
+ Y. @@ (@) = ppari
i:5k,ik
n—1
+ Y. 9@ (@) = (1= sei — Ptk |-
i=sk,ik+pp

We shall estimate each of these terms. In a similar manner to that in (20) and (21), one can
choose @', ..., @P~! € X such that

(25) o Shik +(l—1)(”lk.ik+1+)Lk,ik+1.1)(w)|nk’ik+l = kit
and

—
(26) |Sp (@', nii 1) — ki1 | < €x
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forl =1,..., p— 1. It follows from (13), (25) and (26) that

i +1—1
Z w(o.j(O-Sk,ik+(l—1)(nk,ik+l+Ak,ik+l,l)(w))) — Mk 1O iy
Jj=0
N +1—1
< Z (p(o—j(O—Sk,ik+(l_1)(nk,ik+l+)Lk,ik+1.1)(a)))) ki1 kit 1

j=0

+ |nk,ik+1ak,ik+1 — N, ig+10%, iy

nk,ik+l_1 nk,ik+l_1
< Z (p(o—j(O_Sk,ik+(l—l)(nk,ik+l+)Lk,ik+1.1)(a))))_ Z (p(oj(wl))‘
Jj=0 j=0
N i +1—1
j 1 Mk,ig+1
+ Z @(0! (@) — N ig+10k,ip+1 + =
Jj=0
Rk ip+1

< Vi1 (@) + niigr16x + X

forl =1,..., p— 1. Therefore,

Sk,iy, +0p -1

Y e () - ppa,

i:5k,ik

p—1 k11
27) < Z( Z 90(0-1(O.Sk,ik+(l—1)(nk,ik+l+}-k,ik+l,1)(a))))_nk’ik_"_lak’ik)‘

I=1 j=0
+2(p — Dr el

Rk ip+1

2 )
. >+ pT el

< P(Vnk,,«k+1 (@) + nk,iy+18x +

Moreover, by (23), we have

n—1

Z q)(Ui(a))) — (1 — Sk,iy — Pp)ok iy

I=Sk,i +0p

<2(n — sk, — pp) lell

(28)
< 2mk,i+1 + 1) lleoll -
Collecting the estimates (27) and (28), we obtain

Sk | 2k +7) llell
|Sp (@, 1) — ag i | < [Sp(@, s8,i) — ki | —= + .

(29) Vo (@) " "
n DV (@ L Pt p(nki+18k + 27 [l@ll) '

n kn n
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In a manner similar to that in the proof of (17), one can show that the first term in (29) tends to
zero when n — oo (notice that sg ;, < n). Moreover, using (23) and condition (i), we obtain

0

201 O Nl _ 20uir1 + D) el _ 201 + 0 llell

(30)
n Sk.iy Ni,iy

when n — 00. On the other hand, it follows from (23) that

; 1

(31) PRkt - 2 .0 when n — oo,

kn k

Ve 1@ Vi, (@)
(32) P i < Ll Y — 0 when n — oo,
n N ig+1
and
; 2 ; 2

33) Pk i1k + 27 @l < Nkip+18k + 27 ||| 0 when 5 — oo

n Rk ig+1

(since k — oo when n — 00).
Hence, property (24) follows readily from (29), (30), (32), (31) and (33). This completes
the proof of the lemma. O

Theorem 3.1 follows immediately from Lemmas 6.1 and 6.2.
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