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Abstract. Let (X, g1) and (X», g2) be connected, complete and orientable
2-dimensional Riemannian manifolds. Consider the two canonical Kihler structures
(G#, J, £2¢) on the product 4-manifold ¥| x X, given by G® = g; ® ¢gp, ¢ = 1 and
J is the canonical product complex structure. Thus for ¢ = 1 the Kihler metric GV is Rie-
mannian while for e = —1, G~ is of neutral signature. We show that the metric G is locally
conformally flat if and only if the Gauss curvatures «(gy) and «(gp) are both constants sat-
isfying «(g1) = —ek(gp). We also give conditions on the Gauss curvatures for which every
G*-minimal Lagrangian surface is the product y; x y» C X| x X», where y; and y, are
geodesics of (X1, g1) and (X3, go), respectively. Finally, we explore the Hamiltonian stabil-
ity of projected rank one Hamiltonian G®-minimal surfaces.

1. Introduction. A submanifold of a symplectic manifold is said to be Lagrangian if
it is half the ambient dimension and the symplectic form vanishes on it. A Lagrangian sub-
manifold of a pseudo-Riemannian manifold is said to be minimal if it is a critical point of
the volume functional associated with pseudo-Riemannian metric. A minimal submanifold is
characterized by the vanishing of the trace of its second fundamental form, the mean curva-
ture. Recently, an interest in minimal Lagrangian submanifolds in pseudo-Riemannian Kéhler
structures has grown amongst geometers [2], [20], while minimal Lagrangian submanifolds
in Calabi-Yau manifolds are of great interest in theoretical physics because of their close re-
lationship to the mirror symmety [19]. In addition, the space L(M?) of oriented geodesics in
a 3-dimensional space form (M3, ) admits a natural Kihler structure where the metric G is
of neutral signature, scalar flat and locally conformally flat [1], [3], [11], [12].

The significance of these structures is that the identity component of the isometry group
of G is isomorphic with the identity component of the isometry group of g. Moreover, Salvai
has proved that the neutral Kidhler metrics on L(E3) and L(H?) are the unique metrics with
this property [16], [17]. The neutral Kdhler structure on L(M?3) plays an important role in the
surface theory in (M?, ¢). In particular, if S is a smoothly immersed surface in M, the set of
oriented geodesics normal to S forms a Lagrangian surface in L(M?). A Lagrangian surface
Y in L(M?) is G-minimal if and only if X is locally the set of normal oriented geodesics of
an equidistant tube along a geodesic in M [3], [6], [10].
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Oh in [14] has introduced a natural variational problem, apart from the classical varia-
tional problem of minimizing the volume functional in a homology class, consisting of min-
imizing the volume with respect to Hamiltonian compactly supported variations. An impor-
tant property of these variations is that they preserve the Lagrangian constraint. A Lagrangian
submanifold in a Kihler or a pseudo-Kéhler manifold is said to be a Hamiltonian minimal
submanifold if it is a critical point of the volume functional with respect to Hamiltonian com-
pactly supported variations. A Hamiltonian minimal submanifold can be characterized by its
mean curvature vector being the divergence-free.

For example, in the space L(E?) of oriented lines in the Euclidean 3-space, a Hamiltonian
minimal surface is the set of oriented lines normal to a surface S C E? that is a critical point
of the functional

F(S) :/\/HZ—KdA,
S

where H, K denote the mean and the Gauss curvatures of S, respectively [6]. The neutral
Kihler structures on the space of oriented great circles in the three sphere S and the space of
oriented space-like geodesics in the anti De Sitter 3-space AdS® can both be identified with
the product structures, L(S?) = S? x S? and L+ (AdS?) = H? x H?.

More generally, one is led to consider the Kihler structures derived by the product struc-
ture of X1 x X», where (X, g1) and (X3, g») are complete, connected, orientable Riemannian
2-manifolds.

Let w1 and w; be the symplectic two forms of (X1, g1) and (X, ¢»), respectively, and j;
and jp their complex structures as Riemann surfaces. For ¢ = 1 or —1, consider the product
structures of the four-dimensional manifold ¥'| x X» endowed with the product metrics G* =
{91 + en{ g2, the almost complex structure J = j; @ j> and the symplectic two forms
¢ = nfw) + emjwy, where m; are the projections of ¥y x X5 onto Xj, i = 1,2. The
quadruples (X x X», G%, J, £2¢) are easily seen to be 4-dimensional Kihler structures.

In this paper we study G®-minimal Lagrangian surfaces in the Kihler 4-manifold (X x
3, G, J, £29). In Section 2 we prove:

THEOREM 1. The Kihler metric G is Riemannian while the Kihler metric G~ is
neutral. Moreover, the Kihler metric G¢ is conformally flat if and only if the Gauss curvatures
k(g1) and k (q2) are both constants with k(g91) = —ek (g).

In Section 3, we first define the projected rank (see Definition 3.1) of a surface in X'| x X»
and we prove that every Lagrangian surface is either of projected rank one or of projected rank
two.

For the projected rank one case, we classify all Hamiltonian G*-minimal surfaces:

THEOREM 2. Every projected rank one Lagrangian surface can be locally parametrised
by® :S§5 — X x Xy:(s,t) = (p(s), ¥(t)), where ¢ and  are regular curves on X and
the induced metric @*G¢ is flat. @ is Hamiltonian G*-minimal if and only if ¢ and  are
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Cornu spirals of parameters Ly and Ly, respectively, such that
Ap = —EAy .

@ is a G®-minimal Lagrangian if and only if both ¢ and r are geodesics. Furthermore, every
projected rank one G*-minimal Lagrangian surface in X1 x 3 is totally geodesic.

In the same section, the following theorem gives the conditions for the non-existence of
projected rank two G¢-minimal Lagrangian surfaces:

THEOREM 3. Let (X1,91) and (X2, ¢) be Riemannian two manifolds and let
(G®, J, 82%) be the canonical Kdihler product structures on X1 x X5. Let k(q1), k(g2) be
the Gauss curvatures of g1 and g, respectively. Assume that either of the following hold:

(i) The metrics g1 and ¢ are both generically non-flat and ek (g91)x(g2) < 0 away
from flat points.

(ii) Only one of the metrics g1 and ¢ is flat while the other is non-flat generically.
Then every G¢-minimal Lagrangian surface is of projected rank one.

Here a generic property is one that holds almost everywhere. Note that Theorem 3.5
is no longer true when (X1, g1) and (X3, ¢») are both flat, since there exist projected rank
two minimal Lagrangian immersions in the complex Euclidean space C> endowed with the
pseudo-Hermitian product structure [6].

Minimality is the first order condition for a submanifold to be volume-extremizing in its
homology class. Harvey and Lawson [13] have proven that minimal Lagrangian submanifolds
of a Calabi-Yau manifold is calibrated, which implies by Stokes theorem, that are volume-
extremizing. The second order condition for a minimal submanifold to be volume-extremizing
was first derived by Simons [18].

Minimal submanifolds that are local extremizers of the volume are called stable minimal
submanifolds. The stability of a minimal submanifold is determined by the monotonicity of
the second variation of the volume functional. If the second variation of the volume functional
of a Hamiltonian minimal submanifold is monotone for any Hamiltonian compactly supported
variation, it is said to be Hamiltonian stable. In [14] and [15], the second variation formula of
a Hamiltonian minimal submanifold has been derived in the case of a Kidhler manifold, while
for the pseudo-Kihler case it has been derived in [5].

The following theorem in Section 4 investigates the Hamiltonian stability of projected
rank one Hamiltonian G¢-minimal surfaces in X} x X»:

THEOREM 4. Let @ = (¢, ) be of projected rank one Hamiltonian G¢-minimal immer-
sion in (X1 x X2, G®) such that k (g1) < —Zké and k(g) < —Zki along the curves ¢ and
respectively. Then @ is a local minimizer of the volume in its Hamiltonian isotopy class.

Acknowledgements. The author would like to thank H. Anciaux and B. Guilfoyle for their helpful
and valuable suggestions and comments.



140 N. GEORGIOU

2. The product Kihler structure. Consider the Riemannian 2-manifolds (X, gi)
for k = 1, 2 and denote by ji the rotation by an angle +x /2 in T Y. Set wi (-, ) = gk (k- +)
so that the quadruples (X%, gk, jk, wk) are 2-dimensional Kédhler manifolds.

Using the following identification,

XeTX1 xX)>X1,X)eTX1®T>,, where XpeTXy,

we obtain the natural splitting 7(X) x Xp) = TX & TX,. Let (x,y) € ¥ x X and
X = (X1, X2) and Y = (¥}, ¥2) be two tangent vectors in T(yy)(X' x X»). Define the metric

Gfx’y) by:

Gl X, Y) = g1(X1, YD) (x) + e2(X2, Y2)(3),
where ¢ = 1 or —1. The Levi-Civita connection V with respect to the metric G¢ is

VxY = (Dx, Y1, D, Y2),

where X = (X1, X2),Y = (Y1, Y») are vector fields in ¥ x %> and D!, D? denote the
Levi-Civita connections with respect to g; and g», respectively.

Consider the endomorphism J € End(T X @ T X»,) defined by J = j; & j», ie.,
J(X) = (j1X1, j2X2). Clearly, J is an almost complex structure on X x X.

PROPOSITION 2.1. The almost complex structure J is integrable.
PROOF. The Nijenhuis tensor N is
Ny X, Y)=[JX,JY)Y —JIX, YIV—Jux, Y)Y —(x, vV,

where X = (X1, X»), Y = (Y1, Y») are vector fields in | x X5 and [, -]V denotes the Lie
bracket with respect to the Levi-Civita connection V. Then

(X, ¥1¥ = (X1, 11 1X0, 71 ”)
where [-, -]P i are the Lie brackets with respect to the Levi-Civita connections D'. Thus,
Ny X, V)=[JX,JY]Y —JIX, Y)Y —JUX, YTV = [X, Y]V
= (Nj, (X1, Y1), Nj, (X2, Y2)),
and the proposition follows. O
Let ; : X1 x X — X be the i-th projection, and define the following two-forms
QFf =nafw+ensw.

THEOREM 2.2. The quadruples (X1 x X», G®, J, 2°) are 4-dimensional Kdihler
structures. The Kdhler metric G¢ is conformally flat if and only if the Gauss curvatures k (g;)
and k (q2) are both constants with k (g1) = —ek (g2).

PROOF. We have already seen that the almost complex structure J is integrable. It is
obvious that £2¢ is closed, i.e., d£2° = 0 and hence a symplectic form on X x X».
Moreover, J is compatible with £2¢ since for X = (X1, X3) and Y = (Y1, Y3), we have

Q6 (X JY) =25, (X1, j1X2), (Y1, jaY2))
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= w1 (1 X1, 1YD(x) + ew2(j2 X2, 2Y2) ()
= w1(X1, Y1) (x) + (X2, Y2)(y)
= Qfx,y)(X, Y).
We proceed with the proof by considering the cases of Gt and G™.
THE CASE OF GT: Assume that (e1, e3) and (vy, v2) are orthonormal frames on X

and X, respectively, both oriented in such a way jie; = ez and jpv; = v2. Consider the
orthonormal frame (E1, Ez, E3, E4) of (X| x X5, GT) defined by

1 1
Ei=—(e1,v1+v), Ey=JE=—7—(e,v2—11)

V3 V3
E ! ( ), Es=JE ! (er + )
3= —F—=(1 —ez,—11), 4= 3=—F—=(1+e,—12).
V3 V3
If Rict denotes the Ricci curvature tensor with respect to the metric G1, we have
. . k(g1 (x) + 2« (g2)(y)
Ric* (1, En)ry) = Ric* (B, E2)(ry) = —m
. . 2k (g1) (x) + Kk (g2)(y)
Ric* (B3, E3)cxy) = Ric* (Ea, Ea)(ry) = =2
and the scalar curvatute R is:
4
(D RY = ZRiCJ“(Ei,Ei) =2(k(gn)(x) + k(2)(¥)) .

i=1
If G¢ is conformally flat, it is scalar flat [9] and thus, from (1), the Gauss curvatures «(g;),

k (gp) are constants with k (g1) = —k (g2).
Conversely, suppose that

(@) k(g1) = —k(gp) =c,

where ¢ is a real constant. Consider the corresponding coframe By = (eq, €2, €3, e4) of
the orthonormal frame (Ei, E», E3, E4). The Hodge star operator * : AZ(EI X ) —
A%(X] x %) defined by

a A xb=G¥(a,b)Vol,
splits the bundle of 2-forms AZ(Z’l X X5) into:
AT x X)) = AL(Z) x ) @ A2(Z) x 5)

where Ai(El x X5), A2 (X x X»,) are the self-dual and the anti-self-dual 2-form bundles,
respectively, and Vol = e] A ez A e3 A e4 is the volume element.

With respect to this splitting the Riemann curvature operator R : A%(Z] x %) —
A%(X] x %) defined by

Riei Nejlex Nep = G(R(E;, Ej)Ey, Ep),
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is decomposed by:
Rt
R:<W++ﬁ1 zR+>’
z* W=+ 351
where W* : Ai(Zl X Xp) — Ai(El x X») are the self-dual and the anti-self-dual part

of the Weyl tensor W and Z is the traceless Ricci tensor. Note that W = W+ @ W~. An
orthonormal basis for Ai(El X Xh)is

j: 1
e, =——=(e1nexteznes),

V2

N 1

e, =E(€1 ANe3FerNeq),
j: 1

e 25(61 NesterANe3).

The metric G is scalar flat and the self-dual part W vanishes, since
1/3
Wt =R" —1/6

~1/6

Substituting (2) into (1), the scalar curvature R™ vanishes and thus W~ (e; , ej_) =
Re; )ej_. A brief computation shows that R(e;” )ej_ = 0 for all 7, j. For example,

1 1
Rie e, = 573(61 ANepyel Aer+ 573(63 Aeg)es A ey

1
= §(G+(R(E1, E2)E1, Ez) + GT(R(E3, E4)E3, Ey))
=0.

Thus, the anti-self-dual part W~ also vanishes. Therefore, the Weyl tensor W = 0, or Gtis
locally conformally flat.

THE CASE OF G~ : We now prove that the neutral Kédhler metric G~ is conformally flat
if and only if the Gauss curvatures « (g1), k (g2) are both constants with «(g1) = «(¢2). For
this metric, consider the orthonormal frame (E1, E2, E3, E4) defined by:

Ei=(e1,v1+v), Er=JE|=((e2,v2—v1),
Ez=(e1 —ex,v1), Esa=JE3z=(e1+te2 ).
In particular,
—|Ei* = —|E2* = |EsP = |Eal> =1, G(EiEj)=0, Vi#]j.
A brief computation gives
Ric™ (Ey, E1) = Ric™ (E, E2) =k (g1)(x) + 2k (g2)(¥) ,
Ric™ (E3, E3) = Ric™ (E4, E4) = 2k (g1)(x) + k(92)(¥) ,



MINIMAL LAGRANGIAN SURFACES 143

where Ric™ is the Ricci tensor of the metric G™. Then, if R~ denotes the scalar curvature of
G, we have

2
R™ =" (—Ric™(Ex. Ex) + Ric™ (Ez4x. E214))
k=1
3) =20 (gD) () — € (@) () -

If the neutral Kdhler metric G~ is conformally flat, it is also scalar flat [7] and hence,
from (3), the Gauss curvatures x (g1) and k (¢2) are constants with «(g;) = x(g2). Following
the same argument as before, assume the converse, that is, « (g1) = k(¢2) = ¢, where c is a
real constant. Consider the corresponding coframe By = (e, e2, €3, e4) and the Hodge star
operator * : AZ(Z‘ 1 X Xp) > AZ(Z‘ 1 X X»). The Hodge star operator splits the Riemann
curvature operator R : A%(X] x X3) — A%(X] x X,) in the same way as in the Riemannian
case. The Weyl (0, 4)-tensor W is given by:

1 . . . .
Wijk = ng[ — E(—ij Rlcﬁ’ +Gji Rlcicli —Gi Rlcji +Gixk Rlcj(f) )

where ngl = G(RC(E;, E;)E, E;). An orthonormal basis for Ai(Zl X X7), in the neutral
case, is

1
eliz—(el/\ez:l:eg/\m),

V2
j: 1
e, =E(e1/\e3:|:ez/\e4),
j: 1
e :E(el/\e4:|:e2/\e3).

The metric G~ is scalar flat, following [7], and the anti-self-dual part W™ vanishes, since

1/3
W™ =R~ 1/6
1/6

The self-dual part is

Wizi2 + Waaza +2Wioza 2(Wi213 + Wizzs)  2(Wiois + Wigzs)
wt = 2(Wi313 + Wizo4)  2(Wiz1a — Wiz23) |
2(Wi414 — Wia23)

and a brief computation shows that W vanishes. Therefore, the Weyl tensor W vanishes, or
G is locally conformally flat. |

COROLLARY 2.3. Let (X, g) be a Riemannian two manifold. The neutral Kihler met-
ric G of the four dimensional Kdhler manifold ¥ x X is conformally flat if and only if the
metric g is of constant Gaussian curvature.
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3. Surface theory in the 4-manifold > x ;. Let® : S — X x X be a smooth
immersion of a surface S in ¥ x X5, where (X, ¢g1) and (X», ¢») are both Riemannian two
manifolds and let ; be the projections of ¥'; x X» onto X;, i = 1,2. We denote by ¢ and
Y the mappings 71 o @ and my o @, respectively, and we write @ = (¢, V). The rank of a
mapping at a point is the rank of its derivative at that point.

DEFINITION 3.1. The immersion @ = (¢, V) : § — X x X, is said to be of
projected rank zero at a point p € S if either rank(¢(p)) = 0 or rank(y/(p)) = 0. @ is
of projected rank one at p if either rank(¢(p)) = 1 or rank(¥/(p)) = 1. Finally, @ is of
projected rank two at p if rank(¢ (p)) = rank(¥ (p)) = 2.

Note that, since it is an immersion, @ must be of projected rank zero, one or two.

3.1. Projected rank zero case. Let ® = (¢, ¥) be of projected rank zero immersion
in ¥1 x Y. Assuming, without loss of generality, that rank(¢) = 0, the map ¢ is locally
a constant function and the map i is a local diffeomorphism. We now give the following
proposition:

PROPOSITION 3.2. There are no Lagrangian immersions in X1 X Xy of projected rank
zero.

PROOF. If @ = (¢, ¥) : S — X x X were an immersed surface with rank(¢) = 0,
then ¢ : § — X is a local diffeomorphism and thus for any vector fields X, Y on §
P*RYX,Y)=R2°(dP(X),dP(Y))
= 2°((0, dy/ (X)), (0,dy (Y)))
=& w(dy(X),dy(Y))
£0,

where the last line follows from the non-degeneracy of w and the fact that dy is a bundle
isomorphism. ]

3.2. Projected rank one Lagrangian surfaces. We begin by giving the definition of
Cornu spirals in a Riemannian two manifold.

DEFINITION 3.3. Let (X, ¢g) be a Riemannian two manifold. A regular curve y of ¥
is called a Cornu spiral of parameter A if its curvature «,, is a linear function of its arclength
parameter such that k), (s) = As + u, where s is the arclength and A, u are real constants.

A Cornu spiral y in R? of parameter A can be parametrised, up to congruences, by

y(s) = ( / ' cos(At?/2)dt, / ' sin(mz/z)dt> ,
0 0

and they are bounded but have infinite length [4].

Let ® = (¢p,¢) : S — X x X, be of projected rank one immersion in X x X.
Then either ¢ or ¢ is of rank one. The following theorem gives all rank one Hamiltonian
G*®-minimal surfaces:
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THEOREM 3.4. Every projected rank one Lagrangian surface can be locally
parametrised by @ : S — X x Xy 1 (s,1) — (¢(s), ¥ (1)), where ¢ and  are regular
curves on X and the induced metric @*G¢ is flat. In addition, @ is Hamiltonian G®-minimal
if and only if ¢ and  are Cornu spirals of parameters Ly and Ay, respectively, such that

Ap = —EAy .

Moreover, @ is a G°-minimal Lagrangian if and only if both ¢ and  are geodesics, and
every projected rank one G*-minimal Lagrangian surface in X1 x X is totally geodesic.

PROOF. Let® = (¢, ) : S — X1 x X be of projected rank one Lagrangian immer-
sion. Assume, without loss of generality, that ¢ is of rank one. We now prove that v is of
rank one.

Since @ is an immersion of a surface, the map ¥ cannot be of rank zero. Suppose that
¥ is of rank two, i.e., a local diffeomorphism. Thus, @ is locally parametrised by @ : U C
S—> X xX:(s,t) — (¢(s), ¥(s,1)). Hence,

Dy = (9'(5), ¥5)  Pr = (0,¥1).

Since @ is a Lagrangian immersion, we have that wy (¥, ¥;) = 0. The fact that ¢ is a
local diffeomorphism implies that for any non-zero vector field X in X, can be written as
X = ays + by;. Hence, we have that w (5, X) = 0. The nondegeneracy of w, implies that
Y is cannot be a local diffeomorphism, since ¥ = 0. Thus ¢ is also a rank one immersion.

We now have that S is locally parametrised by @ : U C § — X1 x X5 : (s,1) >
(¢ (s), ¥ (), where ¢ and ¢ are regular curves in ¥; and X, respectively. If s, ¢ are the
corresponding arc-length parameters of ¢ and 1, the Frénet equtions give

Dy¢' =kpjd' DLV =kyjy’,
where kg and ky denote the curvatures of ¢ and v, respectively. Moreover, @; = (¢',0) and
®; = (0, v') and thus

Vo, b5 = (Dy¢', 0) = (kg j¢',0), Vo, ®: = (0, Dfmﬁ/) = (0,kyj¥"), Vo, &5 =(0,0).
The first fundamental form ij = G*(0; P, 9;P) is given by
Gss=eGyr =1, Gu=0,

which proves that the immersion @ is flat.
The second fundamental form 4® of @ is completely determined by the following tri-
symmetric tensor
(X, Y,Z) =G (h*(X,Y),JZ)=R2°(X,VyZ).
We then have
h8

sst

= Q2%(P;, Voo, &) =0,  h,, = 2°(Ps, Vo, P;) = 0.
Moreover,

hiss = 2°(®5, Vo, @) = 2°((¢, 0) , (ky jd', 0)) = G*((j'. 0), (kg j¢'. 0)) = kg .
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and similarly, i;,;, = eky,. Denote the mean curvature of @ with respect to the metric G° by

HE. Then

hy G?t + hirtGis — 2h; Git

GE(ZFIg, J&,) = S8 sst =ky.
' G5, G, — (G)? v
and &/ I7E h?stht + hfttGis - 2h§ttG§t
G°QRH®,Jd;) = GGt — (GE )2 =k¢
ss Tt (G1)
Hence

2H® = kyJ Dy + ey J D, .
It is not hard to see that the Lagrangian immersion @ is G®-minimal if and only if the curves
¢ and v are geodesics. Moreover, if @ is a G®-minimal Lagrangian it is totally geodesic,
since the second fundamental form vanishes identically.
Note also that

divé(@y) = —=G*(Vo, Ps, @5) = —G*((kg jd', 0), (¢, 0)) = —g(kg jd', ¢') = 0.

In a similar way, we derive that div®(&;) = 0.

Thus,
—div® (2]1?8) = G*(Vkg, D) + kpdiv® (Dy) + eG* (Vky,, D;) + eky div® (P;)
D D
=—k —ky (1),
s o) Fegk(®
and the theorem follows. O

3.3. Projected rank two Lagrangian surfaces. For the projected rank two case, we
have the following theorem:

THEOREM 3.5. Let (X1, g1) and (X>, ¢») be Riemannian two manifolds and let
(G®, J, 2%) be the canonical Kdihler product structures on X1 x X5 constructed in Section
2. Let k(g1), k(g2) be the Gauss curvatures of g1 and ¢, respectively. Assume that one of the
following holds:
(i) The metrics g1 and g» are both generically non-flat and ex (g1)k (g2) < 0 away
from flat points.
(ii) Only one of the metrics g1 and ¢ is flat while the other is non-flat generically.
Then every G®-minimal Lagrangian surface is of projected rank one.

PROOF. Assume that the G®-minimal Lagrangian immersion @ = (¢, ¥) : § — X1 x
X is of projected rank two. Then by definition the mappings ¢ : § - Xjand ¢ : § — X
are both local diffeomorphisms. The Lagrangian assumption @*£2¢ = 0 yields

4) P*wr = —eYrwy .
Take an orthonormal frame (e, e3) of ®*G?* such that,
G (d®(e1), dP(e1)) = eGE(dP(e2),dP(e2)) =1, G (dP(ey),dP(er)) =0.

The Lagrangian condition implies that the frame (d® (e1), dD (e2), JdP (e1), JdP(e2)) is or-
thonormal. Let (s1, s2) and (v1, v2) be oriented orthonormal frames of (X, ¢1) and (X2, ¢),
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respectively, such that jis1 = s2 and jov; = vp. Then there exist smooth functions A1, A2, i1,
upon Xy and Ay, Ao, L1, ftp on X such that

de(er) = 15y + r2sa  dp(ex) = pis1 + sz,
dyr(er) = A1 + Aava  d¥(ez) = fi1v) + jlavy -
Hence
p*wi(er, e2) = Apa — dapr,  Yranler, e2) = Aijia — Aafis .
Using the Lagrangian condition (4), we have
Ouapz — o)) (@(p) = —e(hijiz — M) (Y (p)), VpeS.
Moreover, the assumption that @ is of projected rank two, implies that Ajuy — Ay # 0 for
every p € S.
For the mean curvature vector H¢ of the immersion @, consider the one form ag« defined
by age = G(J HE, -). It is known from [8] that since @ is Lagrangian
(5) dape = &*p°,
where o is the Ricci form of G*. Since @ is a G®-minimal Lagrangian immersion @*p®
vanishes and thus
0=p"(dP(e1), dP(e2))
=Ric’(dP(er), JdP(er))
=e¢G*(R(dPey,dDer)JdPey, dDer) + GE(R(dDPey,dDer)JdDey, dDey)
=cegi(Ri(dper, dper) jidper, dper) + g (Ra(dVer, drer) jpdrer, drer)
+g1(Ri(dper, dpes) jidper, dper) + egp(Ra(der, dyer)Jdyrer, dyer)
= (0 + 23+ e(u] + 1)) (wir2 — paric(g1)
+(A] 23 + £} + 19) (ke — ok (g2)
=e(uirz — oA (AT + 43 + e(u + 13))k(g1) — (A + 23 + e (] + 13))k (92))]
which finally gives,

(6) (A + 23 +e(ui +ud)x(g) = (A + 13 + e(@i] + 13))x (g2) -
The condition G*(d® (e1), d® (ez)) = 0 yields
@) Mur +Aops = —e(Aifin + A2fi2) .
Now, using (4) and (7), we have
(®) (A + 2 (] + 13) = OF + A (] + 33) -
From Gé(d®(e1),d®(e1)) = eG(dD(er), dP(er)) = 1 we obtain
©) M+ +e0i+1) =eui+ud) +iaf+a3=1.

Seta := A2+ 13, b= p? + 3, a = x3 + 13, b := i} + ji3. The relations (7), (8) and
(9) give

ab=ab, a+ca=cb+b=1.
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Thusa = —ea + 1 and b = ¢ — &b, and from ab = ab we have that a + ¢b = . Moreover,
Gd=¢—caandb = 1—gb, and again from ab = ab we have a + b = 1. Hence, relation
(6) becomes

k(g (@ (p)) = ex(g2) (¥ (p)), forevery pe S,

which implies that the metrics g; and g» can satisfy neither condition (i) nor condition (ii) of
the statement. O

The following corollaries follow:

COROLLARY 3.6. Every Gt-minimal Lagrangian surface immersed in S* x H? is, up
to isometry, the cylinder S' x R. Moreover, every G®-minimal Lagrangian surface immersed
in R? x H? (R? x S?) is of projected rank one and thus it is y| X y», where v\ is a straight
line in R? and y; is a geodesic in H? (y; is a geodesic in S?), respectively.

COROLLARY 3.7. Let (X, g) be a Riemannian two manifold such that the metric g
is non-flat. Then every G~ -minimal Lagrangian surface immersed in X x X is of projected
rank one and consequently the product of two geodesics of (X, g).

4. The Hamiltonian stability of minimal Lagrangian surfaces. The Hamiltonian
stability of a Hamiltonian minimal surface S in a pseudo-Riemannian manifold (M, G)
is given by the monotonicity of the second variation formula of the volume V (S) under
Hamiltonian deformations (see [14] and [5]). For a smooth compactly supported function
u € C2°(S) the second variation 82V (S)(X) formula in the direction of the Hamiltonian
vector field X = JVu is:

S2V(S)(X) = f ((Au)* — RicS(Vu, Vu) — 2G (h(Vu, Vu),nH) + G*(nH, JVu))dV ,
N

where / is the second fundamental form of S, RicC is the Ricci curvature tensor of the metric
G, and A with V denote the Laplacian and gradient, respectively, with respect to the metric G
induced on S. For the Hamiltonian stability of projected rank one Hamiltonian G®-minimal
surfaces we give the following theorem:

THEOREM 4.1. Let ® = (¢, V) be of projected rank one Hamiltonian G¢-minimal
immersion in (X1 x X», G?) such that k(g1) < —2k¢2) and k(g) < —Zki along the curves
¢ and  respectively. Then @ is a local minimizer of the volume in its Hamiltonian isotopy
class.

PROOF. Let ® = (¢, V) : S — X x X, be of projected rank one Hamiltonian G®-
minimal immersion and let (s, t) be the corresponded arclengths of ¢ and y, respectively.
Then (¢s, j1¢s) is an oriented orthonormal frame of (X, ¢g1) and (¢, joy;) is an oriented
orthonormal frame of (X7, ¢»). Therefore,

Ric® (@, ®y) = eG*(R(P;, P5) Py, D) + G*(R(J Dy, D) D5, J D)
+eGS(R(JD;, D) Dy, JD;)
=G (R(J D5, @5) Py, J Dy)
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=G ((R1(j19s. ¢s)bs. Ro(oVs, ¥s)¥s), (is. j2¥s))
=G ((R1(j1s, #5)9s, 0), (j15, 0))
= g1 (R1(j19s, Ps)bs. j1os)
=«(g1).
Moreover, a similar computation gives
Ric®(®;, &) =« (g) and Ric®(Ps, &;) =0.
Then, for every u(s, t) € C2°(S), we have
Ric® (Vu, Vi) = k(g1)u? + k (g)u? .
Furthermore,
G* (h* (Vu, Vu), 2H®) = u?k} + u?k},
and R
G*(QH®, JVu) = usky + cusky .
The second variation formula for the volume functional with respect to the Hamiltonian

vector field X = JVu becomes

S2V(S)(X) = /(Agu)2 — Ric®(Vu, Vi) — 2G5 (h® (Vu, Vu), 2H®) + GE(QHE, JVu)?
S
= /(“ss + eug)? — ulic(g1) — ul(q) — (usky — eurky)?
S

- /S (tss + £r)? + 12—k (g1) — K2) + U2~k (g2) — K3) + 2eusurkghy

Assuming that x(g1) < _2k¢2> and k() < —2k5/ along the curves ¢ and v, respectively, we
conclude that the second variation formula is nonnegative. O

Every minimal Lagrangian surface in a pseudo-Kéhler 4-manifold is unstable [2]. The
following corollary explores the Hamiltonian stability of G ~-minimal Lagrangian surfaces in
X1 X Yo

COROLLARY 4.2. Let (X1, g1) and (X3, go) be Riemannian two manifolds such that
their Gauss curvatures k(g1) and k(gy) are both negative. Then every G~ -minimal La-
grangian surface is a local minimizer of the volume in its Hamiltonian isotopy class.

PROOF. From Theorem 3.5 every G~ -minimal Lagrangian immersion must be of pro-
jected rank one and thus it is parametrised by @ = (¢, ¥) : § — X x X, where ¢ = ¢ (s)
and ¢ = 1 (¢), where s, ¢t are arclengths. Assuming that «(g1), Kk (¢2) are both negative, we
have that:

K(g)(8) < =2k5() =0, k(@)(1) < —2ky (1) =0,
and from Theorem 4.1 the G~ -minimal Lagrangian immersion @ is stable under Hamiltonian
deformations. o

We also have the next corollary:
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COROLLARY 4.3. Let (X, g) be a Riemannian two manifold of negative Gaussian cur-
vature. Then every G~ -minimal Lagrangian surface immersed in X x X is a local minimizer
of the volume in its Hamiltonian isotopy class.

EXAMPLE 1. Itis easy to see that if (¥, ¢) is a Riemannian two manifold of constant
Gauss curvature ¢ # 0, then every G~ -minimal Lagrangian surface immersed in X' x X is a
local minimizer of the volume in its Hamiltonian isotopy class if and only if ¢ < 0.

EXAMPLE 2. Let L(S?) and LT(AdS?) be the spaces of oriented closed geodesics
in the three sphere and anti-De Sitter 3-space, respectively. Then L(S? = S? x S? and
LT (AdS?) = H? x H? (see [1] and [3]). The previous example generalises a result obtained
in [5] which states that every minimal Lagrangian surface in the space of closed oriented
geodesics L(S?) is Hamiltonian unstable and every Lagrangian minimal surface in LT (Ad S?)
is Hamiltonian stable.

The following proposition investigates the Hamiltonian stability of G*-minimal La-
grangian surfaces:

PROPOSITION 4.4. Let (X1, g1) and (X>, ¢») be Riemannian two manifolds with
Gaussian curvatures satisfying

c1 < k(@)X =C1, ca=lk(@WI=C, and «k(g)X)k(g)(y) <0,

for every pair (x,y) € X1 x X, and for some positive constants c1, ¢z, C1, C2. Then, every
G -minimal Lagrangian surface is Hamiltonian unstable and hence G -unstable.

PROOF. Consider again a Lagrangian minimal immersion @ = (¢, ¢¥) : § — X x 2.
From Theorem 3.5, we have that ¢ = ¢(s) and ¥ = ¥ (¢) are geodesics of X and X,
respectively, with (s, #) chosen to be the corresponding arc-lengths. Then (¢, j1¢s) is an
oriented orthonormal frame of (X, g1) and (¥, jov;) is an oriented orthonormal frame of
(X2, g92). A computation similar to that in Theorem 4.1 gives

R1C+(®S‘a ®€) = K(gl) 9 Ric+(¢ta ®t) = K(!]Z) 9 R1C+(®S‘a ®l‘) = 0 )

and the second variation formula for the volume of S in the direction of the Hamiltonian
vector field X = JVu is

PV = [ (=0 = (i = )V
Assume that k(g1) < 0. Then, «(¢g2) > 0 and
82V (8)(X) > /S ((ss — up)* = Crui + cou7)dv .
Thus, for the quadratic functional
O1(u) := /s —Cru? + cou?,

there exists u' € C2°(S) such that Q;(u') > 0. Therefore, 82V (S)(JVu') > 0.
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On the other hand, for every u € C2°(S)
S2V(S)(JVu) < /S ((uss + wr)* — cru? + Cou?)dV .
Then, for the quadratic functional
02(u) == /S —ciui + Couf

there exists u2 € C 2°(S) such that Qg(uz) < 0. An argument similar to that in the proof of
Theorem 3 of [5] establishes the existence of u> € C 2°(S) such that

fs (w3, +ui)? — c1)? + C2(u)?)dV <0,

which implies that 2V (S)(J Vu?) < 0. Therefore the second variation formula for the vol-
ume of S under Hamiltonian deformations is indefinite. O
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