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CONTACT PROPERTIES OF SURFACES IN R?
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Abstract. We study the geometry of surfaces in R3 with corank 1 singularities. At a
singular point we define the curvature parabola using the first and second fundamental forms
of the surface, which contains all the local second order geometrical information about the
surface. The curvature parabola is used to introduce the concepts of asymptotic directions
and umbilic curvature, which are related to contact properties of the surface with planes and
spheres.

Introduction. The aim of this paper is to introduce a new tool for the study of the
differential geometry of second order of surfaces in Euclidean 3-space with corank 1 singu-
larities: the curvature parabola. 1t induces the definitions of the asymptotic directions and of
the umbilic curvature function on the singular set of the surface. With these tools we recover
some of the results in [4, 13, 16] and obtain some other geometrical properties of the surface.

Surfaces in R> are often defined explicitly as the image of a smooth mapping f : U —
R3, possibly with singularities, where U is an open subset of R?. Two map germs f, g :
(R?,g) — (R3, p) are said to be A-equivalent, denoted by f ~ g,if g = ¢ o f o y~! for
some germs of diffeomorphisms i and ¢ of the source and target, respectively. D. Mond gave
in [11] a list of normal forms of germs of surfaces under the 4-equivalence. If we consider
surfaces in the same A-orbit, clearly these surfaces have diffeomorphic image but may not
have the same local differential geometry. So, if we are interested in the study of the geometry
of the image, and no merely in its diffeomorphism type, we can not take a normal form given
in [11] as a parametrisation for the surface.

The Whitney umbrella (which is also known as cross-cap) is a singular surface im-
age of any map germ g : (R?,0) — (R3,0) which is .A-equivalent to the normal form
flx,y) = (x, y2, xy) given in [11]. The geometry of the Whitney umbrella was carried out,
for instance, in [3, 4, 5, 6,7, 8, 12, 13, 15, 16]. It is shown in [3] that there are generically two
types of Whitney umbrellas, one labeled hyperbolic Whitney umbrella where all non-singular
points of the immersed surface are hyperbolic, and the other labeled elliptic Whitney umbrella
where the parabolic set consists of two smooth curves meeting tangentially at the singularity
and partitions the surface into hyperbolic and elliptic regions. The passage from one type to
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another is realized at a parabolic Whitney umbrella whose parabolic set has a cusp. This clas-
sification turned out to be very useful when seeking to understand the projections of smooth
two dimensional surfaces in R* to 3-spaces and to obtain geometric information about the
surface (see [12]).

The differential geometry of Whitney umbrellas is also investigated in [4, 5], where
the authors obtain several criteria of the singularity types of fronts of Whitney umbrellas in
terms of differential geometric language. They also study singularities of the distance squared
function and the height function at Whitney umbrella, and investigate the focal set of Whitney
umbrellas.

In [13] the authors study the flat geometry and the singularities of the parabolic set in
the source as well as those of the height functions on surfaces parametrised by map-germs
A-equivalent to one of the normal forms given in [11]. More specifically, they consider the
contact of theses surfaces with planes and then they apply their results to the flat geometry of
surfaces in R*.

Let M C R3 be a surface with corank 1 s1ngular1tles non necessarily isolated). This
means that M is the image of a smooth map g : M — R3 from a smooth regular surface M
whose differential has rank > 1 at any point. Hence, the tangent space T, M at a singularity
p degenerates to a line and so there is a plane N, M of directions orthogonal to 7, M. In
Section 1 we consider the first and second fundamental forms of M at p and, using them,
we define the curvature parabola A, as a subset of N, M (see Definition 1.2). The curvature
parabola is in fact a parabola, which can degenerate in a half-line, line or a point. It is worth
observing that the definitions of the fundamental forms do not depend on the choice of local
coordinates on M and so neither the curvature parabola (although they may depend on the
map g which parametrises M, see Example 1.3). The curvature parabola already apperared at
Whitney umbrella as the focal conic in [4].

D. Mond gives in [11] a partition in four orbits of the set of all corank 1 map germs f :
(R?,0) — (R3, 0) according to their 2-jets under the action of A2, which is the space of 2-jets
of diffeomorphisms in the source and target (see Proposition 1.4). We show that the curvature
parabola can be easily used to distinguish between the four types of corank 1 singularities just
by looking at the type of degeneracy of the parabola (Theorem 1.5). Furthermore, we show
that two corank one 2-jets (R2, 0) — (RR3, 0) are equivalent under the action of the subgroup
R? x O(3) of 2-jets of diffeomorphisms in the source and linear isometries of R? if and
only if there exists an isometry between the normal planes preserving the respective curvature
parabolas (Theorem 1.7). In this sense we claim that the curvature parabola contains all the
local second order geometrical information about the surface.

In Section 2 we look at the geometry of the surface M at a singular point p by means of
the analysis of the singularities of the height and the distance-squared functions on the surface.
The second order invariants are given in terms of the curvature parabola and its position with
relation to the origin in the normal plane of the surface at p. Using the curvature parabola we
define the asymptrotic directions of M at p, the binormal directions in N, M and the osculating
planes, which are those with a degenerate contact with M at p. Moreover, if the singularity
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p is a Whitney umbrella, then the asymptotic directions coincide with the limiting tangent
directions at p of the parabolic set. When the singularity is not a Whitney umbrella, we also
use the curvature parabola to introduce the concept of umbilic curvature k,(p) of M at p.
Geometrically, k, (p) either is the distance between p and the line containing A, when the
curvature parabola is a half-line or a line, or «, (p) is the distance between p and A,, when
it is a point.

The umbilic curvature «, (p) turns out to be an important invariant: if «,(p) # 0, then
1/k,(p) is the radius of the unique sphere with umbilical contact (that is, contact of type X22
in Thom-Boardman terminology) with M at p and, if «,(p) = 0, then there is a plane with
umbilical contact with M at p (see Theorems 2.11 and 2.15). As an immediate consequence,
the singular point is a non-flat 2-rounding of M or a 2-flattening of M respectively, according
with the definitions given in [6] (Corollary 2.17).

Our definition of umbilic curvature «,(p) generalizes the concept of limiting normal
curvature defined in [14] for cuspidal edges to corank 1 singularities. This fact follows from
the results of the first named author and K. Saji in [9]. In fact, they show that

K= K,f + Ks2 ,

where « is the curvature of the singular curve of the cuspidal edge and «; is the singular
curvature in the sense of [14]. This equality can be seen as a singular counterpart of the well
known relation k2 = K,% + /c; , between the normal and the geodesic curvatures k;, and kg
respectively, in the case of a regular surface. Thanks are due to Saji, Umehara and Yamada
for pointing out the coincidence between our umbilic curvature and the normal curvature of
cuspidal edges which appears in [14].

1. The second fundamental form at a corank 1 singularity. Given a smooth regular
surface M in R3 parametrised by f(x,y), where (x, y) is the usual Cartesian coordinate
system of R, consider the Gauss mapN : M — 52 givenby N = (fx x i)/l fx < fyll. At
apoint p € M, the map —dN(p) : T,M — TN(,,)S2 can be thought of as an automorphism
of T, M, which is the classical shape operator S, or S by simplicity. The first fundamental
form I, : T,M x T,M — R is defined as I,(u, v) = (u, v), where {, ) is the Euclidean
metric in T, M induced by that of R3. The coefficients of / p are given by

E(p) = (fo. [x) (@), F(p)={fe. /)@, Gp)={fs. fy) @),
where f(g) = p. The second fundamental form 71, : TyM x TyM — Ris I1,(u,v) =
(S(u), v), whose coefficients are given by

I(p) = (S(fx), fx) = (N, fax) = det(fyx, fyv Sfax) /VEG — F2,
m(p) = (S(fo). fy) = (N, fry) = det(fe. fy, fxy) /VEG = F?,
n(p) = (S(H), ) = (N, fis) = det(fs, fy, fr3) | VEG — F?
with derivatives calculated at g.
In the case of surfaces with singularities, we run into a problem as there is no a well
defined normal vector to the surface at singular points.
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Let M C R be a surface with a singularity of corank 1 at p € M. We assume that M is
the image of a C> map g : M — R3, where M is a smooth regular surface and g € Mis a
singular point of g of corank 1 such that g(¢) = p. Given a coordinate system ¢ : U — R?
defined on some open neighbourhood U of ¢ in M, we say that f = go ¢!
parametrisation of M at p.

We define the tangent line to M at p as T,M = Imdg(q), where dg(q) : T,,ZVI — TPIR3
is the differential of g at g. We also have the normal plane N, M at p, in such a way that
T, R3 = T,M @ N,M and we denote the corresponding orthogonal projections by:

T:T,R — T,M 1:T,R> — N,M

w—>wT w—)u)J‘

is a local

The Euclidean metric of R3 induces the first fundamental form I : T, ,11\71 X qul7[ — Rin
the obvious way:

[(X,Y) ={dg(q)(X),dg()(Y)), VX, YeT,M.

However, [ is not a Riemannian metric on TqZVI , but a pseudometric. Taking a local para-
metrisation f = g o ¢! of M at p, since {9, dy} provides a basis of T; M, the coefficients
of the first fundamental form with respect to ¢ are:

E(q) =10y, 90) = (fx, fx) (@(@), F(q) =13, dy) = (fx. fy) (@),
G(q) = 1(dy, dy) = (fy. fy) @(@)).
Notice that if X = ad, + bdy then I (X, X) = a’E(q) + 2abF(q) + bZG(q)

Now we define the second fundamental form 11 : T, M x 1y M — NyM of M at p.
Given local coordinates of M at p as before, we define

110, 80) = fx(9(q)), 110y, 0y) = fi5(d(@)), 11y, 9y) = f15(d(q)),
and we extend /1] to T, ,11\71 x T, ,11\71 in a unique way as a symmetric bilinear map. Notice that
if X = ad, + by then I1(X, X) = a® f(d(q)) + 2abf(#(q)) + b* f35(d(q)).

LEMMA 1.1. The definition of the second fundamental form does not depend on the
choice of local coordinates on M.

PROOF. Let ¢ be another coordinate system of M at g with coordinates u, v and let us
— —1
denote f = go¢ . We have

?u = fuXu + fy)’us ?u = faxy + fy)’v-
Now we compute the second order derivatives:
Tuu SxXuu + fy)’uu + fxxx + 2fxyxuyu + fyvyu,
f = frXuy + fy)’uv + foxXuXy + fxv(xu)’v + xvyu) + fvy)’u)’v,
fvv Sxxvw + fyyvw + fxxx + 2fxyxvyv + fvyyu

Finally, we take the orthogonal projection to N, M

—1
fuu = XJ)_C‘XI% + 2fxy‘xuyu + fyyyu5

—1
Fuv = Fxuxo + o5, Guyo + xoyu) + fo5Yudvs
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—1
fow= ij}xg +2ij)_/xvyv + va)_/yg

=1 =1 —1 . .
We see that £, frys froy and f15, f)}y, f Ly are related by the equations of basis change
in a symmetric bilinear map with respect to the matrix

G %)

Yu Yv '

But this is the matrix of basis change from {0y, dy} to {9, 9y} in T}, M. Hence, both coordinate
systems define the same symmetric bilinear map. O

For each normal vector v € N, M, we can consider the form /1, : Tq]\~4 X Tq]\~4 —- R
which we shall call the second fundamental form of M at p along v, given by

I1,(X,Y) = (II(X,Y),v) .

The coefficients of /1, in terms of local coordinates (x, y) are:
L(@) = (fiz: ) @@),  mu@) =(f5)@@), @) ={fi5)@@).

Given X = ad, + bdy then it holds that 11, (X, X) = a’l,(q) + 2abm,(q) + b>n,(q)
and, if we fix an orthonormal frame {v1, v2} of N, M then

II(X,X) = 1L, (X,X)v +11,(X,X) 1

1.1
ad.D = (azlvl + 2abm,, + bznvl) v + (azl,)2 + 2abm,, + bzn,)2) v,

with the above coefficients calculated at ¢. Furthermore, the second fundamental form can be
represented by the following matrix of coefficients:

(lv1 My, Ny, )

Ly, my, ny)’

We should remark that this matrix of coefficients will depend on the choices of coordinates
on M and of the orthonormal frame of N, M, although the second fundamental form does not

depend.
1.1. The curvature parabola.

DEFRINITION 1.2. Let C; be the subset of unit vectors of T,,ZVI and let n, : Cy —
N, M be the map given by n,(X) = 11(X, X). We define the curvature parabola of M at p,
which we shall denote by A, as the image of this map, thatis, A, = n,(Cy).

It is worth observing that A, = {I1(X, X); I(X, )2 = 1} and that it follows from
Lemma 1.1 that the above definition does not depend on the choice of the local coordinates
on M.

EXAMPLE 1.3. Let M be the surface image of M = R? by the map g(x,y) =
(x, y%, xy). So M is the Whitney umbrella surface given in Figure 1.3.

Taking coordinates (#, v, w) in R3 and ¢ = p = 0 then the tangent line TyMto M atp
is the u-axis and so, the normal plane N, M is the vw-plane. Then, for any X = ad, + b9y €
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FIGURE 1. The Whitney umbrella surface of Example 1.3.

T,M,itholdsthat: E = 1,F = G = 0, I(X, X) = a®and I (X, X) = (0, 2b%, 2ab). There-
fore C; = {(£1,y); y € R} and the curvature parabola A, is a non-degenerate parabola
which can be parametrised by 1(y) = (0, 2y2, 2y).

Other interesting examples are the following:

(1) The cuspidal edge is the surface M given by the image of g(x, y) = (x, y%, y?)
and it holds that A, is the half-line parametrised by n(y) = (0, 2y2,0), for all
p = (x,0,0) withx € R.

(2) We can consider now the surface parametrized by g(x, y) = (x, (y3 + x)2, (y3 +
x)3), whose image set is in fact the same cuspidal edge of the above example. Then
for p = 0 we have that A, is just the point {(0, 2, 0)}. Thus, although A, does
not depend on the choice of local coordinates in M, it depends on the map ¢g which
parametrises M.

(3) The swallowtail is the surface M defined as the image of g(x,y) = (x,2xy +
4y3,3y* 4 xy?). Then p = 0 is a corank 1 singularity of M and it is easy to check
that n(y) = (0, 4y, 0) is a parametrisation for A, which is a line in N, M through
the origin.

In general, since g has corank 1 at g, we can choose the coordinate system ¢ and make
rotations in R? in such a way that f(x,y) = go o (x,y) = (x, fo(x, ), f3(x,y)), with
(fi)x = (fi)y =0at¢(q), fori =2, 3. In that case, we get E = 1 and F = G = 0. With
these coordinates, given X € C; and writing X = x0yx + yd,, since x2E(q) + 2xyF(q) +
y2G(q) = 1, then we have x = +1. Hence, fixing an orthonormal frame {vi, v2} of N, M
and using (1.1), it holds that

(1.2) 1) = oy +2my,y + Y vi + Ly + 20,y + 10,y 12
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is a parametrisation for A, in the normal plane. In particular, we deduce that A, is a parabola
in N, M, which can degenerate.

We recall the following result due to Mond [11], which gives a partition of all corank 1
map germs f : (R?,0) — (R3, 0) according to its 2-jet under the action of A2, which denotes
the space of 2-jets of diffeomorphisms in the source and target. We will denote by J2(2, 3)
the space of 2-jets j2 £ (0) of map germs f : (R?,0) — (R3,0) and by X! J2(2, 3) the subset
of 2-jets of corank 1.

PROPOSITION 1.4 (Classification of 2-jets,[11]). There exist four orbits inx1J72(2,3)
under the action of A2, which are

(x,y%,xy),  (x6,9%,0),  (x,xy,0), (x,0,0).

We should remark that j2 £(0) has type (x, y?, xy) if and only if the germ f is A-
equivalent to the Whitney umbrella, since it is 2-determined with respect to the .A-classifica-
tion.

In the next theorem, we show that the curvature parabola can be easily used to distinguish
between the four types of corank 1 singularities, just by looking at the type of degeneracy of
the parabola.

THEOREM 1.5. Let M C R3 be a surface with a singularity of corank 1 at p € M. We
assume for simplicity that p is the origin of R> and denote by j* f (0) be the 2-jet of a local
parametrisation f : (R?,0) — (R3,0) of M. Then the following holds:

(a) A is a non-degenerate parabola if and only if j2£(0) ~ (x, y%, xy);

(b) A, is a half-line if and only if j? £ (0) ~ (x, y*, 0);

(¢) A is aline if and only if j2£(0) ~ (x, xy, 0);

(d) A, is a point if and only if j2£(0) ~ (x,0,0).

PROOF. Without loss of generality we can assume that
2 1 2 N 2 2
JFO) = { x. S(a20x” + 2a11xy + aooy”), 5 (b20x” + 2bnixy + boay”) ) -

We denote the standard basis of R3 by {e1, e2, e3}. So, T, M is generated by e; and {e, e3}
gives an orthonormal frame of N, M. Then, the matrix of coefficients of the second funda-
mental form with respect to these coordinates is

(azo an aoz)
by b bo)’

According to [11], the classification of j2 f(0) follows from the analysis of the coeffi-
cients agz, bo2, a1, bi1:

(@) j2f(©0) ~ (x,y* xy) if and only if a11bo2 — aoab11 # 0;

(b) j>f(0) ~ (x, y*, 0) if and only if @11bo2 — ag2b11 = 0 and a}, + b}, > 0;

(©) j2£(0) ~ (x,xy,0) if and only if agy = bp> = 0 and a?, + b}, > 0;
(d) j2f(0) ~ (x,0,0)if and only if agz = boz = a11 = b1y = 0.
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On the other hand, according to (1.2), the curvature parabola A, is parametrised by

(1.3) n(y) = (0, azo + 2a11y + anay?, bao + 2b11y + boay?) .
We have that

2a11 + 2ap2y  2am

=4 _ )
2b11 + 2boay  2bga (ai1boz — ao2bi1)

det(er, n'(y),n"(y)) =

Thus, the parabola is degenerate if and only if aj1bp2 — apeb11 = 0, which gives (a).
The remaining cases (b), (c) and (d) follow immediately from the parametrisation of the
parabola. O

We denote by R? the group of 2-jets of diffeomorphisms from (R?, 0) to (R?, 0) and by
O(3) the group of linear isometries of R3. Then, R? x O(3) is a subgroup of .A> which also
actson X1J 2(2, 3), the subspace of 2-jets of corank 1.

We shall show that 2-jets of corank 1 map germs (R2,0) — (R3,0) are equivalent under
the action R? x O(3) if and only if there exists an isometry preserving the respective curvature
parabolas. For the proof of this, we first find “good parametrisations” for corank 1 surfaces in
RR3 (that is, parametrisations obtained with changes of coordinates at source and target which
preserve the geometry of the image) according to the classification given in Proposition 1.4.
The Whitney umbrella case is done in [4, 16] and we include here for completeness. Recall
that M» denotes the maximal ideal in the local ring of smooth function germs (R?, 0) — R.
Hence, foreach k > 1, M’; is the ideal of functions whose (k — 1)-jet is zero.

PROPOSITION 1.6. Let f : (RZ,0) — (R3,0) be a corank 1 map germ. Then after
using smooth changes of coordinates in the source and isometries in the target, we can reduce
f to the form

(14) (x,y) = (x, ax’+bxy+cy’ + plx,y), xy+4(x, ),
if ;2 F(0) ~ (x, y%, xy), or

(15) (x,y) = (x,ax’ +y> +plx,y), dx* +q(x,y),
if 2 £(0) ~ (x, %, 0), 0r

(1.6) (x,y) = (x, xy+px,y), dx>+q(x,y),

if j2f(0) ~ (x,xy,0), 0r

(1.7) (@, y) = (@, p,y), dx*+q(x.y),

iszf(()) ~ (x,0,0), where a, b, c, d are constants,c > 0, and p,q € ./\/l%

PROOF. Since f has rank 1 at the origin then there exist a rotation in (R3,0) and a
diffeomorphism in (RZ, 0) that transform j2 f(0) into

(x, a0 x> +ay xy +apn y?, bax> + b1 xy +boa y?).
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Now we use conditions given in the proof of Theorem 1.5 for each case of j2 f(0). For
the case in that j2f(0) ~ (x, y2, xy), see [4], Proposition 2.1.

Suppose then that j2f(0) ~ (x,y2,0). So we can take apy # 0. Then a change of
coordinates in the variable y (making y = —(a11/2a02)x + y") transforms j2 f (0) into

(x, aby x4 ap y?, bhy x> 4 b, xy + by y?).

From the hypothesis that f is not a Whitney umbrella we have that ag b}, = 0, what implies
that b/11 = 0. Next, considering coordinates (u, v, w) in R3, we choose a rotation in (R3, 0)
through the angle 6 = arctan (1762 /ag) about the u-axis what transforms j2 £ (0) into

~ 2~ 2 5 9
(x, a0 x” +ap2y”, box”),

where dp = cos6((agr)?* + (b(’)2)2) Jaoz # 0. Finally, with a change in the variable y (and
an isometry in the target if necessary), we can make dgy = 1, getting (1.5).

If j2£(0) ~ (x,xy,0) then j2f(0) ~ (x, axx* + a1 xy, b x* + b1 xy), and we
can suppose that a1 # 0. So, with an analogous way that was done before, we get (1.6).

If j2£(0) ~ (x,0,0) then j2£(0) ~ (x, axg x>, bagx?), and just with isometries in the
target we get (1.7). ]

Now we give the main result of this section, which tell us that the curvature parabola
contains all the second order information of the surface M, i.e., we shall show that the geom-
etry of second order of a surface at a singular point p is given by the curvature parabola and
its position with relation to the origin in the normal plane of the surface at p.

THEOREM 1.7. Let My, My C R> be two surfaces with a corank 1 singularity at
points py € M; and py € M, parametrised by f and g, respectively. The
2-jets j2£(0), j2g(0) € X1J%(2,3) are equivalent under the action of R> x O(3) if and
only if there is a linear isometry ¢ : Np, M1 — Ny, Mp such that ¢ (Ap, (M1)) = Ap,(M>3).

PROOF. Assume that j2 £(0), j2¢(0) have both A%-type (x, y2, xy). Then, by Proposi-
tion 1.6, they can be reduced to the form:

JEF0) = (x, ax® + 2bxy + ¢y, xy),  j2g(0) = (x,ax* + 2bxy +cy%, xy),

with ¢, ¢ > 0. We denote the coordinates in R3 by (u, v, w). Then the normal planes N, M1,
N, M> are both equal to the vw-plane and the curvature parabolas A, (M1), Ap,(M>) are
both non-degenerate and are given respectively by v = a+2bw+cw? and v = a+2bw+zw?.

Suppose there is (¥, ¢) € R? x O(3) such that ¢ o j2f(0) o ¥ = j>¢(0). Since
Jj 2 f@0),j 2 g(0) are both homogeneous we can assume that ¥ is also a linear map. We denote
the matrices of i and ¢ respectively as

ail a2z a3
P=<p q)’ A=\|axn axn ax|,
ros

asp  asz dass

where det P # 0 and AA" = I.
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By comparing coefficients in ¥ o j2 £(0) o ¢ and j2g(0) we get the following system of
equations:

anp=1, aup=0, a3ip=0, ang=0, ayg=0, a3g=0,
aayp® + ai3rp + apbrp + aper? =0,

aanp® + axrp + anbrp + ancr* =a,

aaxp® + azsrp + anbrp + ancr’ =0,

2aai2pq + a13rq + ainbrq + aizps + a12bps + 2ajcrs =0,

2aax pq + ax3rq + anbrq + a3 ps + axnbps + 2axcrs = b,

2aaszypq + aszsrq + asybrq + azzps + azabps + 2azpcers =1,

aang’® + a135q + anbsq + apes® =0,

aanqg® + axysq + anbsq + apcs® =¢,

aa32q2 + azzsq + azbsq + a3zcs2 =0.

From the analysis of this system we deduce easily that p,s # 0, g =r = 0, ai1,a33 # 0,
ayy > 0,and ax1 = a31 = ajp = azx = a3 = 0. Hence the system reduces to:

anp=1, aazzpzzﬁ, a23ps—|—a22bps+2azzcrs=5, ayps =1, azzcszzE.

Now the fact that AA" = [ implies a3 = 0, a11 = £1, axp = 1 and a33 = +1. Thus, there
are only four possible solutions to the system:

() p=s=1,a11 =a33 = land (@, b,¢) = (a, b, ¢);

Q) p=1,s=—1,a11 =1,a33 = —1and (@, b, ¢) = (a, —b, ¢);

3) p=—-1,s=1,a11 =a33 =—1and (@, b,¢) = (a, —b, c);

@) p=s=—1l,a11=—1,a33=1and @, b,¢) = (a,b,c).
In any case, we conclude that ¢ preserves the vw-plane and that ¢ (A, (M1)) = Ap,(M>3).

For the converse, suppose that there is a linear isometry ¢ in the vw-plane such that
¢ (Ap, (M) = Ap,(M2). We denote now by A the matrix of ¢. By comparing coefficients
in the equations of the parabolas and using similar arguments, we find there are only two
possibilities:

1) A= ((1) (1) )and (@, b,¢) = (a,b,c);

) A= ((1) _01 )and @, b,¢) = (a,—b, ).

Hence, we extend ¢ to a linear isometry of R3 in the obvious way, so that ¢o j2 £ (0) = j>g(0).
The remaining cases where the 2-jets have type (x, y2, 0), (x,xy,0) or (x,0,0) are
treated in a similar way. Details are left to the reader. O

2. Second order contact properties. An usual approach of getting information about
the geometry of smooth surfaces is to analyse their generic contacts with planes and spheres.
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Such contacts are measured by composing the implicit equation of the plane or sphere with
the parametrisation of the surface, and seeing what types of singularities arise.

Given a local parametrisation f : U C R2 — R3 of a surface M in R3, let hy and dy be
the height and distance-squared functions, which are defined on M by hy(x, y) = (v, f(x, y))
and dy(x,y) = lu— f(x, y)|2, respectively, where v, u € R3 with v a unit vector. Then, for
contact with a plane (resp. sphere), it is enough to study the singularities of the height function
hy, with v an orthogonal vector to the plane (resp. of the distance-squared function dy, with u
being the centre of the sphere), and we label the contact with the type of this singularity.

Recall that the A, and D,, singularities are singularities (R%,0) — (R, 0) that are R-
equivalent to:

A,j,: S y) > X2y n> 1,

Dni : (x,y)n—>x2y:|:y"_1 n>4.
For regular surfaces the following result is well known.

PROPOSITION 2.1 ([1,2]). Suppose that M is a generic smooth surface in R>. The
height function hy can only have singularities of types Ap, n = 1,2, 3. The distance squared
function dy can only have singularities of types Ay, n = 1,2, 3,4 and Da.

We shall now deal with similar approach for corank 1 surfaces in R>. First we shall
define asymptotic and binormal directions, and umbilic curvature, which are directly related
with degenerate singularities of the height and the distance squared functions.

In this section M = g(!VI ) C R3 denotes a surface with a singularity of corank 1 at
p = g(gq) and A, is its curvature parabola at p.

2.1. Asymptotic and binormal directions. The following definitions of asymptotic
and binormal directions are inspired by those of a regular surface in R* where we have
the curvature ellipse in the normal plane (see [10]). We define both concepts in terms of
the second fundamental form and then, we characterize them geometrically by means of the
curvature parabola A .

DEFINITION 2.2. We say that a non zero tangent direction X € TqA7I is asymptotic
if there is a non zero normal vector v € N, M such that /Iy(X,Y) = 0, forany ¥ € T,M.
Moreover, in such case we say that v is a binormal direction.

Let (x, y) be local coordinates on M near ¢ and take an orthonormal frame [vq, v2] of
N, M such that the coefficient matrix of the second fundamental form is

<l,,] my, Ny, >
Ly, my, ny,)’
LEMMA 2.3. A tangent direction X = x0x + ydy € TqM is asymptotic if and only if

y2 —xy x2

Ly my ny | =0.
Ly, my, ny
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PROOF. Given another tangent vector ¥ = udy + vdy € TqM and a normal vector
v =av; + v, € Ny M we have that

IL(X,Y) =al,xu+my v+ yu) +ny,yv) + Blo,xu + my, (xv + yu) + ny,yv) .

Then X is asymptotic if and only if there is (¢, 8) # (0, 0) such that the above expression
is 0, for any (u, v). By looking at the coefficients in u, v and after eliminating «, 8 we arrive
to the desired quadratic equation:

xz(lvlmvz - ll)zmvl) +'xy(ll)1nl)2 - ll)znl)l) + yz(mwnvz - mvznvl) = O
O

REMARK 2.4. Let A, B be the coefficient matrices of the quadratic forms //,, and
11,, respectively, that is,

mvl I’lvl va I’le
Then, the asymptotic and binormal directions are the solutions of the so called generalized

eigenvalue problem of the matrix pair (A, B). This means that X = x0, + ydy is asymptotic
associated with the binormal direction v = av; + Bv; if and only if

(()-se(s)

We can choose local coordinates for M such that the curvature parabola is parametrised
in the normal plane by 7 given in (1.2). The parameter value y € R corresponds to a unit
tangent direction X = 9, + ydy € C,;. We denote by y, the parameter value corresponding
to the null tangent direction X = d,. In the case that A, degenerates to a line or a half-line
we define 1(Yoo) = 1’ (Yoo) a8 n'(¥) /7' (y)| where y > 0 is any value such that '(y) # 0. In
the case that A, degenerates to a point v, then we define 7(y) = v and 7' (ys) = 0. In the
case that A, is a non-degenerate parabola, 7(yoo) and 7’ (yoo) are not defined.

LEMMA 2.5. A tangent direction in TqM given by a parameter value y € RU [yso] is
asymptotic if and only if n(y) and n'(y) are collinear (provided they are defined).

PROOF. Given y € R, we compute the determinant of n(y) and n’(y) in the normal
plane:

det(n(y), 7)/()’)) = 2((lv1mv2 - lvzmvl) + y(lv,nvz - lvznvl) + yz(mv,nuz - mvznul)) ,
which coincides with the equation of asymptotic directions for x = 1.

When y = yoo, then (y) and ’(y) are always collinear, provided they are defined. Thus,
n(y) and n’(y) are collinear if and only if A, is a degenerate parabola. But this happens if
and only if

my, Ny, — My, Ny = 0,
(see proof of Theorem 1.5) which is again the equation of asymptotic directions for x = 0
andy = 1. O
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By abuse of language, the parameter value y € RU[y] corresponding to an asymptotic
direction X € TqM is also called of an asymptotic direction. Now we analyse the different
possibilities for the asymptotic directions in R U[ys] for each type of curvature parabola (see
Figure 2):

(1) If A, is a non-degenerate parabola then it can exist 0, 1 or 2 asymptotic directions,

according to p lies “inside”, on or “outside” A, respectively.

(2) If A is a half-line, then either there exist two asymptotic directions [yy, Yool, With
n(yy) being the vertex of A, or every y € R U [y] is an asymptotic direction,
according to the line containing A, does not pass through p or it does, respectively.

(3) If A, is a line, then either y; is the only asymptotic direction or every y € R U
[Vool is an asymptotic direction, according to the line does not contain p or it does,
respectively.

(4) If A, is a point, then every y € R U [yoo] is an asymptotic direction.

The following lemma follows immediately from the computations in Lemmas 2.3 and
255.

LEMMA 2.6. A normal direction v € N,M is binormal if and only if there is an
asymptotic direction y € RU [yso] such that v is orthogonal to the subspace spanned by n(y)
and ' (y).

DEFINITION 2.7. Given a binormal direction v € N, M, the plane through p orthog-
onal to v is called an osculating plane of M at p.

Again the number of binormal directions (and hence of osculating planes) depends on the
different possibilities for the curvature parabola A,. If A, is non-degenerate, then we may

A
P, Ap

n(y1) S

A={y} A=9
Ap
A A ‘A
n(yv) Ap ), P p r
17)7(,\'00) 1000) 1(Yoo) N (Yoo)
I I 4 |

A = {yv, yoo! A =RU{yco} A = {yoo} A=RU{yco} A =RU({yoo}

FIGURE 2. Possibilities for A and the set A of asymptotic directions of M at p.
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have 0,1 or 2 binormal directions, one for each asymptotic direction. When A, is a half-line,
there are three possibilities: if the line containing A, does not pass through the origin there
are 2 binormal directions, if it does but the vertex of the parabola is not the origin there is 1
binormal direction, but if the vertex is the origin then all directions are binormal. If A, is a
line or a point different from the origin, then there is a unique binormal direction. Finally, if
A is the origin, then any normal direction is binormal.

We finish this part by showing that the asymptotic directions, in the case of a singularity
of Whitney umbrella type, can be seen as the limiting tangent directions to the parabolic set
in the source.

PROPOSITION 2.8. Assume that A, is non-degenerate. Then X € Tq]\~4 is asymptotic
if and only if it is a limiting tangent direction to the set of points q' € M, in a neighbourhood
of q, such that g(q’) is a parabolic regular point of M.

PROOF. By Proposition 1.6, we choose coordinates such that M is locally parametrised
by f : (R, 0) — (R3,0) given by

fx,y) = (x,ax® + bxy +cy® + p(x, y), xy + ¢ (x, y)),
wherea,b,c e R,c > 0and p,q € ./\/l% The equation of the parabolic set is:

det(fr, fy, frx) det(fe, fys fyy) — det(fe, fy, fry)* = de(ax® — cy?) + P(x, y) =0,

where p € M; The limiting tangent directions are computed by the initial part ax? — cy? =
0, which coincides with the equation of asymptotic directions. O

2.2. Umbilic curvature. Suppose that M is not of Whitney umbrella type at p, that
is, Ap is a degenerate parabola. Given an orthonormal frame [vy, v2] of Ny M and X € Ty M,
recall that

Q2.1 II(X, X) =11, (X, X) v + I1,,(X, X) v3.

Let us consider a special frame of N, M. Suppose first that A, is not a point. Then the
asymptotic direction ys is well defined. Denote by v, the infinite binormal direction such
that [17(yo0), Vool is an orthonormal positively oriented frame of N, M. Suppose now that A,
is a point which is not the origin. Then 7 (y) is a non null constant and so take the orthonormal
positively oriented frame [v, I:’;g ;‘] of NpM such that v is a binormal direction. We call the
above frames of adapted frames of N, M. We remark that when A, is the origin then any
orthonormal frame of N, M can be taken as an adapted frame. See Figure 3.

Given X € Cy, then 11(X, X) € Ap. Thus, it follows from (2.1) that in an adapted
frame [vy, v2] of Ny M, I1,,(X, X) does not depend on X € C,, up to the sign. This suggest

us the following definition.

DEFINITION 2.9. Given a unit vector X € Tq]\~4 and an adapted frame [vq, v2] of
N, M, we call the positive number

ku(p) = [ (TI(X, X), ) | = [I],(X, X)

the umbilic curvature of M at p.
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FIGURE 3. Adapted frame of NpM.

REMARK 2.10. (1) (Geometric interpretation for the umbilic curvature) If A, is a
point, then «, (p) is the distance between A, and p. Furthermore, «, (p) = 0 if and only if
either A, = [p] or A, is contained in a line through p in the case that A, is a half-line or a
line.

If A, is a half-line or a line then «,(p) is the length of the projection of A, on the
direction given by an infinity binormal direction. Then it follows the formula:

() x e> _
ln" ln"
where 7 is a parametrisation for A, e is a unit vector in 7, M and y is any real number such

that n'(y) # 0. Equivalently, since in this case «, (p) also can be seen as the distance between
p and the line containing A, then we also can write

[det(n(y), n'(y), )|,

ku(p) = Kn(y),

2.2) u(p) = IO X1 O]
(" (y)I

which does not depend on y € R, with '(y) # 0.

(2) The definition of umbilic curvature does not depend on the choice of the adapted
frame of N, M, nor the parametrisation for A, nor the choice of local coordinates in M.
However, it may depend on the map g : M — R3? which parametrises M. In fact, the
cuspidal edge parametrised by g(x,y) = (x, y2, y%) has «,(0) = 0, but the same cuspidal
edge parameterised by g(x, y) = (x, (3 + %)%, (»° + x)°) has k,(0) = 2 (see Example 1.3).

(3) Forany X € T,,A? and [vy, v2] adapted frame of N, M, it holds that

_ |11, (X, X)|
ku(p) = 1(X, X)

In fact,

1, (X, X)| = X

X X
IIVz(ﬁa m)‘ = I(Xv X)KM(P) )

since we are considering in T,,ZVI the pseudometric induced by the first fundamental form /.
(4) The umbilic curvature is not defined for singularities of Whitney umbrella type.
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(5) If M has a singularity of cuspidal edge type at p, then the umbilic curvature coincides
with the limiting normal curvature defined in [14]. This follows from the results of [9].

2.3. Contact with planes. In this section we shall deal with contact of planes with
M at p. So we consider the singularities of the height function Ay, with v a unit vector in R.
Recall that a plane in R? is said to be transverse to M at p if hy is a submersion at p.

We denote by X 2.2 the Thom-Boardman submanifold in the jet space J” (Rz, R), r > 2,
given by the jets whose partial derivatives up to order 2 are equal to zero. Thus, a singularity
of type £%2 is a function (R?,0) — (R, 0) whose partial derivatives up to order 2 at 0 are
equal to zero.

THEOREM 2.11. Let M C R3 be a surface with a singularity of corank 1 at p € M.
Then hy is singular at p if and only if v.€ N, M. Furthermore:
(1) Assume A, is not a point. Then hy has a degenerate singularity at p if and only if
v is a binormal direction at p. Moreover, the singularity is of type £>2 if and only
if Ap is degenerate, k,(p) = 0 and v is a infinite binormal direction at p.
(ii) Assume A, is a point. Then hy has a degenerate singularity at p for all direction
v € Ny M. Moreover, the singularity is of type >22 if and only if either k,(p) =0
or ky(p) # 0 and v is a binormal direction at p.

PROOF. The first assertion that Ay is singular at p if and only if v € N, M is obvious.
We show (i) and (ii) by looking at the different types of curvature parabolas. We denote by
(u, v, w) the coordinates in R and assume for simplicity that p = 0.

(1) Ap is non-degenerate. This case corresponds to a singularity of Whitney umbrella
type and the degenerate singularities of the height function can be found in [16]: if we take
the parametrisation given at (1.4), then the directions with a degenerate singularity are: vi =
©O,1,—-b — 20\/g) and vp = (0,1, —b + 2¢ %) (for a > 0). On the other hand, A is
parametrised by

n(y) =2(0,a + by + ¢y, y),

and a simple computation shows that the asymptotic directions occur at y = :t\/g and the

corresponding binormal directions are v{ and v2. Moreover, there are no 22 singularities in
this case.

(2) A is a half-line. By Theorem 1.5, j 2£(0) ~ (x, y2,0). Taking the parametrisation
given at (1.5), the curvature parabola is parametrised by

n(y) =2(0,a+y* d),

with a, d € R constants, such that «,,(p) = 2|d|. We have 3 subcases:

e d # 0. In this case the line containing A, does not pass through the origin and
there are 2 asymptotic directions y = 0 and y,,, whose binormal directions give
vi = (0, —d, a)/(va? + d?) and v = (0, 0, 1), respectively.
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e d = 0anda # 0. In this case the line containing A, passes through the origin, but
the origin is not the vertex of the parabola. Any direction y € RU[yso] is asymptotic,
but there is only one binormal direction V.

e d =a = 0. The vertex of A is the origin. Any direction is binormal.

The height function in the direction v = (u, v, w) is hy(x,y) = ux + v(ax? + y2) +
wdx? + p(x,y), where p € ./\/l% Then 0 is a degenerate singularity if and only if u = 0
and v(av + dw) = 0. We see that the solutions are exactly the binormal directions in the 3
subcases. Moreover, we have a ¥22 singularity only in the case that d = 0 and v = vo.

(3) Apisaline. So, 72 f(0) ~ (x, xy,0) and taking f asin (1.6), the curvature parabola
is parametrised by

n(y) =20,y,d),

where d € R and «,(p) = 2|d|. Any direction is asymptotic, but there is only one binormal
direction v, = (0, 0, 1). The height function Ay(x, y) = ux +vxy + wdx?+ p(x, y), where
p € M%, has a degenerate singularity at the origin if and only if ¥ = v = 0 which gives
V = Voo. Moreover, we have a %2 singularity only in the case d = 0.

(4) Ap is a point. In this case 72 f(0) ~ (x,0,0) and taking f as in (1.7), then

n(y) =(0,0,2d),

where d € R and «,(p) = 2|d|. If d # 0 there is only one binormal direction v = (0, 1, 0).
Otherwise, if d = 0 any direction is binormal. On the other hand, the height function is given
by hy(x,y) = ux + wdx? + p(x,y), where p € Mz If d # 0, then any normal direction
(u = 0) gives a degenerate singularity but only the binormal direction v = (0, 1, 0) gives a
322 singularity. Otherwise, if d # 0, then any normal direction gives a X>2 singularity. O

COROLLARY 2.12. Let M C R3 be a surface with a singularity of corank 1 at p € M.
If A, is not a point, then a plane has degenerate contact with M at p if and only if it is an
osculating plane of M at p.

EXAMPLE 2.13. Let M be the swallowtail surface given in Example 1.3. Since v =
(0,0, 1) is the unique binormal direction of M at 0, then the orthogonal plane to v is the
unique osculating plane of M at p. It follows from Theorem 2.11 that this is the unique plane
having degenerate contact with M at p. Moreover, since «,(0) = 0, the contact is of type
x22,

Now, let M be the cuspidal edge from the same example. Since the vertex of A, is the
origin of N, M then all unit directions in N, M are binormal directions with v = (0, 0, 1)
given the infinite binormal direction. So, it follows that every plane containing the u-axis
is an osculating plane of M at p. Since k,(p) = 0 so, by Theorem 2.11, such planes have
degenerate contact with M at p and the uv-plane is the only one having contact of type X2

2.4. Contact with spheres. We shall deal now with contact of the surface M with
spheres.
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DEFINITION 2.14. The focal set of M at p is the locus of points of R? which are
centres of spheres with degenerate contact with M at p or, equivalently, it is the locus of
points u € R? such that dy, has a degenerate singularity at p, where dy, is the distance-squared
function on M.

In the following result, the Whitney umbrella case can be found in [4], Propositions
3.2 and 3.4 (see also [16]) but we include it in the statement for completeness. When M
has not a Whitney umbrella type singularity, let [v1, v2] be an adapted frame of N, M, ¢ =
sgnll,,(X, X), forany X € Cy4, and let £, C N, M be the line through p parallel to vy, that
is, £, = [p +tv2; t € R]. Note that when A, is a half-line or a line, then £, is the line in
N, M through p orthogonal to A,.

THEOREM 2.15. Let M C R3 be a surface with a singularity of corank 1 at p €
M. The function dy is singular at p if and only if w € N,M. Furthermore, the following
possibilities hold:

(1) If Ap is a non-degenerate parabola then the focal set of M at p is a conic. More
precisely, it is either an ellipse, parabola or hyperbola according to p is “inside”,
on or “outside” of A, respectively.

(i) If Ap is a half-line then the focal set of M at p either is the union of two transverse
lines intercepting atu = p + £y (p) vy (if ku(p) # 0) or it is the union of two
parallel lines in NyM (if k,(p) = 0), which can be coincident. In both cases, £,
is one of the lines of the focal set.

(iii) If Ap is a line then the focal set of M at p is the line £, .

(iv) If Ap is a a point then the focal set of M at p is the plane N, M.

Moreover, dy has a singularity of type £%2 if and only if A p is a degenerate parabola,
ku(p) #0andu = p +ety (p)

PROOF. The first assertion that dy is singular if and only if u € N, M is obvious and
the proof of case (i) can be found in [4, 16], so we consider only the other cases. In all
the cases we assume that p = 0 and that M is given by the corresponding parametrisation
in Proposition 1.6. If we denote the coordinates in R3 by (u, v, w), in all the three cases
we have that [v1, v2] = [(0, 1, 0), (0, 0, 1)] is the adapted frame of N, M, £, is the w-axis,
ku (0) = 2|d| and ¢ = sgn(d).

(ii) Suppose that A, is a half-line. Given u = (u, v, w) we have

du(x,y) = (u—x)* 4+ (v —ax® —yH? + (w —d x*)> + p(x, y),

where p € ./\/lg Hence, 0 is a degenerate singularity of d, if and only if u = 0 and v(1 —
2av—2dw) = 0. If d # 0, we have two transverse lines, intercepting at (0, 0, ﬁ). Otherwise,
if d = 0, we have two parallel lines. In both cases, v = 0 is one of the lines. Moreover, there
is a 22 singularity only in the case that d # 0 and u = (0, 0, ﬁ).
(iii) Let us suppose now that A, is a line. The distance-squared function is now given
by
du(x,y) = u> — 2ux + (1 - Zdw)x2 —2vxy+ px,y),
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where p € M% Then dy has a degenerate singularity at 0 if and only if u = v = 0.
Furthermore, the singularity is of type X2 if and only if d % 0 and u = (0, 0, ﬁ).
(iv) Finally, suppose now that A, is a point, then

du(x,y) = u? = 2ux + (1 — 2dw)x* + p(x, y),

where p € M% We conclude that for any # = 0 we have a degenerate singularity at the
origin. Moreover, it is a %2 singularity if and only if d # 0 and u = (0, 0, ﬁ). O

EXAMPLE 2.16. Let M be the swallowtail surface given in Example 1.3. Since A, is
a line (the v-axis) and «,,(0) = O then, by Theorem 2.15, it follows that the only spheres with
degenerate contact with M at 0 are those ones with center belonging to the w-axis. Moreover,
there are no spheres with X2 contact.

Let M be the cuspidal edge surface image of f(x, y) = (x, ax? + y?, by?> + cy?). So,
the singular set of f is the x-axis and its image in R3 by f is [(x, ax?,0); x € R]. Taking
p = 0, a parametrisation for A, is n(y) = (0, 2a,0) + (0, 2, 2b)y2, y € R, which is a
half-line in N, M contained in a line passing through the origin if and only if ab = 0. Then
7' (y) = 4(0, y, by) and 30 n(ys0) = ﬁ(o, 1, b). Therefore taking the infinite binormal

vector Voo = (0, —b, 1) we get that [(¥x0), Vool is an adapted frame of N, M. By (2.2), we

have
2|ab|

V162

Since ¢ = sgn (n(y), Voo) = sgn(—ab), we deduce the following conclusion: (a) if ab = 0
then the only spheres with degenerate contact with M at 0 are those ones with center belonging
to the line £, = [£(0, —b, 1); ¢ € R] and there are no spheres with >2.2 contact; (b) if ab #0
then the sphere with centre at u = e—L-vy is the unique sphere having 22 contact with M

k(p)
at 0.

Ky (0) =

Given a surface M C R3? and a local parametrisation f : (R, ¢) — (R>, p), recall
that p is a 2-rounding of M if p is either a 2-flattening, that is, there is a unit vector v € R
such that ¢ is a singularity of type %2 of hy, or a non-flat 2-rounding, that is, it is not a
2-flattening and there is u € R? such that g is a singularity of type £22 of dy. It is known
that a regular (resp. singular) point of f is a 2-rounding if and only if it is an umbilic point
(resp. it is not a Whitney umbrella point). See [6] for details. One concludes from Theorems
2.11 and 2.15 the following corollary:

COROLLARY 2.17. Let M C R3 be a surface with a singularity of corank 1 at p
which is not a Whitney umbrella. If the umbilic curvature of M at p is non zero then p is a
non-flat 2-rounding of M if the umbilic curvature is zero, then p is a 2-flattening of M.
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