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HARDY-SOBOLEYV TYPE INEQUALITY
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CHANG-SHOU LIN AND HIDEMITSU WADADE

(Received June 4, 2010, revised March 31, 2011)

Abstract. In this paper, we consider the existence of minimizers of the Hardy-Sobolev
type variational problem. Recently, Ghoussoub and Robert[9, 10] proved that the Hardy-
Sobolev best constant admits its minimizers provided the bounded smooth domain has the
negative mean curvature at the origin on the boundary. We generalize their results by using
the idea of Brézis and Nirenberg, and as a consequence, we shall prove the existence of pos-
itive solutions to the elliptic equation involving two different kinds of Hardy-Sobolev critical
exponents.

1. Introduction. Letn > 3,0 < s < 2 and 2* = 2*(s) := 2(n — s)/(n — 2). The
Hardy-Sobolev inequality says that there is a constant C > 0 such that

2/2*
(1.1) (/ |u|2*/|x|de> < c/ |Vul’dx foru e H'(R").
RVl n

We note that for s = 0, the inequality (1.1) is reduced to the Sobolev inequality, and for s = 2,
it is reduced to the Hardy inequality :

/ u|?/|x2dx < 2/(n —2))2 / |Vu|*dx .
RVl RVl

Naturally by (1.1), one is led to study the problem of the best constant. Let £2 be a
domain in R" such that 0 € £2. Set

(1.2) s (£2) :=inf{/ |Vul’dx ; u € HJ(£2) and / lul* /|x) dx = 1} )
2 2

The question whether 14 (§2) can be attained in HO1 (£2) has been recently considered by many
people. Among others, we refer to [8] and [9, 10, 11]. Furthermore, see [4, 5] and [13] for
minimizers of the best constant of the Caffarelli-Kohn-Nirenberg inequality.

When 2 = R", the classical results state that (1.2) is attained by

ulx) =k + |x|2—5)—(n—2)/(2—s)7 x€R" and « >0

if 0 < s < 2(see [12] and [15]). However, it is easy to see for s = 2 that u>(R") = ((n —
2)/2)2 is never attained. If 0 € £2, due to the scaling invariance, we have u;(£2) = us(R").
Thus u(£2) is never attained if £2 #= R".

However, if 0 € 92, Ghoussoub and Robert [9, 10] proved the following theorem:
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THEOREM A. Letn > 3,0 < s < 2 and 2 a bounded smooth domain of R" with
0 € 082. Suppose the mean curvature H(0) of 952 at 0 is negative. Then 1us($2) is attained
by some function in HO1 (£2).

The proofs of Theorem A in [9, 10] are rather technical compared to [2]. In [2], Brézis
and Nirenberg studied a minimizing problem

1l 5 (52) ::inf{/ |Vu|*dx ~|—A/ lu|’dx ; u € H} (£2) and / lu|?M =D gx = 1}
' 2 Q 2
for A < 0, and they showed the existence of minimizers by proving the inequality

145,(82) < Sy,

where S, is the best Sobolev constant defined by

(1.3) Sy :=inf{/ |Vul*dx ; u € HJ($2) and / lu)? "Dy = 1}.
2 2

Of course, the minimizing problem in [2] is simpler than the one considered in [9, 10], because
the embedding of HO1 (£2) into L2(£2) is compact. However, we will see that the idea in [2]
can be extended for the non-compact case, and by using it, the proof could be much easier. To
exploit the idea in [2] further, we consider the problem

2/p
1y ,(82) :=inf{/ [Vul?dx + A (/ |u|de) ;u € H}($2) and f lul® /|x|*dx = 1},
2 2 22

where L € R,0 <5 < 2,2 < p <2n/(n — 2). Throughout the paper, we always assume {2
is a bounded domain and 0 € 052. Now we state our main results. First, for the case A > 0,
we shall prove the following theorem:

THEOREM 1.1. Letn > 3 and 382 be C3 at 0. Suppose the mean curvature H(0) of
082 at 0 is negative. If A > 0and?2 < p < 2n/(n — 1), then ,uﬁ"p(.Q) is attained in H(} (£2).

Next, for the case A < 0, we shall prove the following theorem:

THEOREM 1.2. Letn > 3 and 382 be C3 at 0. Suppose the mean curvature H(0) of
082 at 0 is negative. Then the following hold:
(1) Ifr<0and2 <p <2n/(n—2),then uﬁ"p(ﬂ) is attained in Hol(.Q).
) Ifp=2n/(n—2)and —S, <, <0, then M?,p(-Q) is attained in HO1 (£2).
The special cases . = 0 in Theorem 1.2 and p = 2 in Theorems 1.1 and 1.2 were considered

in Ghoussoub and Robert[9, 10]. If the mean curvature H (0) is non-negative, then we have
weaker results:

THEOREM 1.3. Assumethat2 < p <2n/(n—2),x < 0,938 is C> at0and H(0) = 0.
Then ,u?’p(.Q) is attained.

THEOREM 1.4. Assume that2n/(n — 1) < p <2n/(n —2), A < 0.and 382 is C* at
0. Then ,u?’p(.Q) is attained.



MINIMIZING PROBLEMS FOR THE HARDY-SOBOLEV TYPE INEQUALITY 81

REMARK 1.5. If0 € £, we can prove that ug\’p(.Q) is attained in HO1 (£2) provided
that A < 0 and
3<p<2n/(n—-2) if n=3,
2<p<2n/n—-2) iftn=4,
2<p<2n/(n—-2) ifn=5.

The proof of the existence of minimizers is much easier than Theorem 1.4. It can be proved
by the same method as in [2] without any modification.

To prove main theorems, we first show the inequalities:

{uipﬁ?)</u(R1) for 2<p<2n/(n—2),
ph(2) < pk (R%) for p=2n/(n—2),
A

where Mf,’*(.Q) = ,u?’p(.Q) with p = 2n/(n — 2), and then minimizers for Ms’p(.Q), 2 <
p < 2n/(n — 2), can be obtained by using inequalities (1.4). This procedure is similar to [2,
Lemma 1.1 and Lemma 1.2]. However, there is a major difference between our work and [2].
As it is well-known, the Sobolev best constant S, of (1.3) is actually independent of §2. This
important fact was used in [2] implicitly. In our problem, u,(£2) does depend on the domain
£2. So, some blowing up argument is needed. See Sections 3 and 4.

The Euler-Lagrangian equation for a minimizer u of ,uﬁ"*(.Q) is given by

(1.4)

—4/(n—=2 _ *_ .
Au =l 307 o wDIOD 4 (@) x =0 in @2,

u>0 in 2, u=0ond2 and [,u®/|x[’dx=1.
If §2 is star-shaped with respect to 0, then by the Pohozaev identity, the equation (1.5) does

not admit any solution. A consequence of the scaling argument in Section 4 is the existence
of entire solutions of

(1.5) {

(1.6) {A“ put DD 4y =0 in R”,
u>0 in R" and ue H'(R")

and

(W {Au+w("+2>/<"—2>+u2"—1/|x|s=0 in R"
u>0 inR} and u=0 on oR"

for some positive constant x> 0. Both equations (1.6) and (1.7) are involved with two
different kinds of Hardy-Sobolev critical exponents. Therefore, it should be an interesting
issue to study entire solutions of (1.6) and (1.7) or asymptotic behaviors of singular solutions
as the case of the Sobolev exponent (see [3], [6, 7] and [14]). We will discuss this problem in
a forthcoming paper.

2. Calculation of ui‘ »(82). We first prove the following lemma:
LEMMA 2.1. Letn>3,2<p <2n/(n—2)and A € R. Then we have
1 ,(82) < us(RY).
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PROOF. For arbitrary @ > 0, there exists a function u € C2°(R") \ {0} such that

—2/2*
(/ |Vu|2dx>(/ |u|2*/|x|‘dx) < ug(RY) + .
R n

i R
Without loss of generality, we may assume that in a neighborhood of 0, 0§2 can be rep-
resented by x, = @(’), x’ = (x1,...,x,—1), Where ¢(0) = 0 and V'¢p(0) = 0 with
V' = (01,...,0,—1). Let U C R" be a neighborhood of 0 such that @ (U) is the open
ball B,,(0), where
dx)= @ x,—ox)) forxeR2nNU.

We define

up(x) =" "2y (@(x)/e) for x e 2NU,
and BrJE :={y € R ; |y| < ro}. Then with a change of the variable, we get

f el /1x°dx = f ul* /1@~ (ey) /el dy .

@ e
Note that |@~!(ey)/e| — |y| uniformly for y € suppu as & — 0. Then letting & — 0 yields
S
tim [ /e ey/e] dy = fR ul® /1yl*dy.
+

e—0 B:(r)/g

Next, by the direct calculation with a change of the variable, we have

/qu€|2dx=/ |Vu|>dy
2 R

+ / @) (V') ey 2dy
suppu

- 2/ dau(y) V'u(y) - (Vo) (ey")dy .
supp u
Since we have V'¢(0) = 0, it holds

lim/ |Vue|?dx =/ [Vul*dy .
e—=0J0 Ri

Furthermore, the subcritical case p < 2n/(n — 2) implies that

lim [ |ue|Pdx = lim &"~"=2P72 [ |y|Pdy =0.
e—=0J0 e—0 R
As a consequence, we have

2/p . —2/2*
u?,p(ms(/ |Vug|2dx+x</ |us|f’dx> )(/ lue|? /|x|de>
2 2 2
—2/2*
=(/ |W|2dy)(/ |u|2/|y|8dy) +o(1)
R". R

<us(RY) +a+o(l).
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Letting ¢ — 0 and @ — 0 yield the desired estimate. |

To study a minimizing problem of ,u?y »(82), we start with the subcritical case in the
following sense. For any small ¢ > 0, we set

2/p
1ye (82) :=inf{/ [Vul?dx + 1 (/ |u|1’dx> su e H)(82) and/ |u|? _8/|x|5dx=1}.
2 2 2

It is easy to see that ,u?jf,(.Q) is attained by some positive function u,; € HO1 (£2), and u,
satisfies

—(p-—2 —1 *__1__ o .
o {Aug—x||ug||u§{’m>u£ (@) u T/l =0 in 2,

ug >0 in £ and u,=0 on 052.

We first consider the case A < —A,($2) in the subcritical case 2 < p < 2n/(n — 2),
where

Ap(2) = inf{/ |Vul’dx ; u € H}(2) and/ lu|Pdx = 1}.
2 2

Note that M?,p(ﬂ) < 0 in this case.
THEOREM 2.2. Suppose A < —A,(82). Then /Li"p(.Q) is attained.

PROOF. If A = —A,($2), then obviously ,u?’p(.Q) = 0 and is obtained. Hence, we may
assume A < —A,(§2). In this case, it follows ,u?jf,(.Q) < 0.
Let u, be a minimizer for ,uﬁ‘jf, (£2). We first prove

2.2 IVl 20y <C. and  |ul5(2)| < C.

. . s A,
Since u, is a minimizer for /vLs,f,(.Q), we have

2/p
/|wg|2dx+|u§;;(9)|=|x| (/ ug’dx> , and/ u? ¢ |x%dx =1,
2 2 2

and [, u2dx can be bounded by |, uZ ¢ /|x|*dx because of 2* > 2. Thus (2.2) holds in the
case p = 2. If p > 2, from the interpolation inequality

1-6
lucllLri@) < ClIVuell]2 g lue ) 2(g) < ClIVUElT2 o,

with some 0 < 6 < 1, we obtain

2/p 0
/IVuelzdvaIu?’;(Q)I:I?»l (/ u§dx> §C</ |wg|2dx> ,
2 ’ Q 2

which implies (2.2).
Next, we prove that u, is uniformly bounded. To see it, let w, be the solution of
—(p=2) p-1 .
{Aws 2)\||”£||L1(>[()Q))’/la{:J in £,
we, =0 on 052.
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Note that

2/p
2.3) (f ué’dx) > i@ /I = € > 0.
2

Thus by (2.2), (2.3) and the L?-estimate, we have

1/q
—(p=2 _
2.4 lwe llw2a () fcwmeuLﬁi’m)( /Q u" 2’dx) <c,

where g :=2n/(p — 1)(n — 2). If g > n/2, by (2.4), we have ||w¢||;~(2) < C. Thus the
maximum principle shows that

(2.5) 0 <ug(x) Swe(x) <C forall x € 2.
In the case ¢ = n/2, by (2.4), the Sobolev embedding and the maximum principle, we have

luellLr2) < lwellr@) < C
forall I <r < o0, and then the L"-estimate shows that [|w || y2r (o) < C forall 1 <r < oo,
which implies (2.5). In the case g < n/2, the Sobolev embedding and the maximum principle
yield that
luellLn @2y < lwellLney <C for 1/ri =1/g—2/n,
and then the L9!-estimate shows that

1/q1
“wa”WZtn(Q) <C (/Q ug‘dX) <C, whereqi=ri/(p—1)>gq.

If g1 > n/2, we get (2.5). Otherwise, we continue the above procedure finite times so that we
get |we |ly2q (@) < C for some g > n/2, which is possible since p < 2n/(n — 2). Thus we
have (2.5).

Hence, by letting ¢ — 0, u, converges to some ug € HO1 (£2) with fg u%*/|x|sdx =1,
and ug is a minimizer for u} ,(£2). O

THEOREM 2.3. Assume that2n/(n —1) < p <2n/(n —2), —Ap(2) <X < 0and
382 is C? at 0, then

1wy ,(2) < jus(RY) .

We prove the following theorems for the case the mean curvature H (0) of 952 at O is
negative.

THEOREM 2.4. Assume that 32 is C> at 0 and the mean curvature H(0) of 382 at 0
is negative. If A > 0and2 < p < 2n/(n — 1), then uﬁ"p(ﬂ) < s (RY).

THEOREM 2.5. Assume that 32 is C> at 0 and the mean curvature H(0) of 382 at 0
is negative. Then the following hold
() IfA<0and2 < p <2n/(n—2),then uﬁ"p(ﬂ) < s (RY).
1) If—S, <A <0andp=2n/(n—2),then M?,p(-Q) < M?ﬁp(Rf“_).

To prove Theorems 2.3 through 2.5, we need the following decay estimates of entire
solutions:
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LEMMA 2.6. There exist entire positive solutions u € HO1 (R) of

Au+ (R u? 1 |x)* =0 in R",
(2.6) { s ( +) /1x] +
u=0 on 8R1,
and
Au— w3 0D w2k (R Pk =0 in R,
2.7) { L2/ (=2 (RY) 5
u=0 on IR,

with fR'jr u?' /|x|*dx = 1. Furthermore, the following hold:
@
ue C2(R_i) ifs<mn+2)/n,
ue Cl’ﬁ(R_ﬁ) forall 0 < B <1 if s=m+2)/n,
ueCVP(RY) forall 0 <p<n2—s)/n—2) ifs>m+2)/n.
(i) There is a constant C such that lu(x)| < C(1 + |x|)~ "V and |Vu(x)| < C(1 +
lxD~".
(i) wu(x', xp) is axially symmetric with respect to the xy-axis, i.e., u(x',x,) =
u(lx'l, xn)-
We first prove Theorems 2.3 through 2.5 with assuming Lemma 2.6.
PROOF OF THEOREMS 2.3 THROUGH 2.5. First, we treat the subcritical case p < 2n/
(n — 2). Without loss of generality, we may assume that in a neighborhood of 0, 3£2 can be
represented by x,, = @(x'), x’ = (x1, ..., x4—1), where ¢(0) = 0, V'¢(0) = 0, and the outer
normal of 062 at 0 is —e,,.
We take an entire solution u of (2.6) with f R u?' /|x|*dx = 1 given by Lemma 2.6. Let

U and U be neighborhoods of 0 such that @ (U) = B,,(0) and @ (U ) = By,,2(0), respectively.
We define

Ve (x) 1= e~ D/2y, (P(x)/e) for x e 2NU and 0, :=nv. in$2,
where n € C2°(U) is a positive cut-off function with n = 1 in U, and
&(x) = (', x, — @) for xe2NU.

Then we have

2/p . —2/2*
1k, (82) < (/ |V |?dx + A (/ ﬁgdx) > </ s /|x|de) )
22 22 22

By the direct calculation with a change of the variable @ (x)/e = y, we get

/|Vf)g|2dx=/ n2|wg|2dx—/ n(An)vidx
2 NU NU

=/B+ (@ (&) IVu(y) 2 dy

ro/e
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-2 /B L (@7 E) 0 () V() - (Vo) (ey)dy

ro/e

+ / (@7 W) @uu)? 1(V o) ey Pdy

ro/e

— ¢ /Bﬂ(@‘b‘l(ey))(An)(¢‘1(sy))u(y)2dy

ro/e

=:h+h+L+1.

We estimate each integral precisely. First, by the decay estimate of |Vu| in Lemma 2.6,
we have

= a(@~ en) vuPdy

ro/e

= @ ey [ P dy+ [ vaoray
+

{ro/2=<leyl<ro}+ ley|=ro/2}+

C/ Iy~ dy +/ Va2 dy
{leyl=ro/2) RY

= 0(") + s (R,

IA

where {ro/2 < |ey| < ro}+ :={y € R"; ro/2 < |ey| < ro} N R"_, and so on. Next, by using
[V'9(y")] = O(]y’]) and the decay estimate of |Vu| in Lemma 2.6, we see

Iy = / L (@7 E)” @) (V) ey Pdy

ro/e

< CSZ/ 1+ 1)y Pdy = 0(?).
RVl
For 14, since (An) (q)_l (ey)) =0forye B;:/(Zs)’ by the decay estimate of u, we have
|14 = & f (@~ ey)|(An) (27 (ey))|u(y)dy
{ro/2<leyl<ro}+

<ce [ Y0 Pdy = 0",
{ro/2=<ley|<ro}
The integral I; can be estimated as follows. Using integration by parts,

12=—(2/8)/+ (@~ (e)) () Vu(y) - V' [0(ey)] dy
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n—1

+(2/e) / (@7 ) () Y diu(y) pleydy
=:h1+ Iz,r;/:- bj3. .
Since
V[n(@~'(ey)] =0 forye B ., and [V[n(@~ ()] =0,
we have

o= @/e) | 0@ )V au) - V) e(ey)dy
ro/e
-1 -1 2 / 2 /
i /B 1(@ )20 [IV () Plo(eydy
ro/e

and then
ol < C? / IVu() Py Pdy < Ce? / Y2+ 2dy = 0.
{ro/2<leyl<ro}+ {ro/2<ley|<ro}

For the integral I 3, by using the equation (2.6) and integration by parts, we have

n—1

Ba= @/ [ 0@ e o) o(ey) Y duu(r) dy

rg/e i=1

=~ (25 (R})/(2%)) / L (@7 @) eley) @alu)” /Iy Idy

Bro/s

_8_1/+ (@7 e3)) 0 (ey") 0 [ Buu(3)*]dy

rg/e

(s RD/@) [ (@7 ) o) utr on/ 11y

Bro/s
_ _ 2 2
+¢ 1/ 1(@ 71 (e9)) ey (Buu(y))"dSy + O (")
{yeR™; |ey'|<ro, ya=0}

=:1+hLh+0(E".
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If 352 is C3 at 0, ¢ can be expanded by
n—1

(2.8) () =D Aiyi+ 00y,
j=1
where A ;’s are principal curvatures at 0 € d2. Thus we see that

Ji =—(2su5(R})/(2%6)) /B (@7 en) eley) () yu/ Iy dy

ro/e
— 2 *
= — (2515 (R")/(2%8)) / (@ ) p(ery ) s Ly 2y
{ro/2<leyl<ro}+
—(2s15(R%)/(2%9)) / oY) u()* yu /1y dy
{leyl<ro/2)+
=:Ji1+J12,
and
[J11] < Cg/ |y|—2*(n—1)+1—sdy — O(En(n—s)/(n—Z))‘
{ro/2<ley|<ro}
Note that
2% l=s g —$) /(2
(2.9) {8 2fusy\2ro/z}+“(ﬂ 2|*y| 2‘{1y = 0(8’“2” $)/(1=2)y
& Jlieyl<roayy ¥ Y7 dy = 0(&%),

where the latter integrand is integrable because —2*(n — 1) + 2 — s + n is negative, i.e.,
n> — (24 s)n + 4 > 0. Thus by using (2.8) and (2.9), we get

n—1
D= (e RD/2) Yo [ s Pyl Py + 0(6?)
i=1

R,
n—1

= — (21 (RY) /(2" (n = 1)) fR T P/ IyP 2y Y ki + O
+ i=1

=—Ci1H(0)e + O(e?),

where

n—1
HO):=@m—-1)"">"2 and
(2.10) i=1
Cr i = (25ms(RY)/2%) /R w1y Pyaf 1y 2y .
+
In the above estimate, we used the fact u(y’, y,) = u(|y’|, yn).
Next, we see that

_ _ 2 2
h=e / n(© (e) (B () 0 (ey)dS,
{yeR"; |ey'|<rg, yn=0}

_ _ 2 2
=g / n(@7 () (du(y)) @(ey)dS,
{yeR" ; ro/2<|ey’|<ro, yn=0}
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_ 2
4! f (3ue () (eSS,
{yeR"; ley'|<ro/2, ya=0}

=:01+ 22,

and

| /211 = (C/e) @) (', 0) Plo(ey)Idy’
(' eRm=1:ro/2<ley’|<ro)

<Cs / Y/ 242y = 0™ .
{y'eR"1;ro/2<|ey’|<ro}

For J; 2, note that [(3,u)(y’, 0)[|y']® = O(|y'|~?"*3) for large |y’| and 2n — 3 > n — 1 for
n > 3. Hence, it is integrable and

o1 {e Jireri-1: 1oy 1oroy2y 1 @) 0, O P 1Y Pdy’ = O ("),

& fiyreri-t jeyi<royy | @) OV, O 1Y Py = O(e?).

Thus by using (2.8) and (2.11), we get

Jao —st / (@) (Y, 0))*y2dy’ + 0(e?)
n—1
—(e/@ =) [ 100 0P Py Y+ 0
R i=1
=CyH(0)e 4+ O(?),
where
(2.12) Cri= /R V0O 0Py Py
After all, we get

(2.13) / |Vde|2dx = pug(R™) — CrH(0)e + C2H (0)e + O (%) .

Next, by changing the variable @ (x)/e = y, we have

2/p 2/p
219 ( f o7 dX) = 82"/1’—<"—2>( / ude) +0@E™?),
@ !}

Finally, the integral | o ﬁg* /|x|*dx can be estimated as follows. By a change of the
variable @ (x)/e = y, we have

(2.15) / ﬁg*/|x|3dxzf vg*/|x|fdx=/ u* /|0 (ey)/e| dy.
Q 2nU +

r0/(28)
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Since @1 (y) = (v, yu + @(3")), it holds that |®~1(y)|> = |y|? + 2y.0(y") + ((p(y/))z, and
then
|0 (ey) /6|~ = Iy17 (14 23mp(exy)/(elyP) + (9(e3))/(21y17)
(2.16) = yI7* (1 = synp(ey)/(ely?) — s(p(ey)) /221y 1%))
+ ClyI ™ 2y )/ Ely 1) + (p(ey) /(2 1y1D).
Thus from (2.15) and (2.16), we obtain

[ nrar= [ svay—ose [ uGP et vy + o)
+

10/(26)

n—1
—t=se Yo [ u sy + 0
i=1 +

n—1

=1—(se/(n — 1)) /R CuT Y Pyn/ Iy Y ki + 0

+ i=1
=1—(2°C1/Qus(RL)))H(0)e + O(e%),
where C; is the same positive constant as in (2.10), and then
—2/2%
2.17) ( / 7 /|x|“dx) < 1+ (C1/us(R'))H(0)e + O(e?) .
2

Thus by (2.13), (2.14) and (2.17), we have
(2.18)

M?,p(-Q) < (,ILS(R:‘_) + A82n/p—(n—2)</
R,

x (14 (C1/us(RY))H(O)e + O(c?))

2/p
updy) — C1H(0)e + C2H(0)e + 0(82)>

2/p
= pus(RY) + kSzn/p_(”_2)</ ufdy
R

n
+

2/p
+ (Cl)\H(O)/us(R’i))< fR ) u”dy) 2P L ) H(0)e + O(e7) .

+

Ifr<0and2n/(n —1) < p <2n/(n —2),i.e.,2n/p — (n — 2) < 1, we have

2/p
e p(82) < po(RY) + )»82"/1’_("_2)( /R ) updy) +0(e) < 11s(RY) .
+
Thus Theorem 2.3 is proved.
Next, assume H(0) <0,A > 0and2 < p <2n/(n—1),i.e.,2n/p—(n—2) > 1. Then

from (2.18), we obtain
1y ,(2) < g (RY) 4+ C2H(0)e + 0(e) < pug(RY) .
Thus Theorem 2.4 is proved.
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Furthermore, if H(0) < O and A < 0,forany 2 < p < 2n/(n —2), then2n/p — (n —
2) + 1 > 1. Hence, (2.18) yields that
M?,,,(Q) < us(RY) + C2H(0)s +0(e) < us(RY).

Thus Theorem 2.5 (i) is proved.

If p = 2n/(n — 2), then u should be replaced by an entire solution of (2.7) given by
Lemma 2.6. We can compute /Lg\’*(.Q) in the same way as the subcritical case except for the
estimate of the integral I 3. By using the equation (2.7), we have

n—1

h3=(2/e) fB+ n(¢_1(8y))28nu(y)<p(8y’)Zanu(y)dy

ro/e i=1

= (n =2/l 20 T [ 1@ @) 0oy 0[Py

ro/e

— (2, (R")/(e2%) / (@7 @) 0 @u[u) DIy dy

Bro/s

[ o e oter) () i

rg/e
=: jl +j2+j3,

and

hi=c f (@7 @)@ (@7 )l ey ) lu ()PP dy

Bro/s

< C82/ |y|—2n(n—1)/(n—2)+2dy _ O(Snz/(n—Z)) )

{ro/2=leyl<ro}
Moreover, by using integration by parts along the e,,-direction, we get

I+ J3 = —CiH(0)s + CH(0)e + O(e?) ,
where C» is the same positive constant as in (2.12) and

Crim @5/2) 1 (R [ w1y P/ Py
Ry

Thus we have

/ |V, |2 dx = / |Vu’dy — C{H(0)e + C2H(0)e + O(?),
Q R

(n—=2)/n
([amma) ™" < (]
2 R

Since we have
./R

and

(n=2)/n 5
u2n/(n—2)dy> + 0(8" /(n—2)) )

n
+

(n=2)/n
|Vl/l|2dy +)‘<'/n M2n/(n—2)dy) — M?,*(Rﬁ-)’

n
+ R
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(2.18) becomes
[r (2) < (uk J(R%) — CLH(0)e + C2H(0)e + 0(2)) (1 + (C1 /1t L (R H(0)e + 0(e))
= ul (R + C2H (0)e + 0(e) < pl  (RY).
Thus Theorem 2.5 (ii) is also proved. O
If H(0) = 0, then we obtain the following weaker result:

THEOREM 2.7. Assumethat2 < p <2n/(n—2),) < 0,082 is C3 ar 0 and the mean
curvature H(0) = 0, then /Lﬁ"p(.Q) < ug(R).

PROOF. Since H(0) = 0, (2.18) becomes

2/p
15 p(2) < ug(RY) + xsz"/"—("—”( /R uf’dy) +0(?) < 15 (RY),

n
where 2n/p — (n — 2) < 2 if p > 2. Thus Theorem 2.7 is proved. O
Finally, we give a proof of Lemma 2.6.

PROOF OF LEMMA 2.6. First, for the existence of a positive solution of (2.6), see [1].
We shall show the existence of a positive solution of (2.7) in Section 4 (see Theorem 4.4 and
Remark 4.5 (i)). Hence, we prove here the regularity of the positive solutions of (2.6) and
(2.7). It is enough to consider the regularity theorem at 0 € d R’ . By the Moser iteration

method, u is locally bounded (see e.g.,[2, Lemma 1.5]). Then we have u € C* (B_1+) for
0 < o < min{2 — s, 1}, where B]" := B;(0) N R".. Set

op = sup {a; sup (Ju(x)|/|x]*) <00, 0 < < 1}.

+
B

Then for any 0 < o < g, we have |u(x)| < C|x|* for x € F, and
(2.19) ) xl* < Clx @D for x € B
We claim op = 1. Suppose g < 1. Then by (2.19), we have (2* — 1)ag — s < O.
Otherwise, u € Wz’q(Bfr/z) forany 1 < g < oo, and then ag = 1. Therefore we get
|u|2*_1/|x|s € Lq(Bfr) forall 1 <g <n/(s — (2* = Dap) .

By the Sobolev embedding, if 1/(s —(2*—1)ag) > 1, we haveu € C* (?Jr/z) forany0 < o <
1, and then g = 1, which is a contradiction. Thus we may assume 1/(s — 2* — 1ag) < 1.
Then u € C"‘(Bl+/2) forall 0 < @ < 2 — (s — (2* — 1)ap). The definition of «g yields
2—(s—(2*—1Dap) < ap, butitimplies (2—s)+ (2* —2)ag = (1 +2a0/(n —2))(2 —s5) <0,
which is impossible. Thus ap = 1 is proved, i.e., forany 0 < o < 1,

lu()* 7 /1x S < Cle|@ =D for x € B

Furthermore, if 2* — 1 — s > 0, 1i.e., s < (n + 2)/n, by taking « close to 1, we see that

lul* =1/ 1x)* € L9(B]) forall 1 <g < oo,
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and then u € Cl’/s(BlJr/z) for all 0 < B < 1. In particular, in the case s < (n + 2)/n, there
exists go > n such that

”M”quO(Br/z)

<c(1+ ||u4/(”_2)Vu||LqO(B]+) + ||lu? _2Vu/|x|5||L,,O(Bl+) + [u? —1/|x|s+1||Lq0(Bl+)) <.
Thus we getu € CZ(BT/Z). If s > (n+2)/n, by taking « close to 1, we have u € Cl*ﬂ(Bfr/z)
forall0 < 8 <n(2—ys)/(n —2).

To prove (ii), we apply the Kelvin transformation:
W () == yI7"Pu(y/IyP), yeRL.

Thus u* is in HOl (R") and satisfies the same equation as u. By (i), u* e Cl*ﬂ(R_’}r) for some
B > 0. Then |u*(y)| < Cly| for y € Bl+. By going back to u, we then have |u(y)| <
Cly|=® D fory € R', . By the gradient estimate, we have |Vu(y)| < C|y|™ for y € R'}.
Thus (ii) is proved.

The part (iii) can be proved by the well-known method of moving planes. Since it is a
standard method, we skip the argument here. Hence, Lemma 2.6 is proved. O

3. Proof of main theorems. This section will be devoted to prove Theorem 1.1
through Theorem 1.4 excepting Theorem 1.2 (ii), which we will prove in the last section.
If A < —A,(£2), then Theorem 2.2 implies the existence of minimizers. Thus we assume
—Ap(82) < A Let u, be a minimizer of u?;f,(.Q). It is easy to see that lim,_,¢ u?;f,(.Q) =
15 ,(82), and

2/p
/ |Vue|>dx ~|—A</ ufdx) = M?:;(.Q) and / ug*_€/|x|5dx =1.
2 2 2

Then the Sobolev embedding yields that

2/p 2/p
(Ap(£2) +A)</ ufdx) < / |Vue|>dx —i—k(/ ufdx) = ug‘”;(ﬂ) <C,
9 2 2

which implies
/ uldx < C and / |Vue|?dx < C
2 22

because of the inequality A,(£2) + A > 0. Thus there exist {g;}jey C (0,2* — 2) with
gj — 0as j — ocoand ug € H(}(.Q) such that
uj —~ uo weakly in Hj (£2),
G.1) uj/|xls/2* — uo/|x|s/2* weakly in LY (),
' uj — uo strongly in L?(£2),
uj — up a.e.in$2
as j — oo, where we put u; := Ug;.

LEMMA 3.1. Ifug # 0, then ug is a minimizer for /Li"p(.Q).
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PROOF. Since u; is the minimizer for ,usj,’ (£2), with ug as a test function, we have

—(p— _ AE; 2% _—g;
(3.2) f ij-vMde+)\||u,-||L,§f(’Qf)/ ul luodxzus,;f(fz)/ W, ug/|x|'dx.
2 2 2

By using (3.1), we have

/Vuj.Vuodx%/ [Vuo|’dx and /uﬁ*—1u0/|x|5dx—>/ ul /x| dx .
2 2 2 2

Thus letting j — oo in (3.2) yields that

2/p
/ |Vuo|2dx+k</ ugdx> =M§,p(9)/ ul /x| dx
2 2 2

and then we have

2/p
u?,,,(ms(/ |VM0|2dX+)»(/ u{;dx> )(/ u(z)*/|x|5dx>
2 2 2

(2*—2)/2*
=u§,p(9)< / ug /|x|fdx> :
2

—2/2*

which implies
1< f ul J|x|Sdx .
22
But since u /|x[*/>" — uo/|x|*/*>" weakly in L> (£2), we have

1= lim [ ] ‘Ef'/|x|5dxzf9u%*/|xlsdm

j=oo )@
Thus f_Q u(z)*/|xlsdx = 1 and uq is a minimizer for ,uﬁ’p(.Q). O
THEOREM 3.2. Ifug = 0, then p}; ,(£2) = jus(R}).

PROOF. Letx; € §£2 be a maximum point of u ;, thatis, 0 < maxg u; = u;(x;) holds.
Then we see that up to a subsequence, u;(x;) — oo as j — oo. Indeed, assume {u;(x;)}jen
is bounded. Then by the Lebesgue dominated convergence theorem, we have

. 2% —g;
/u(z)*/lx|sdx= lim / w; M lxPdx =1,
22 J=70J2

which implies uo # 0, and a contradiction occurs.
Next, we set kj := u;(x;)~Pi=2/2 where p; := 2n/(n — 2) — 2¢;/(2 — s). Then we
shall show the following lemma:

LEMMA 3.3. |xj| = O(xj)as j — oo.

PROOF. Suppose that up to taking a subsequence,
‘lim |x]'|/Kj =0.
/—)OO

By scaling, we set
vi(y) :==uj(xj+ Bjy)/uj(x;) in £2;,
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where 2; :={y e R"; x; + By € 2} and
2—5)/2 2
B = 12T = (gl fcg) e
By (2.1), v; satisfies
2*

—(p=2 —1 A& *_9_ g —1—¢; K .
Avj = 2B I ooy v sy (@)Bu ey 2 T g 4 By [T =0 in 2,

where § :=2n/p — (n — 2) > 0. Note that
wj(x)* BN T =1,

—2=9/2 _, 0 as

and since s < 2 and limj_, |x;|/k; = oo, we have B;/|x;| = (Ix;l/k})
Jj — oo.

To prove the convergence of v;, we have to obtain a lower bound of [[vj[|Lr(s;). To see
it, by applying the interior estimate and v; < 1 in £2;, we have

) —(p=2),. p—1
||Uj ||W2v17/(17—2) (B1,2(0)N£2)) =< C(l + ,3/‘ ||Uj ”Lp(_Qj) ||Uj ||Lp/(p—2)(31(0)mgj))-

Since p/(p —2) > n/2 and

—(p=2) . p—1
“vj“LP(_Qj) “Uj “LP/(P*Z)(B](())Q_Q/-) <1,

the Sobolev embedding implies v; € C* (m) for some « > 0. In particular,
vi(x) > 1/2 for x € B, (0)

with some small o > 0 because v;(0) = 1. Thus we have

Ivjllecey) = € >0, andthen Bllv;li g5 < CB) — 0 asj— oo.
Therefore, v; converges to some function v uniformly on any compact subset of R". More-
over, v satisfies v(0) = 1 and
(3.3) Av+pul (@2)v¥ =0 in R
provided that £2; tends to R", or
(3.4) {vAv:J;uﬁ(;i(;?;vz '=0 inH,

provided that after a linear transformation, §2; tends to H := {y € R"; y, > —a} for some
a > 0. By a well-known result, both equations (3.3) and (3.4) have no positive solution. Thus
we get a contradiction and Lemma 3.3 is proved. O

We go back to the proof of Theorem 3.2. As in the proof in Lemma 3.3, we set
Vi) i=uj(xj+kjy)/uj(x;) in $2;,
where £2; :={y € R"; x; +«;y € £}. Then v; satisfies
—(p—2) p-1 AL 2*—1—¢; .
Avj =1l g o) sy @y x4y =0 i 2;,

(3.5) {
vj(0)=1 andv; =0 on 98;.
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First, we assume up to taking a subsequence, x;/k; — 0 as j — 00. As in the proof in
Lemma 3.3, we have to find a lower bound of ||v; ||£;(252 3 Thus we may assume p > 2.
J
To obtain a lower bound of ||vj||Lr(e;), we write v; = Uj + w;, where

{ij sy (Q)vf.*‘l‘sf'/|xj/;cj +y[ =0 inB(0)NK;,
wj =0 ond(B1(0)N L)),
and
{Af’j - Mf||vjllz,(;f§j2))vf_l =0 inB(0)N;,
v; =v; ond(B1(0)N ;).
By the interior estimate and v; < 1, we have forany g < n/s,

lwjllwza s, pone;) = C-
By noting - 1
—(p— p—
llvj ”LP(QJ.) ||Uj ||Lp/(p—2)(31(0)m_(2j) <1,

and again by the interior estimate, we have

||6j ”WZ»P/(pr)(Bl/z(o)mgj)) <C.
Since 2 < p <2n/(n — 2),1i.e., p/(p —2) > n/2, there exists ¢ > n/2 such that

lvjllw2a (s, H0neH) = €
for some constant C independent of j. Then the Sobolev embedding implies

”Uj ”C“(B1/2(0)ﬁﬂj) < C

for some o > 0. Thus v;(x) > 1/2 for x € B,,(0) N £2 with some small ry > 0 independent
of j. Hence, ||vjllLr(2;) = C > 0 for some constant C > 0. Since v; < 1, it is standard to
show that v; — v uniformly in any compact set in R, and v satisfies

{Av +ulk () v |yl* =0 inRY,
v=0 on dRY.
But v(0) = 1, which yields a contradiction to v = 0 on dR’}, and we get liminf;_, o |x;|/
kj > 0.
Lety; := —x;/kjandlim; o y; = —yo. After a linear transformation, we may assume

£2j; — R’ and v; — v uniformly in any compact set in R’ . Then by (3.5), v satisfies

Av+pd (2)v 7yl =0 in RY,

v=0 ondR, v(yo)zmaxR1v= 1,

and

A

* . . 2% —¢;
/ v /Iylfdy < Tim [ i Y|y —yil'dy
Rn J—>00 Q2
(3.6) + J
T / W lxldx < 1.
2

j—oo J J
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Thus we have

G.7) [ woidy =@ [ pray.
R R
Then from (3.6), (3.7) and Lemma 2.1, we obtain

—2/2*
m(R’i)s( / |Vv|2dy>< / v? /|y|*‘dy)
R’ R
* (2*=2)/2*
= u?,,,m)( /R v /|y|sdy) < 1s(RY).
+

As a consequence, it follows that ,ug"p(.Q) = s (R and fR,1+ vz*/|y|sdy = 1. Thus Theo-
rem 3.2 is proved. O

In view of Theorem 3.2, Theorems 1.1, 1.3, 1.4 and Theorem 1.2 (i) follow immediately
from Theorems 2.4, 2.7, 2.3 and Theorem 2.5 (i), respectively.
4. The critical case p = 2n/(n—2). In this section, we want to discuss a minimizing
problem of 1, (£2):
1h () = ik ,(2) with p=2n/(n—2).
First, we have the following result:
LEMMA 4.1. IfL < =Sy, then pu} ,(82) = —o0.
PROOF. Letu be the positive solution of
Au+ SutP/=2D =0 in R",
{u(x) =u(lx|) and [p, u?"Ddx =1,

xp € 2 and 0 < n € CX(By,(x0)), where n = 1 in By /2(xo) and ro < dist (xp, 9§2). Set
0e(x) :=n(x) u((x — xo)/e) for x € £2. Then we have

(n=2)/n —2/2%
1r () < ( / |Vge|?dx +x( f wf"/("‘z)dX) )( f o2 /|x|*‘dx> .
2 2 2

Thus by using the decay property of u, we see that

/9 Vel dx < "2, + 0(?"™?)  and ( /Q v ("_z)dx)(n o > "2+ 0.
Moreover, we get
/Q o /I1x|*dx = O(e") if n >4,
and in the case n = 3, we have
0(e?) if 0<s<3/2,

/w?/lxl“dxz 03 logel) if s=3/2,
2
0(e572%) if 3/2<s<2.
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As a consequence, we get
13+ (82) = Tim (S, +2) + 0("™9))/(C1e%) = —o0
with some positive constants C; and «. d
LEMMA 4.2. For A > —Sy, the inequality j1} ,($2) < ) ,(R",) holds.

The proof of Lemma 4.2 is similar to that of Lemma 2.1. So, the detailed argument is
omitted here. To study ,uﬁ’*(s?), we consider uff (£2), where

A, [
Wy (82) = H’s,;n/(n—Z)—Zs/(Z—s)(Q) for 0 <e <1.

Then we have lim,_, o ,u?j,f(s?) = ,uﬁ’*(s?) if =S, < A < 0. Let u, be a minimizer for
M?[f([)) with [, ug*_5/|x|‘dx = L. It is easy to see that || Vue| 2y is bounded because
A > —S8,. Thus by passing to a subsequence &; — 0, there exists ug € H(} (£2) such that

@) {uj — uo weakly in Hj (£2) N L2/ =2 (2)

uj/|x|s/2* — u0/|xls/2* weakly in L¥(2)

as j — oo, where we put u; := Ug;.
Next, we prove the following lemma in the same way as before except small modifica-
tion.

LEMMA 4.3. uf,’*(.Q) is attained if ug # 0.

PROOF. Recall that u; satisfies
—(pj=2) pj—1 AEj 2%—1—¢; ; .
Auj_)‘”“j”Lsz_Q) ujj +Ms,*j(9)uj ]/|x|b=0 in £,
where p; :=2n/(n —2) — 2¢;/(2 — s). By taking u as a test function, we have

—(pj-2) i—1 Y 2 —1—¢; ,
fgvuj -Vugdx + A ||uj||ij.’gm /Quj’f updx = Ms’j’(.{))/ﬂuj “Tuo /x| dx .
By using (4.1) and letting j — oo, we get
/ VuolPdx + 1 Cy /7272 / ug" " Pdx = i} () / ug /1x|*dx
2 2 ' Q
where
4.2) Co = lim |lujllp (@) = luoll 2o g) -
J—>00

Thus by using (4.2) and A < 0, we see that

(n=2)/n
/ |Vu0|2dx+)\<f ug"/("—%x) suﬁ,*(sz)f ul’ /Ix)dx
2 2 2

and then

(n=2)/n
e($2) < </ |Vuo|*dx + 4 </ ué"/("‘z)dx> )(/ u%*/lxl“dx)
’ 2 Q Q

—2/2*
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@*-2)/2*
suﬁ,*m)( /Q w: /|x|~?dx> ,

which implies 1 < f o u%* /|x]*dx. On the other hand, by (4.1), we have

| = lim uf ‘Ef'/|x|5dxz/9u3*/|xlsdm

j=oo )@
Hence, we get f_Q u%*/|x|sdx = 1, which implies u¢ is a minimizer for uﬁ’*(ﬂ). O
If up = 0, then we have the following theorem:

THEOREM 4.4. Assume —S,, < A < 0. Then u?’*([)) = ,uﬁ‘,*(Rﬁ) and the equation
(2.7) admits an entire positive solution.

REMARK 4.5. (i) By the Pohozaev identity, it can be shown that the equation

L2n/(n—2) (_Q)

{AM — ||u||—4/(l’l—2) u(n+2)/(}’l—2) _I_ :U“?’*(Q) uz*—1/|xls — 0 in Q ,
u>0 inf2 and u=0 on 32 with [,u®/|x['dx=1

admits no solutions provided that £2 is a star-shaped domain with respect to 0. Thus for such
a domain £2, ug must be 0, that is, u, must blow up as ¢ — 0. Hence, Theorem 4.4 yields the
existence of a positive solution of the equation (2.7). This entire solution was used to prove
Theorem 2.5 (ii) in Section 2.

(ii)) Obviously, by Theorem 2.5 (ii), Lemma 4.3 and Theorem 4.4 again, we can prove
Theorem 1.2 (ii).

PROOF OF THEOREM 4.4. We first show the lower bound of ||u ||, »; @) We use the
following interpolation inequality

2%—g; /@ =€) aj l—a;
“3) ( /Q w ’/|x|fdx) < ClIVus 3k g i,

forsome a; € (0, 1) such thata; — s(n —2)/(2(n —s)) € (0, 1) as j — oo. The inequality
(4.3) can be obtained as follows. First, by the interpolation inequality, we have

o 1/@"—e)) a;/2 A\ Ua)/p;
</ u; ’/|x|sdx> < C(/ u§/|x|2dx> (/ ui’dx) ,
2 2 2

and then by the Hardy inequality, we have

/ us/lxPdx < c/ |Vu;dx .
2 2

Combining the above two inequalities, we get (4.3). Hence, from (4.3), we obtain

2%—¢g; I 1/(2%—¢;) aj 1—a;
1=(/Quj el dx) D < CIVu I g

Thus a lower bound of ||u ||, r; @) follows from the upper bound of ||Vl ;2.



100 C. LIN AND H. WADADE

We divide the proof of Theorem 4.4 into several steps. Since the minimizers #; — 0 in
HJ(£2), u; blows up at some point in £2. Let x; € £2 be a maximum point of u ;. Then we
have

uj(xj)zmgaxuj — 00 as j—> 00.

STEP 1. We claim that O is the only blow up point. Since [|u; ||, »; @) is bounded from
above and below, we may assume
: Pt _
jlin;o ”u]”ij(_Q) =C;>0.
Suppose that u j blows up at some point X9 # 0. The function 1/|x|* is smooth in £2 \ {0}.

If u; blows up at X9 # 0, then by some well-known works (see e.g., [6, 7]), v; converges to
some v on any compact subset of R”, where

_ - —2/(n—2 .
vj(y):zkjluj(xj+kj /(n )y) in £2;,

and

=2/(n=2)

J

Aii=u;(X;):= max u; — oo
P g G

Q;:={yeR";x;+ 1 y e R},

with some small fixed constant rg. Then v satisfies v(0) = 1 and

4/(n-2)

Av— (A/C) v D/=D — 0 inR" with C; > [l

—A=<C1/ |Vv|2dy></ UZ"/("_Z)dy>
R" R"

_ 2 -2 —4/(n-2)
- Cl ”VUHLZ(Rn) ||v||L2n/(n—2)(Rn) ”v”LZn/(n—Z)(Rn)

—4/(n—2)
L2n/(n—2)(Rn) Z Sn ’

Thus we have
-1

= Cy Sp vl

which contradicts A > —S;,, and Step 1 is proved.
STEP 2. Setk; := u;(x;)~Pi=2/2 We claim that |x;| = O(x;). Suppose lim;_,
|xj|/k; = 00, and set

vi(y) i=uj(xj +u;y)/uj(xj) in £2;,
where
Qj:={yeR"; xj+kjye2}.
Then v; satisfies
2

*l—g; , .
; T/lxj+kiylf =0 in2;.

—(p;j—2) pj—1 A& ¥_ g,
Avj—)»||uj||ij£Q) vj’ +MS,*’(Q)K/2uj(xj)2 =iy

By noting
2 P S s :
K (xj) Silxj|7 = (k/Ixj1)° > 0 as j— oo,
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and |[uj|l»j gy is bounded from below, we know that v; converges to some function v uni-
formly on any compact set, and v satisfies v(0) = 1 and

(4.4) Av— (A/C)v"FD/=2 — 0 in R", or

5) {Av — (A/C) v FD/=D — 0 in some half space H ,

v=0 on 0H,

where C 1= lim;_ o |lu; || Since (4.5) has no positive solution, v satisfies (4.4). By

L”J (sz )’
scaling, we have

(4.6) (uj ey i) P2 P

”u-/”LpJ(,Q) Lp](_Q )

where
uj(xJ')”fK;' = uj(xj)Pj—n(Pj—Z)/Z = Mj(xj)(n—Z)Ej/(Z—S) > 1.
Thus by passing to the limit in (4.6), we have

4/(n—=2)

Ci > ||U||LG/(n—2)(Rn)’

and then

(n-2)/n
Sn(/ UZ"/("—2>dy> s/ |Vul*dy
n Rn

(=2)/n
=-(/Cp) | vy < —A(/ vz"/("_z)dy> :
Rn n

which contradicts A > —S;,. Thus Step 2 is proved.
STEP 3. We prove that lim; ., |x;|/k; > 0. We note that

2 P2—g;, —
Ky uj(xj) 8f/<j5=1.

Hence, v; satisfies
—(p;i—2) p; 1 A Eh —1l—¢; .
Bvj = 1l iy VP i @) vy T g 4] =0 i 2;.
Suppose lim; . |xj|/k; = 0. By passing to a subsequence (still denoted by v;), v; con-

verges to some v smoothly on any compact subset of R” , and v satisfies
2)/(n—2 2 251 ; :
{Av — (/O Lk (@) v Tyl =0 in R,
v=0 ondR.
This is impossible since v(0) = 1. This proves Step 3.
To complete the proof of Theorem 4.4, we note that after a linear transformation and a

translation, v; converges to some v uniformly on any compact subset of R}, and v satisfies

Av — (1) Cy "D ik (@) ¥ /Iy =0 in RY,

{v =0 ondR} and wv(y) = maxy = 1 forsome yg € R", ,
+
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2/n
Ci > ( / vZ"/<"—2>dy) )
R}
Thus we have

(n—2)/n _2/2*
u?,*mi)s( / |W|2dy+x< / v”“"‘”dy) )( / v /|y|de>
R R! RY

—2/2*
@.7) 5( / IVoPdy + (1/C1) / v2"/<"—2>dy)< f vz*/|y|5dy)
R R R!

.
(2%-2) /2
A 2% s A n
e [ ra) <,
+

where the condition A < 0 is necessary in the second inequality of (4.7). Thus we have
wh . (2) = p¢ (R") and fRi vZ" /|y|*dy = 1. In addition, from the second equality in (4.7),

(),
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