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Abstract. In this paper we continue the investigation of the regularity of optimal
transport maps on Riemannian manifolds, in relation with the geometric conditions of Ma-
Trudinger-Wang and the geometry of the cut locus. We derive some sufficient and some nec-
essary conditions to ensure that the optimal transport map is always continuous. In dimension
two, we can sharpen our result into a necessary and sufficient condition. We also provide some
sufficient conditions for regularity, and review existing results.

1. Introduction. Throughout this paper, M will stand for a smooth compact connected
n-dimensional Riemannian manifold (n > 2) with its metric tensor g, its geodesic distance d,
and its volume vol. Reminders and basic notation from Riemannian geometry (exponential
map, cut and focal loci, injectivity domain, etc.) are gathered in Appendix A. We note that in
this paper as in our previous works [27, 14, 15, 16, 17] we use the word “focal” as synonymous
of “conjugate”.

Let 1, v be two probability measures on M and let c¢(x, y) = d(x, y)2 /2. The Monge
problem with measures u, v and cost ¢ consists in finding a map 7 : M — M which mini-
mizes the cost functional f €, T(x)) dp(x) under the constraint Ty = v (v is the image
measure of u by T).

If 1« does not give mass to countably (n — 1)-rectifiable sets, then according to McCann
[29] (see also [9, 10]) this minimizing problem has a solution 7', unique up to modification
on a pu-negligible set; moreover T takes the form 7' (x) = exp, (Vy¥), where y : M — R is
a c-convex function [31, Definition 5.2]. In the sequel, i will be absolutely continuous with
respect to the volume measure, and its density will be bounded from above and below; so
McCann’s theorem applies and T is uniquely determined up to modification on a set of zero
volume.

The regularity of T is in general a more subtle problem which has received much atten-
tion in recent years [31, Chapter 12]. The first question is whether the optimal transport map
can be expected to be continuous. We note that the definition below differs slightly from that
in [14, Definition 1.1].
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DEFINITION 1.1. We say that M satisfies the transport continuity property (abbrevi-
ated (TCP)) if, whenever u and v are absolutely continuous measures with respect to the
volume measure, with densities bounded away from zero and infinity, the optimal transport
map T with measures u, v and cost ¢ is continuous, up to modification on a set of zero volume.

The aim of this paper is to give necessary and sufficient conditions for (TCP). This
problem involves two geometric conditions: the condition of convexity of injectivity domains,
and the Ma-Trudinger-Wang condition. These conditions were first introduced and studied
by Ma, Trudinger and Wang [28] and Loeper [26] outside the Riemannian world; the natural
Riemannian adaptation of these concepts was made precise in Loeper and Villani [27] and
further developed by Figalli and Rifford [14]. Both conditions come in the form of more or
less stringent variants.

e We say that M satisfies (CI) (resp. (CI™)) if for any x € M the injectivity domain
I(x) C Ty M is convex (resp. strictly convex).

eForanyx ¢ M, v € I(x) and (§,n) € TxM x TxM, let y = exp, v, we define the
Ma-Trudinger-Wang tensor at (x, y), evaluated on (&, 1), by the formula

3 42 d?
"2 4|, a
Then we say that M satisfies MTW) if

forall (x,v) € TM withv € I(x), forall (¢§,n) € TxM x TyM,

[(5, n)x =0 = 6(x,y)(§v ’7) > 0] .

If the last inequality in (1.1) is strict unless § = 0 or n = 0, then M is said to satisfy the strict
Ma-Trudinger-Wang condition (MTW™).

In the case of nonfocal Riemannian manifolds, that is, when the injectivity domains do
not intersect the focal tangent cut locus, Loeper and Villani [27] showed that (MTW™) implies
(CI™), (TCP), and then further regularity properties.

The much more tricky focal case was first attacked in [14] and pursued in a series of
works by the authors [15, 16, 17]. In presence of focalization, the robustness of the results
becomes an issue, since then the stability of conditions (MTW™) and (CI™) is not guaranteed
under perturbations of the metric. In [15] it was shown that perturbations of the sphere sat-
isfy (MTW™) and (CI*). In [16] we showed that in dimension n = 2 these two conditions
are stable under perturbation, provided that the nonfocal domains are strictly convex near
the tangent cut locus (see [16] for a precise formulation). In [17] we showed that the same
condition implies the semiconvexity of injectivity domains, without any assumption on the
Ma-Trudinger-Wang tensor. After this set of studies which were so to speak purely geomet-
ric, the goal of the current paper is to connect these conditions to the regularity problem, also
in the possible presence of focalization.

Our first main result is as follows:

c(exp, (1€), exp, (v +51)) .
t=0

6()5,)7)(57 77) =

(1.1)

THEOREM 1.2. With the notation above,
(i) If M satisfies (TCP), then (CI) and (MTW) hold.
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(ii) If M satisfies (CIT) and MTW™), then (TCP) holds.

Notice the gap between the necessary (weak) and sufficient (strong) conditions. In di-
mension n = 2, we can fill the gap and show that the weak conditions are necessary and
sufficient:

THEOREM 1.3. If M is a (compact connected Riemannian) surface, then M satisfies
(TCP) if and only if (CI) and (MTW) hold.

The proofs of Theorems 1.2 and 1.3 are given in Sections 2 to 5. The improvement from
Theorem 1.2 to Theorem 1.3 is based on the following two-dimensional results (combined
with a delicate geometric reasoning):

(1) In R?, the continuity of optimal maps between densities bounded away from zero
and infinity is known to be true under (MTW) [13].

(2) If (MTW) holds, then, for any x € M, the curvature of the tangent focal locus at any
point of the tangent cut locus has to be nonnegative. (Although not explicitly stated in this
way, this fact is an immediate consequence of the proof of [16, Proposition 4.1(ii)].)

Since the property (CI) is closed under C2-convergence of the metric, as an immediate
consequence of Theorem 1.3 and Lemma 3.1, we deduce that the set of two-dimensional
manifolds satisfying (TCP) is closed in C2-topology (compare with the stability results in
[32]).

In [14, 15, 27] it is shown how a Ma-Trudinger-Wang condition, combined with ad-
ditional geometric assumptions, implies the convexity of injectivity domains. So one could
make the more daring conjecture that (TCP) and (MTW) are in fact equivalent. For the mo-
ment this seems out of technical reach, and we do not know if one can dispend with the
explicit assumptions of convexity of injectivity domains. Such conditions may be impossible
to check in practice because of the complexity of the cut locus; so it may be useful to know
that they can be replaced by stronger conditions on the shape of the nonfocal domain. This
will be described in Section 6.

From the present study and previous works, we can write a list of simple or specific
Riemannian manifolds known to satisfy (TCP):

Flat tori in any dimension [4].

Round spheres in any dimension [26]

Small C* deformations of round spheres in any dimension [14, 15].

Riemannian submersions of round spheres [23].

Products of round spheres [12].

Quotients of all the above examples by a discrete group of isometry [5].

Compact quotients of products of spheres and Euclidean spaces with nonfocal cut
locus (Proposition 6.4).

e Compact Riemannian surfaces satisfying (CI) and (MTW) (Theorem 1.3).

Now as far as the proofs are concerned, many ingredients are recycled from previous
works [14, 15, 16, 22, 27], however they are improved and combined with new technical
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results, such as Lemma B.2 about the structure of the cut locus. Some notation and technical
results are postponed to the appendices.

We close this introduction by noting that the body of work described above connects the
classical nonsmooth topic of the regularity and shape of cut locus [3, 21, 24] with the not
less classical smooth topic of the regularity of solutions of fully nonlinear partial differential
equations [20]. See [33] for a short description of this connection.

2. Necessary conditions for (TCP). The following assumption was introduced in [28]
and further studied in [26, 31].

ASSUMPTION (C). For any c-convex function  and any x € M, the c-subdifferential
0c ¥ (x) is pathwise connected.

Background on c-subdifferentials can be found in [31, Chapter 5]. It is a general fact
that (TCP) implies Assumption (C); this is true even for much more general cost functions
c [31, Theorem 12.7]. Moreover, Assumption (C) and (CI) together imply (MTW) (see [31,
Theorem 12.42]). So Theorem 1.2(i) is a straightforward consequence of the following result:

PROPOSITION 2.1. For the cost function ¢ = d*/2, Assumption (C) implies (CI).

To establish Proposition 2.1 we shall use a technical auxiliary result, whose proof is
postponed to the end of the section:

LEMMA 2.2. Assume 1(X) is not convex for some x € M. Then there are v_1,v] €
1(x) such that:

e vo = (v—1 + v1)/2 does not belong to 1(%):;

e the mapping v € [v_1,v1] NI(X) > exp; (v) € M is injective.

PROOF OF PROPOSITION 2.1. Assume by contradiction that I(x) (or equivalently I(%))
is not convex for some x € M. Let v_i, vp, v; be as in Lemma 2.2. Set y; = exp;(v;) for
i =—1,0,1andlet ¥ : M — R be the c-convex function defined by

¥ (x) = max{c(x, y_1) — c(x, y_1), (X, y1) — c(x, y1)} forall x e M.
The set of subgradients of i at x is given by the segment
V7Y (x) =[vo1, 1] C Tz M,
which by [31, Theorem 10.25] implies
—V;rc(i, y) C [v=1, v1] forall y € d.¢(x),

where V;rc(f, y) denotes the set of supergradients of the semiconcave function x — c(x, y)
at x. (Recall that, on a Riemannian maninfold M, the squared distance function is a locally
semiconcave function on M x M, see for instance [9, Appendix B].) Since both v_; and v;
belong to the injectivity domain I(x), x + c(x, y;) is differentiable at x and Vzc(x, y;) =
—v;, fori = —1, 1. Let us define the multivalued function

F:yedy®) — —Vie, y) Clv_i,vl.
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By Assumption (C), there exists a continuous curve t € [—1,1] — y(t) € M, valued in
dc¥(x), such that y(—1) = y_j and y(1) = y;. Observe that F o y is convex-valued and
upper semicontinuous, taking values {v_;} and {v;} att = —1 and ¢ = 1 respectively. Since
vo does not belong to I(x), there has to be some 7, € (—1, 1) such that F(y(ty)) is not
contained in I(x). (To prove this rigorously, one can appeal to [1, Theorem 9.2.1]: F oy
admits a Lipschitz approximate section, that is, for every € > 0 we can find a Lipschitz
function fe : [—1, 1] — [v_1, v{] such that

Graph(f,) C Graph(Foy)+eB ={(t,v); t € [-1,1],ve (Foy)()} +€B,

in [—1, 1] x [v_1, v1], where B denotes the open unit ball in RZ?; from this and a compactness
argument the conclusion is easy.)
Thus there is v, € F(y(#)) such that

ve € =V, y(t)) \1() .

But the set —V; c(x, y(t4)) is the convex hull of the minimizing velocities joining x to y(#).
Hence, recalling that —V;“ c(x, y(tx)) C [v=1,v1], we can find two such minimizing ve-
locities v, v € [v—1, v1] such that v, is a convex combination of v and v’. In particular
exp; v = exp; v/, contradicting the injectivity condition in Lemma 2.2. This establishes (CT).

O

PROOF OF LEMMA 2.2. It is sufficient to show that there are v_1, v; € I(x) such that
vo = (v—1 + v1)/2 does not belong to I(x) and such that the mapping

v e [v_,v]NTCL(X) — |v|]z € R

is injective. Indeed, if v, v’ belong to [v_1, v1] then: either at least one of them is in the
injectivity domain and then necessarily exp, v # exp, v’; or both are in the tangent cut locus.
This implies that d (x, exp, v) = |v| # |v'| = d(x, exp, V).

Denote by ¢ : UM — (0, c0) the restriction of the cut time 7¢ (X, -) (see Appendix A)
to the unit sphere Uy M C TiM; then TCL(%) is the image of the map w € UiM +— w =
tc(W)Ww € Ty M. In particular, at each point W where 7¢ is differentiable, there is a uniquely
determined unit exterior normal vector £(w) to TCL(X) at w = t¢(w)w, and an associated
closed affine halfspace

Sewy ={w+h; (h,E§(w))z <0} .
Since @ is Lipschitz [21] but not convex, there is wy in the boundary of I(x) such that

wo/|wo| is a differentiability point of t¢, and such that W is not included in Sg(yy). In other
words there is w; € I(X) such that

(w1 — wo, E(wo))z > 0,

and necessarily (1 — H)wo + tw ¢ 1(x) for t > 0 small enough.
Then there is a maximal 7 € (0, 1] such that w, = (1 — Hwg + 1wy o4 1(x) for all
t e (0,?). Since (w1 — wo, §(wo))z > 0 and w; ¢ W for small positive times, there exists
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€o > 0 small enough such that (1 + €)wo — ew; belongs to I(x) and
[(1 + e)wy — ew;, w;] N TCL(X) = {wo, wr}
for all € < €p. Hence, if we choose €, €/ < €q such that |(1 + €)wy — ew| # |(1 — €Hwyl,

then v_; = (1 + €)wp — ew; and v; = (1 — €')wyr satisfy the desired conclusion. a

3. About the regularity condition. Before proving Proposition 4.1, we shall establish
a lemma of independent interest: Under assumptions (CI) and (MTW), the cost ¢ = d*)2
is “regular” in the sense of [31, Definition 12.14]. This means that for every x € M and
vp, v1 € I(x) not only the convexity of I(x) holds, but also, forall x € M and ¢ € [0, 1],

(31) C(-xv )’t) - C(iv )’t) = min(C(X, yO) - C()Es yo)s C(X, yl) - C()Es yl)) 9
where y; = exp;z (v¢), vy = (1 — H)vo + tvy.

This result was stated in [31, Theorem 12.36], but the proof was incomplete; we present
a complete proof below.

LEMMA 3.1. (CI) and (MTW) imply the regularity of d* /2.

Before proving this lemma, let us discuss some implications. If ¥ : M — R is a c-
convex function, and yp, y; both belong to 9.y (x), then there are vg, v; € @ such that
Yo = expz(vo), y1 = expz(v1), and

V&) + e, yi) = min{y(x) +c(x, y)}  forall i=0,1.
The latter property can be written as
clx,yi)—cX, y) =y¥@ —yx) forall xeM,i=0,1,
which, thanks to Lemma 3.1, implies

c(x, y) — c(x, y) = min(c(x, yo) — c(x, yo), c(x, y1) —c(¥x,y1)) = ¥(¥) — ¥(x),

foreveryx € M, where y; = exp, ((1—=f)vo+tvy), t € [0, 1]. This shows that the path ¢ — y;
belongs to 0.1 (x). In particular, the c-subdifferential of an arbitrary c-convex function is
always pathwise connected.

PROOF OF LEMMA 3.1. By continuity of ¢, we may assume vg, v; € I(x). Then the
reasoning is based on a maximum principle similar to arguments already used in [14, 22, 31]
or [15, Section 6], however with a few modifications. For ¢ € [0, 1], we define

- 1
h(t) := —c(x, yo) + c(x, y1) = —c(x, y1) + §|Ut|;22 forall 7€ [0,1].

(Observe that c(x, y;) = |v; |§ /2, since v; € I1(x).) Our aim is to show that & can only achieve
a maximum at # = O or + = 1. By Lemma B.2, generically the curve (y;)o</<1 intersects
cut(x) only on a finite set of times 0 =ty < 1 < --- < ty < ty41 = 1, always intersects
cut(x) transversally, and never intersects fcut(x) = exp,(TFCL(x)). So, as in [18], by an
approximation argument we may assume that (y;) satisfies all these assumptions.
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This implies that & is smooth on the intervals (¢;,¢;4+1) for j = 0,..., N and is not
differentiable at t = ¢; for j = 1,..., N. Let us observe that the function t — —c(x, y;)
is semiconvex, being the curve ¢ — y, smooth and the function c(x, -) semiconcave. Hence,
since t > c(x, y;) is smooth, A (¢) is semiconvex as well. Thus, at every non-differentiability
pointz = f; we necessarily have fz(t;“) > h(tj_), and so &(t) cannot achieve a local maximum
in a neighborhood of #1, . . ., fy. In particular, there exists n > 0 such that 4 (¢) cannot achieve
its maximum in any interval of the form [7; — 2n, t; + 2n] with j € {1, ..., N}.

Now let us show that 4 cannot have a maximum in any of the intervals Iy := (fo, 1 —
m, Iy = (N +n,tn+1), and I = (¢ +n,tj41 —n) with j € {I,...,N — 1}. Let
j €10, ..., N} be fixed. The function y — c(x, y) is smooth in a neighborhood of the curve
(yt)tdj, s0 q; = —Vyc(x, y;) is well-defined for every r € I;. For every ¢t € [0, 1], set
qr = —Vyc(x, y;). Since vg, v; belong to I(x) which is an open convex set (by assumption
(CI)), the tangent vector g, always belong to I(y;) and does not intersect TFL(y;). Then,
arguing as in [31, Proof of Theorem 12.36], there exists a constant C > 0 (depending on 7)
such that

Syrsq+1-9g) Vs g —q1) = —C [(¥r, g1 — G, forall r eI}, forall s€[0,1].
Since (see [31, Proof of Theorem 12.36] or [14, Proof of Lemma 3.3])

ht) = (G —a).

.. 2 !

h(t) = 5/0 (1 =56y, sq+1-5)g) Or-qr —q,) ds ,
we deduce
(3.2) h(t) > =Clh(t)]  forall tel;.

Now, as in [31, Proof of Theorem 12.36] we consider the functions A, (f) = h(t)+e(t —1/2)%,
with k large enough (k will be chosen below). Assume by contradiction that A, attains a
maximum at a time ¢y € I; for some j. Then hg (o) = 0 and ﬁg(to) < 0, which implies

h(to) = —ek(to — 1/2% 71, h(to) < —ek(k — 1)(to — 1/2)* 2.

This contradicts (3.2) for k > 14 C/2. Moreover, since i, converges to 4 uniformly on [0, 1]
as ¢ — 0, for ¢ sufficiently small the function %, cannot achieve its maximum on any interval
of the form /;. This implies that . (t) < max{h¢(0), h.(1)} for ¢ small, and letting ¢ — 0
we get (3.1) and the proof of Lemma 3.1 is complete. a

4. Sufficient conditions for (TCP). Theorem 1.2(ii) follows from the following finer
result.

PROPOSITION 4.1. Assume that M satisfies (CI") and (MTW™). Then the optimal

map from [ to v is continuous whenever (L and v satisfy:
o W(Br(x)
(i) lim ——

rs0t il

=0foranyx € M.
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(i) v > cgvol for some constant cy > 0.

PROOF OF PROPOSITION 4.1. The proof of Proposition 4.1 is based on an improve-
ment of ingredients originating from [26] and further pushed in [14, Theorem 3.6] and [27,
Theorem 5.1].

As we already mentioned, by [29] there exists a unique optimal transport map between p
and v, given p-almost everywhere by 7' (x) = exp, (Vx w), where ¥ is a semiconvex function;
moreover V¢ € I(x) at all points of differentiability of 1.

By assumption the sets I(x) are (strictly) convex for all x, and therefore the subdiffer-
ential of ¢ satisfies V™4 (x) C I(x) for all x € M. We want to prove that ¥ is C!. To this
aim, since v is semiconvex, by [2, Proposition 3.3.4(e)] it suffices to show that V™ (x) is
everywhere a singleton. We shall do this by contradiction, dividing the argument into several
steps.

So assume that there is x € M such that v9 # vi € V™ (x). Let yo = exp;z(vo),
y1 = expz(vi). Then, by Lemma 3.1 and [31, Proposition 12.15(ii)], we get y; € 9.¥ (x),
ie.,

¥ (x) +clx, yi) =)§éar41{¢(X)+C(x,yi)}, i=0,1.
In particular
4.1) c(x,yi) —c(x,y) > ¢¥(x) —¥x), forall xeM,i=0,1.
We shall show that this is impossible. For this we will perform a few estimates.

STEP 1. Forevery 8 > 0small, denote by As C Tz M the set swept by all the C? curves
t € [0, 1] — v; € Tz M which satisfy v; = (1 — t)vg + tvy forany ¢ € [0, 1/4]U[3/4, 1] and

(4.2) ||z < 8133, for 1 e[1/4,3/4],

where y; = exp; (v;) (see Figure 1).
Since the set I(x) is strictly convex, the segment I = [v1,4, v3/4] lies at a positive dis-
tance away from TCL(x), and for every y € exp;(/), the point x lies at a positive distance

AN

FIGURE 1.
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away from TCL(y). Therefore, there is § > 0 small enough such that A3 C I(x) and
4.3) conv(expy_l(ég(i))) c I(y) forall y € expz(Ajp).

By construction, any set As (with § € (0, §), § small) contains a parallelepiped E; centered
at v12 = (vo + v1)/2, with one side of length ~ |vg — v1|z and the other sides of length
~ §lvg — vy |)2;, such that all points v in such a parallelepiped can be written as v; for some
t € [3/8,5/8]. Therefore, there is ¢ > 0 such that L"(E;s) > ¢8"~1 where £" denotes the
Lebesgue measure on 73z M. Since Ej lies at a positive distance from TCL(x), we obtain

“4.4) vol (Ys) ~ L"(Es) > ¢8"',  where Ys:= exp; (Es) .

On the other hand, by (4.3) the cost ¢ is smooth on Bg (x) x exp;(Aj) and moreover (MTW™)
holds. Hence, arguing as in [27, Lemma 2.3] we deduce that there are K, C > 0 such that the
following property holds for any y € exp;(Aj) and any x € BB := exp, (conv(expy_l(ég))),
where conv(S) denotes the convex envelope of a set S:

4.5 forall (.n) e TyM x TyM, &y (& n) = KIEZNE — CE n)y|IELInly -

STEP 2. Fix f € C°([0, 1]) with f > O and {f > 0} = (1/4,3/4). We claim there
exists A = A(K, C, f) > 0 such that for any x € B and any C? curve (vt)o<r<1 drawn in I(x)
satisfying

|v¢]z =0 for t € [0,1/4]U[3/4,1],
(4.6) [Ue]x < (K/S)d(i,X)ly'rlit for 7 € [1/4,3/4],
v; € Ay forany t € [1/4,3/4],

where y; = exp, (v;), for any ¢ € [0, 1] there holds

4.7 c@x,y) —cX, y)
> min(c(x, o) — ¢(¥, y0), ¢(x, y1) = ¢(&, y1)) + Af ()e(X, x) .

To prove this we adapt the argument in Lemma 3.1, borrowing the strategy from [14, 27]:
first of all, using Lemma B.2 (as we did in the proof of Lemma 3.1), up to slightly perturbing
vo and v we may assume that vg, v1 € I(x), (yr)o<s<1 intersects cut(x) only at a finite set of
times0 =1y <t <--- <ty <tny+1 = 1, and moreover (y;)o<;<1 never intersects fcut(x).
Using the notation of Lemma 3.1, we consider the function 4 : [0, 1] — R given by

h(t) = —c(x, yi) + (&, yr) + Ad(x, x)> f(1)/2  forall 7€]0,1],

where A > 0 is a positive constant to be chosen.

On the one hand, since f(#) = 0 and v, is a segment for ¢ € [0, 1/4] U [3/4, 1], argu-
ing as in the proof of Lemma 3.1 we conclude that 4|jo,1/41u(3/4,1] achieves its maximum at
0,1/4,3/40r 1.

On the other hand, if ¢ € [1/4,3/4]N (¢}, tj+1) forsome j =0, ..., N, we can argue as
in the proof of [27, Theorem 3.1] (see also [14, Lemma 3.3]) to check that the identity h =0
gives i(t) > 0 for A = A(K, C, f) sufficiently small. This implies that the function & cannot
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have any maximum on any interval (¢, ¢;41) N [1/4, 3/4]. Moreover, since fz(t;“) > h(tj_)
for j =1,..., N, h cannot achieve its maximum at any of the points ¢;, j = 1,..., N.
Hence h necessarily achieves its maximum at O or 1, and (4.7) follows.

STEP 3. As a consequence of Step 2, for any § € (0,48), any y € Y5, and any x €
B3 (x) \ Bgs/k (x), there holds

c(x,y) = e(X, y) = min(c(x, yo) — (&, yo), c(x, y1) = (¥, y1)) + 2hm pd (%, x)?,

where my = inf{f(t); t € [3/8,5/8]} > Oand A = A(K,C, f) > 0. Combining this
inequality with (4.1), we conclude that for any § € (0, S),

(4.8) forall y € Ys, forall x € B5(X) \ Bss/x(X), Y € 0cy(x).

We claim that taking § € (0, §) small enough, we may assume that the above property holds
forany x € M \ Bgs/k (x). Indeed, if not, there exists a sequence {5} | 0, together with se-
quences {x;} in M \ B5(x) and {yx} € Y5, such that y; € 9.y (x;) for any k. By compactness,
we deduce the existence of x € M \ B;(x) and y; € exp;([vo, v1]), with ¢t € [3/8,5/8], such
that y; € 9.1 (x). This implies that the c-concave potential ¢ : M — R defined as

4.9) ve(y) = ?élﬁ (V@ +c(z )

satisfies ¥, x € 0°Y“(y;). Moreover, (4.8) gives that 3.y (y;) N B3(x) \ Bgs/x (X) = 0.
However, from the discussion after Lemma 3.1 we know that the set d.¥“(y;) is pathwise
connected, which is absurd.

STEP 4. Let us put the previous steps together. We have proved that for § € (0, §)
small, all the mass brought into Y5 by the optimal map comes from Bgs,k (X), and so

w(Bss/k (X)) = v(Ys) .

Thus, as 1(Bss/x (X)) < o(1)8" ! and v(¥s) > covol (¥5) > ¢’8"~! (by assumption (ii) and
(4.4)), we obtain a contradiction as § — 0. O

5. The case of surfaces. Let us prove Theorem 1.3. Of course, in view of Theorem
1.2(i), we only need to prove the “if” part.

As in the proof of Proposition 4.1, let iy be a c-convex function such that T(x) =
exp, (Vx 1/;). We want to prove that the subdifferential of i is a singleton everywhere.

We begin by observing that, thanks to Lemma 3.1 and [31, Proposition 12.15], we have

5.1 V7 Y(x) = exp;l(aci/f(x)) forall x e M.

First of all, we claim that the subdifferential of ¢ at every point is at most one-dimensional.
Indeed, if V™ ¢(x) is a two-dimensional convex set C for some x € M, then by (5.1)
exp, (C) = 9.¥(x) is a set with positive volume. But then, considering the optimal trans-
port problem from v to u, the set .1 (x) is sent (by 0¥ ¢, with ¥ as in (4.9)) onto the point
x, which implies p({x}) > v(3,¥ (x)) > 0, which is impossible.
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Now, assume by contradiction that v is not differentiable at some point xo. Then there
exist v—_1 # v1 € I(xo) such that V™ (xg) C I(xp) is equal to the segment [v_1, v1] =
{vil1<i<t, v = (A 4+ 0)/2)v1 + (1 —1)/2)v—1. We define y; = exp, (v;).

We claim that that the following holds:

(A) [ve—1, v1—¢] C I(xp) forall ¢ > 0 (i.e., v, € TCL(xp) forall t € (—1, 1)).
Since the proof of the above result is pretty involved, we postpone it to the end of this subsec-
tion.

Now the strategy is the following: by (A) we know that the cost function ¢ = d?/2 is
smooth in a neighborhood of {x¢} x {y;; t € [—3/4, 3/4]} and satisfies all the assumptions
of [13, Lemma 3.1] (observe that, even if that result is stated on domains of R”, everything
is local so it also holds on manifolds), and we deduce that propagation of singularities holds.
More precisely, [13, Lemma 3.1] gives the existence of a smooth injective curve yy, > Xo,
contained inside the set

3434 =1{d(, y_38)? = d (-, y34)* = d(xo, y_3/4)* — d(x0, y3/4)2} )
such that
(5.2) 2y — 29 (x0) = —d (-, y0)* + d(x0, o) on yy,.

(Recall that ¢ = d?/2.) Moreover, restricting Vx, if necessary, we can assume that y,, N
cut(yg) = 9.
We now observe that, since y; € expr([v,l, v1]) = 9.¥ (x0), we have

(5.3) 29 — 2 (x0) = —d (-, y)> +d(xo, y)*>  forall re[—1,1].
Moreover, by Lemma 3.1,

(54)  —d(, yo)* +d(x0, yo)* < max(—d(-, y)> +d(x0, y)*, =d (-, yo)* + d(x0, yr)?)
forall -1 <t <0 < t < 1. Hence, combining (5.2), (5.3), and (5.4), we deduce that
(5.5) 2y —2¢(x0) = —d (-, y)*> +d(x0, y)*> onyy  forall re[—1,1]

and
Vxo C ﬂ I .,
—l<t<t<l
where
(5.6) Te ={dC,y)* —d (-, yo)* = d(xo, y1)* — d(x0, y2)*} .

By (5.5) we deduce that that y; € 3.1 (x) for any x € y,,. Moreover, if we parameterize yy,
as s — xg, by differentiating with respect to s the identity

d(xs, y)* — d (x5, y0)* = d(x0, y1)* — d(x0, y0)*
we obtain, for all s, ¢,

X [p— Ved(x5,50)*] =0 forall pe Vid(x,y)?
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(recall that yy, Ncut(yg) = @). This implies that, for any fixed s, there exists a segment which
contains all elements in the superdifferential of d(-, y,)2 at x; for all t € [—1, 1]. Hence, by
the convexity of I (xy), we can apply (A) with xo replaced by x;: we can repeat the argument
above starting from any point x,, and by a topological argument as in [13, Proof of Lemma
3.1] (showing that the maximal time interval on which we can extend the curve is both open
and closed) we immediately get that yy, is a simple curve which either is closed or has infinite
length.

To summarize, we finally have the following geometric picture: there exists a smooth
closed curve y C M, which is either closed or has infinite length, such that:

(A-a) forany x € y, y; & cut(x) forallt € (—1, 1),

(A-b) y C ﬂ71<t<r<l Ftaf’ where

Te ={dC,y)* —d(, yo)* = d(xo, y1)* — d(x0, y)*} .

Let us show that the compactness of M prevents this.
By differentiating with respect to ¢ at = 0 the identity

d(x, yt)2 —d(x, yo)2 = d(xo, yz)2 — d(xp, y())2 forall x ey,
we obtain (using (A-a))
[Vyd(x, y0)? — Vyd(x0,y0)*] - 5o =0  forall xey.

Observe that, since yo ¢ cut(x), yo # 0. Hence there exists a segment X C 1(yo) such that
exp%l(y) C X. This is impossible since y C M \ cut(yp), so exp;)1 (y) is either closed or it
has infinite length.

This concludes the proof of the C! regularity of . It remains to show the validity of
property (A) above.

PROOF OF (A). To prove (A), we distinguish two cases:
(i) Either v_j or vy does not belong to TCL(xp).

(ii)) Both v_; and v; belong to TCL(xp).

In case (i), by the convexity of I(x) we immediately get that either [v_1, vi—_,] C I(x) or
[ve—1, v1] C I(x) for any € > 0, so (A) holds.

In case (ii), assume by contradiction that (A) is false. By the convexity of I(x(p) we have
[v—1,vi] € TCL(xp). Let f € [—1, 1] be such that |v7|y, is minimal on [v_1, v1] (by the
uniform convexity of the norm, there exists a unique such point). We consider two cases:

(ii-a) exp;o1 (y7) is not a singleton,

(ii-b) expy| (37) = vr.
In case (ii-a), since |v7|y, is the unique vector of minimal norm on [v_j, v1], there exists
v € TCL(xp) \ [v-1, v1] such that eXPy, (v) = expr(vt-) = y; (v cannot belong to [v_1, v1]
since |v]y, = |vfl|y,). However this is impossible since (5.1) implies v € exp;o1 (BCI/I(X())) C
V7Y (x0) = [v-1, v1].

In case (ii-b), without loss of generality we assume that the metric at xo concides with
the identity matrix. Let us recall that by [16, Proposition A.6] the function w € UyyM >
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tr(xo, w) has vanishing derivative at all w such that tr(x, w)w € TFCL(xp). Hence, since
the derivative of > |v;|, is different from O at every ¢ # f and |v;| xo < tF(x0, vy) for every
t, we deduce that v; € TCL(x0) \ TFL(x¢) for all 7 # 7. Let us choose any time s # f. Since
vy € TCL(xp) \ TFL(xg), there exists a vector v’ # vy such that expxo(v’) = expxo(vs) €
0 (x0). By (5.1) this implies v € V™ (xg) = [v—1, v1]. Hence there exists a time s' # s
such that v' = vy. Moreover, since |Us|x, = [vs|x, > [V7lxy, We get |s — 7| = |s" — 7|. Thus,
by the arbitrariness of s € [—1, 1]\ {f } we easily deduce that the only possibility is 7 = 0,
andso y; = y_; forallr € [—1, 1].

By performing a change of coordinates in a neighborhood of the minimizing geodesic yy
going from xg to yp, we can assume that xo = (0, 0), yo = (1,0), vo = (1, 0), [v_1, v1] =
[(1, —1), (1, 1)], that the metric g at xo and yy is the identity matrix />, and that the geodesic
starting from x¢ with initial velocity vy is given by y(t) = (¢,0). Now, to simplify the
computation, we slightly change the definition of vs and ys for § > 0 small (this should not
create confusion, since we will adopt the following notation in all the sequel of the proof):
denote by vs the speed which belongs to the segment [v_1, v1] and whose angle with the
horizontal axis is §, that is

vs = (1, tand), s := Y (cosé,sing), t5:=|vs| =

Jvs |
Consider y;s the geodesic starting from x¢ with initial velocity vs, and set

. _ ws
Vs 1= expr(vg), ws :=—ys(l), and ws:= m
5

The geodesic flow sends (xo, vg) to (yg, —wg), and the linearization at § = 0 gives

(5.7) Jo=0 and —ip= (0, fo(1)),

where fo denotes the solution (starting with fy(0) = O, fo(O) = 1) to the Jacobi equation
associated with the geodesic starting from xo with initial velocity vg. The curve § — ys is a
smooth curve valued in a neighborhood of yg. Moreover, since ys = y_s for any small §, ys
has the form

82
=0+ Y + 0(8%)

for some vector Y. We now observe that, for every § > 0, the vector ys satisfies (because the
distance function to xq is semiconcave and ys is contained in the cut locus of xg)

(¥5, ws) = (ys, W—s5) ,

<y_5 wg—w_5>=0.

which can be written as

lysl’
Thanks to (5.7), we deduce that ys takes the form
82
(5.8) ¥s =30+ 5 (., 0) + 0%

for some A > 0.
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We now need some notation. For every nonzero tangent vector v at xg, we denote by
fo(-, v), f1(-, v) the solutions to the Jacobi equation
5.9) F@O +k®)f@)=0 forall +>0,
along the geodesic starting from xp with unit initial velocity v/|v| which satisfies
(5.10) foO.v) =0, foO.v=1 fOv)=1 fi0v)=0
(in (5.9), k(t) denotes the Gauss curvature along such geodesic). Set now

ﬁg‘ = (— sin 8, cos 8) .

Since
1 sin & 1

s = (0, = b Uy,

" ( 00528) coszéva—i_cosév‘s
we have

sin §

5.11 s = —u 15, vs) — (—wy ).
(5.11) Vs cos28( ws) + folts U‘S)coss( wy)

Then, since ws = (—1, 0) + O(§), this means that
ys =8(1,0)+ 0(8%),

which implies that the constant A appearing in (5.8) is equal to 1. Hence ¥y = (1, 0), and we
get

82
(5.12) Vs =yo+7(1,0)+0(54),

because ys = y_s.

Define the curve § — zs by
78 1= expr(u(;) with  us := 1505 = (t5c08 8, T5sind), T5 := tr(x0, Vs) .

We now use a result from [16]: since (MTW) holds, the curvature of TFL(xo) near any point
of TFCL(xp) has to be nonnegative (see [16, Proposition 4.1(ii)]). Since [v_1, v1] C W C
NF(x¢) and TFL(xp) is a smooth curve, the fact that the curvature TFL(x¢) at vp is nonnegative
implies that TFL(xo) separates at vy from [v_1, v1] (and so also from TCL(x()) at most at
the forth order, so 75 — 75 = O(8*). Since the exponential map is smooth (so in particular
Lipschitz), this also gives

(5.13) |ys — 25| = 0(8Y).

Denote by a; the (unit) vector at time ¢t = t5 of the geodesic starting at xo with initial velocity
vs. As for ys, we can express Zs in terms of ag, aaL, and fp (‘1,'5, v(;) = 0. For that, we note that

its = (508 8 — 75 8in 8, 5 sin 8 + 75 cos §)
=T (cos 8, sin 8) + 15 (— sin 8, cos 8)

- -1
=T5V5 + TsVy ,
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from which we deduce that
(5.14) s =ty as + fo(ts, vs)Ts (@5) = s as -
This gives
Zs = Tsas + s as

and

Zs=Tsas+2Tsas + isas .
Moreover, since s — 1/ cos(§) = 15 — t5 = 0(84), we have

t0=f=0, To=fh=1, To=70=0.

Hence we obtain

25=0, Zs=do=—wo, Zs=2ao(=—uo#D0),
which yields
82 83 . .
& =30+ L0+ do+0(Y), a#0.
This contradicts (5.12) and (5.13), and concludes the proof of (A). a

6. Further sufficient conditions for regularity. In this section we present various
sufficient conditions which, while not as sharp as the ones discussed previously, may be easier
to check.

6.1. Extended MTW conditions. Extended MTW conditions may be more restrictive
than the plain MTW conditions, but allow one to replace the conditions on injectivity domains
by conditions on nonfocal domains, which are easier to apprehend.

For every x € M, let us denote by NF(x) C T, M the nonfocal domain at x (see Ap-
pendix A). We shall say that (M, g) satisfies (CNF) (resp. (CNF™)) if NF(x) is convex (resp.
strictly convex) for all x € M. As first suggested in [14], the MTW tensor may be extended by
letting v vary in the whole nonfocal domain rather than in the injectivity domain. We refer for
instance to [15, Subsection 2.3] for the construction of this generalized tensor g(x,v)(é , 1),
where v € NF(x). Then it is said that (M, g) satisfies the extended Ma-Trudinger-Wang
condition MTW) if
forall (x,v) € TM withv € NF(x), forall (&,n) € TxM x TyM ,

[(f, Mxr=0= 6()(,1))(57 n) > 0] .
As before, if the last inequality in (6.1) is strict unless £ = 0 or n = 0, then M is said to

satisfy the extended strict Ma-Trudinger-Wang condition (MTW+). Note that (MTW) implies
(MTW) and (MTW+) implies MTW™).

6.1)

PROPOSITION 6.1. Let (M, g) be a smooth compact connected Riemannian manifold
of dimension n > 2. If M satisfies (CNFT) and (MTW+), then it also satisfies (CIT), and as
a consequence (TCP).

PROPOSITION 6.2. Let (M, g) be a smooth compact Riemannian surface. If M satis-
fies (CNF) and (MTW)), then it also satisfies (Cl), and as a consequence (TCP).
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PROOF OF PROPOSITION 6.1. By Theorem 1.2(ii), it suffices to show that (M, g) sat-
isfies (CIT). We argue by contradiction. If (CIT) fails, we can find vy # v; € I(¥) such that
vy = (1—=Hvo+tvy &€ I(x) forall# € (0, 1). Then, since NF(x) is strictly convex, v; € NF(x)
forallz € (0, 1).

For any ¢ € (0, 1), set y; = exp;(v;) and g; = —d,, exp;(v;) as in the proof of Lemma
3.1. Then there exists g; € I(y,) with g; # ¢, such that exp,, (¢:) = exp,, (§/) = x. We now
choose a sequence of points {x;} — X such that y, & cut(xx) and —Vyc(xg, y;) — ¢, for all
t € [0, 1] (see for instance [27] for such a construction). By repeating the proof of Lemma
3.1 with the smooth function Ay () = —c(xk, y1) + |vt|)%/2 over the time interval [0, 1] (see
[14]), one can see that i () is given by

. 2 ! — .
he(t) = 5/0 (- S)G(y,,(l—s)qt—sVyc(xk,y,))(ytv Gr — [=Vyc(xk, y)l) ds,

which by (MTW+) is strictly positive whenever hi(r) = (e, @t — [=Vyc(xr, y)l)y, = 0. As
in the proof Lemma 3.1, these facts imply easily that, for any ¢ € (0, 1),
d(xk, y0)* — [ve |3 = 2 () = 2 min{hy (0), hi (1)} + r (1)
= min(d (xx, y0)> — d(¥, y0)%, d(xx, y1)* — d(X, y)?) + (1) ,

where r : [0, 1] — [0, 1] is a continuous function (independent of k) such that »r > 0 on
[1/4,3/4]. Hence, choosing for instance t = 1/2 and letting k — oo we get

0=d(, y12)* —d(F, y12)* > d(F, y12)* — [v12]2
> min(d(%, y0)* — d(&, y0)*, d(¥, y1)* —d(x, y)?) =0,
which is a contradiction. O

To prove Proposition 6.2, it suffices to establish the following “extended version” of
Lemma 3.1, which is established along the same lines as in [14].

LEMMA 6.3. Let (M, g) be a Riemannian manifold satisfying (CNF)-(MTW). Fix
X € M, vg,v; € @, and let vi = (1 — vy + tvy € TyM. For anyt € [0, 1], set
vyt = expy(v;). Then, forany x € M andt € [0, 1],

1 , i} _
c(x, yr) — §|Ut|)2; > min(c(x, yo) — ¢(&, y0), c(x, y1) — c(X, y1)).

By choosing x = x we deduce that c(x, y;) > (1/2)|vt|%,, which implies that v, € @,
as desired.
6.2. Removing the orthogonality condition in MTW. We say that (M, g) satisfies

(MTWA) if (1.1) holds without any orthogonality assumption, that is,
forall (x,v) € TM withv € I(x), forall (§,n) € LM x TxM, Gy exp, vy, 1) = 0.
If T = exp Vv is an optimal transport map, let us define the contact set of y € M as

S ={xeM;yecdyx)}=3vY(),
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where ¢ is defined in (4.9). From (5.1) in Section 5 it follows that if (M, g) satisfies (CI) and
(MTW), then the equality expy_1 (0°Y°(y)) = V= 9¥(y) holds for any y € M. In particular,
expy_1 (S(y)) C I(y) is always a convex set.

Let us recall that, according to [27], a manifold is said to have nonfocal cut locus if
TFCL(x) = @ for all x € M. As a consequence of the results in [11] and [5, Appendix C,
Theorem 3], we obtain the following proposition, which generalizes the regularity result on
the flat torus T" [4] and the real projective space.

PROPOSITION 6.4. Let (M, g) be a compact quotient of S;'I' X oo x Syl x R with
nonfocal cut locus. Then (TCP) holds. Moreover, if uw = fvol and v = gvol with f,g > 0
and of class C°, then the optimal transport is C* too.

Actually, as can easily be seen from the proof of the above result, by the results in [11]
the following general statement (already present in the proof of [12, Corollary 5.2]) holds:

THEOREM 6.5. Assume that (M, g) satisfies (CI) and (MTW’L), and suppose that
there exist two positive constants ., A > 0 such that

Avol < u < Avol, Avol < v < Avol .

Then, for any y € M, either S(y) is a singleton or all exposed points ofexp;1 (S(y)) belong
to TCL(y).

We recall that a point z in the boundary of a compact convex set Z C R” is said to be an
exposed point of Z if there exists a hyperplane IT C R" such that Z N IT = {z}.

PROOF OF PROPOSITION 6.4. Let 1 and v be two probability measures such that
Avol < u < Avol, Avol < v < Avol

for two positive constants A, A > 0. Let T = exp, (Vxl/f) : M — M denote the transport
map from p to v, and define the “c-Monge-Ampere” measure |0y | as

[0y |(A) = vol (U Y (x)) forall A C M Borel.
X€eA
As shown for instance in [11, Lemma 3.1] (see also [28]), under our assumptions on p and v
the following upper and lower bounds on |0°y/| hold:

A A
(6.2) ZVO] (A) < [0°Y|(A) < - vol (A) forall A C M Borel.

Consider now the cost function & = d? /2 on M = Sfll XX S;’f x R", with d the Riemannian
distance on M. By [23], the cost ¢ satisfies MTW+#. Moreover, if 7 : M — M denotes the
quotient map, we can use (7)~! to lift y: we define ¥/ : M — R by ¥ = ¥ o 7. It is not
difficult to check that J is c-convex. Moreover, thanks to (6.2), we have

A~ ~~ A~ ~
ZVO] (A) < |0°¢Yr|(A) < xvol (A) for all A C M Borel,

where vol is the volume measure on M. Finally, since the set of subgradients V™1 (x) at any
point x belongs to I (x) C T, M (see for instance [29]), by identifying the tangent spaces Tx M
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and T )M we obtain
VY® =V y(E®) CIEE).
However, since M is a product of spheres and R", thanks to the nonfocality assumption on M
it is easily seen that
TCL(7 (X)) CC I(X)
(again we are identifying TxM with T x)M). This implies that V’@(f) lies at a positive
distance from TCL(X) for every X € M. In particular, for every 5 € M, the set
SO ={¥eM; yedy®}

cannot intersect cut(y).

Now, let us consider the change of coordinates X +— ¢ = —Vzc(X,y) which sends
M \ cut(3) onto I(3). Since Xy = expy(go) ¢ cut(y), the cost ¢ is smooth in a neighborhood
of {Xp} x {y}. Moreover, the support of |355 | is the whole manifold M. So, we can apply [11,
Theorem 8.1 and Remark 8.2] to obtain that :Sv'(“) has no exposed points inside the open set
1(y). Since S (y) cannot intersect cut(A) either, the only possibility is that S (¥) is a singleton
for every v, so 1//C (the ¢-transform of 1/;) is C!. This implies that also ¥¢ (the c-transform of
¥) is C! (indeed, one can easily show that 1//“’ = ¢ o), so the transport map T is injective.

Now, we observe that the same argument can be repeated considering the transport prob-
lem from v to p (recall that exp, (Vy we ) is the optimal map sending v onto wu, see for instance
[31]). So, we deduce that {ﬁ is C! as well, which implies that ¢ is C!, and T is continuous as
desired.

Let us finally remark that, as already observed in [12], the continuity and injectivity of
T combined with the results in [25] implies higher regularity (C!-%/C°®) of optimal maps for
more smooth (C%/C®) densities. This concludes the proof. a

7. Open problems. By Theorem 1.2(i), any Riemannian manifold verifying (TCP)
must satisfy (CI) and (MTW). As shown by Theorem 1.3, the combination (CI)-(MTW) and
(TCP) are equivalent on surfaces. We do not know if such a result holds in higher dimension.

In [6] the authors showed that small C* perturbations of §> equipped with the round
metric satisfy (MTW#). Thanks to [23, Theorem 1.2(3)], this implies that any product of
them satisfy (MTW)£. We dot not know if such Riemannian products satisfies (TCP).

Finally, we point out that to our knowledge there is no concrete example of a Riemannian
manifold satisfying (MTW) but not (MTWH).

Appendix A. Some notation in Riemannian geometry. Given (M, g) a C* compact
connected Riemannian manifold of dimension n > 2, we denote by 7T M its tangent bundle,
by UM its unit tangent bundle, and by exp : (x, v) — exp, v the exponential mapping. We
write g(x) = gy, gx (v, W) = (v, W), g« (v, v) = |v|x and equip M with its geodesic distance
d. We further define:

o tc(x,v): the cut time of (x, v):

tc(x,v) = max{r > 0; (exp,(sv))o<s< is a minimizing geodesic} .
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e tr(x,v): the focalization time of (x, v):
tp(x,v) = inf{r > 0; det(dsyexp,) =0} .
e TCL(x): the tangent cut locus of x:
TCL(x) = {tc(x, v)v; v € LM \ {0}}.
e cut(x): the cut locus of x:
cut(x) = exp, (TCL(x)) .
e TFL(x): the tangent focal locus of x:
TFL(x) = {tr(x,v)v; v € LM \ {0}}.
e TFCL(x): the tangent focal cut locus of x:
TFCL(x) = TCL(x) N TFL(x) .
e fcut(x): the focal cut locus of x:
fcut(x) = exp, (TFCL(x)) .
e I(x): the injectivity domain of the exponential map at x:
I(x) = {tv; 0<t<tclx,v), ve TXM}.
e NF(x): the nonfocal domain of the exponential map at x:
NF(x) = {rv; 0<1 <tp(x,v), ve TxM}.

e exp~!: the inverse of the exponential map; by convention exp;1 (y) is the set of mini-
mizing velocities v such that exp, v = y. In particular TCL(x) = exp;l(cut(x)), and
I(x) = exp; ' (M \ cut(x)).

We notice that, for every x € M, the function tc(x, ) : UyM — R is locally Lipschitz
(see [3, 21, 24]) while the function ¢ (x, -) : Uy M — R is locally semiconcave on its domain
(see [3]). In particular, the regularity property of tc (x, -) yields

(A.1) H" ! (cut(x)) < 400 forall x € M.
Appendix B. On the size of the focal cut locus. Recall that, for every x € M, the
focal cut locus of a point x is defined as
fcut(x) = exp, (TFCL(x)) .

The focal cut locus of x is always contained in its cut locus. However it is much smaller, as
the following result (which we believe to be of independent interest) shows:

PROPOSITION B.1. Foreveryx € M the set fcut(x) has Hausdorff dimension bound-
ed by n — 2. In particular we have

(B.1) forall x e M, M"(feut(x)) =0.
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PROOF. For every k = 0,1, ..., n, denotes by Z‘f the set of y # x € M such that
the convex set V"¢ (x, y) has dimension k. By [2, Corollary 4.1.13], since the function y +—
c(x, y) is semiconcave, the set Z’f is countably (n — k) rectifiable for every k = 2,...,n,
which means in particular that all the sets X2, ..., X" have the Hausdorff dimension bounded
by n — 2. Thus, we only need to show that the set

Je= (N2 u(lnz))
has Hausdorff dimension < n — 2. The fact that JO = J, N X has Hausdorff dimension
< n — 2 is a consequence of [30, Theorem 5.1]. Now, consider y € Jx1 =J¢N E)}. Then
there are exactly two minimizing geodesics y1, y2 : [0, 1] — M joining x to y. By upper
semicontinuity of the set of minimizing geodesics joining x to y, for i = 1, 2 we can modify
the metric ¢ in a small neighborhood of y;(1/2) into a new metric g; in such a way that the

following holds: there exists an open neighborhood V; of y such that, for any y € JX1 Ny,
there is only one minimizing geodesic (with respect to g;) joining x to y. In that way, we have

Jraviny c (49), U (99),.

where (Jf)i denotes the set JO = J, N XY with respect to the metric g;. Hence we conclude
the proof again by [30, Theorem 5.1]. a

As a corollary the following holds:

LEMMA B.2. Letx € M, vy, v1 € I(x) and x € M be fixed. Up to slightly perturbing
vo and vy, we can assume that vy, vi € 1(x), (y)o<t<1 intersects cut(x) only at a finite
set of times 0 < t; < --- < ty < 1, and moreover (y;)o<t<1 hever intersects fcut(x) =
exp, (TFCL(x)).

PROOF OF LEMMA B.2. The proof of this fact is a variant of an argument in [18]: fix
o > 0 small enough so that

wlv—v, wy<oc = vot+w,v+welX),

and consider the cylinder C, in T,y M given by {v; + w}, with ¢ € [0, 1] and w as above. By
the convexity of TFL(x), for o sufficiently small we have C, C NF(x). Let us now consider
the sets

CS = C, Nexp: ! (expg(Cy) Neut(x)),

C = C, Nexpz ! (exp (Co) N feut(x)) .
Since C, C NF(x), exp);1 is locally Lipschitz on exp;(Cs ), and therefore (A.1) and (B.1)
imply

H'NCE) <400, H'N(CI)=0.
We now apply the co-area formula in the following form (see [7, p. 109] and [8, Sections
2.10.25 and 2.10.26]): let f : v, + w —— w (with the notation above), then

H'(A) > HOLA N N w) I H  dw)
f(A)
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for any A C C, Borel. Since the right-hand side is exactly f#{t; v+ w e A} H”_l(dw),
we immediately deduce that there is a sequence wy — 0 such that each (v; + wy) intersects
C¢ finitely many often, and (v; + wy) never intersects Cgf .

We now also observe that, if y € cut(x) \ fcut(x), then cut(x) is given in a neighborhood
of y by the intersection of a finite number of smooth hypersurfaces (see for instance [27]).
Thus, up to slightly perturbing vy and vi, we may further assume that at the points y,; the
curve t > Y, intersects cut(x) transversally. O
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