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HOMOCLINIC AND HETEROCLINIC ORBITS
FOR A SEMILINEAR PARABOLIC EQUATION

MAREK FILA* AND ElJI YANAGIDA
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Abstract. We study the existence of connecting orbits for the Fujita equation with a
critical or supercritical exponent. For certain ranges of the exponent we prove the existence of
heteroclinic connections from positive steady states to zero and a homoclinic orbit with respect
to zero.

1. Introduction. In the theory of dynamical systems, heteroclinic connections be-
tween equilibria constitute a very important theme, because connecting orbits play a crucial
role in the description of the attractor. In particular, for gradient-like systems the attractor
consists of equilibria and connecting orbits. For semilinear parabolic equations in one space
dimension, the connection problem has been studied extensively since the beginning of 1980’s
(see, for example, [3,4,5,6,7, 8,9, 18, 22, 23, 35]).

In this paper we consider the Fujita equation

(D ur = Au+ ul?'u, xeRV,

where u = u(x,t) and A is the Laplace operator with respect to x. A solution of (1) is
called a global solution (or an ancient solution) if for some t € R, the solution exists for all
t > 1t (ort < 7). A solution of (1) is called an entire solution if the solution exists for all
t € R. Our interest is the existence of connecting orbits for (1). By a connecting orbit, we
mean an entire solution of (1) that converges to steady states as t — Zoo. In particular, if
the solution connects two different steady states then it is called a heteroclinic orbit. If the
solution converges to the same steady state as t — 300 then it is called a homoclinic orbit.

Before stating our results on connecting orbits of (1), we introduce several critical expo-
nents. Concerning the existence of positive global solutions of (1), the Fujita exponent

_N+2
PEE TN
is critical. In fact, if | < p < pr then there is no positive global solution of (1). The exponent
N
Psg = m , N>2 s
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is related to the existence of a singular steady state explicitly given by
U= goo(lx)) :=LIx| ™, x e RY\{0)

with
2
mi=——, L:={m(N—-2-m}/r,
p—1
Namely, ¢ exists if and only if p > p;4. Concerning the existence of positive regular steady
states, it is well known (see, e.g., [20, 34]) that the Sobolev exponent

N+2

—+ for N > 2,
ps={N-2

00 for N <2,

plays a crucial role. Namely, there is a family of positive radial solutions of
Ap+¢’ =0, xeRV,
if and only if p > ps. We denote the solution by ¢ = ¢, (r), r = |x|, « > 0, where @,
satisfies
N —1 »
(@a)rr + T((Pa)r + (pa)” =0, r>0,
0 (0) =, (9u)r(0)=0.

For each o > 0, the solution ¢, is decreasing in |x| and satisfies ¢y (Jx]) — O as |x| — oo.
Another important critical exponent is

(N=2)2—4N +8JN —1
Pe = (N =2)(N — 10)
00 for N <10.

(@)

for N > 10,

It is known (see, e.g., [34]) thatif pg < p < p., every positive radial steady state intersects
with other positive radial steady states and the singular steady state infinitely many times.
For p > p., Wang [37] showed that the family of steady states {¢,; o > 0} is completely
ordered, that is, ¢, is increasing in « for every x. Moreover,

lim @o(lx]) =0, lim o (|x]) = @oo(lx]) .
a—0 o— 00

The Lepin exponent
N -4

pL ‘= N —10
00 for N <10,

for N > 10,

is related to the existence of nonconstant positive radial backward self-similar solutions (see
Section 4). Such solutions exist if ps < p < pr (see [24, 25]), while for p > pr nonexis-
tence holds (see [27]).
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Before we recall some Liouville-type results on nonexistence of entire or ancient solu-
tions of (1), we introduce one more exponent
N(N +2)

pgi=1 (N—-1)7?
00 for N=1,

for N >1,

which first appeared in [2]. For | < p < pp there is no positive classical entire solution of (1)
(see [2] or in [34, Theorem 21.2]). For 1 < p < pg, it was shown in [30, 31] that there is no
positive radial classical entire solution of (1). Nonexistence of radial classical entire solution
of (1) with finite number of zeros was established in [1] for | < p < pg. For p > p. it was
shown in [33] that if u is a solution of (1) defined for ¢ < 0 and such that

(polfu('at)f(pﬂa t<07

forsome 0 < a < B < oo thenu(-, t) = ¢, for some y > 0.

Concerning connecting orbits, the studies [11, 14, 16] revealed the possibility of connect-
ing equilibria by non-classical solutions which we call singular connections. By a singular
connection we mean a function u(-, t) which is a classical solution on the interval (—oo, T)
for some T € R and blows up at ¢t = T, but continues to exist as a weak solution on [T, 00).
We note here that singular homoclinic orbits which tend to zero as ¢t — =00 are known to
exist for (1) if ps < p < pr (see [13, 19]). These singular homoclinics are obtained by
continuing a backward self-similar solution which exists for t < T and blows up att = T by
a forward self-similar solution defined for # > T (see Section 6).

The main results of this paper are the following: If ps < p < p. then for every o > 0
there is a heteroclinic orbit connecting ¢y to zero. If p > pg then there is a homoclinic orbit
which tends to zero as t — F00. As far as we know, this is the first example of a homoclinic
orbit for a parabolic equation. As is well known, an energy functional is associated with (1),
namely

L / 2y L +1
El¢] = IVo|“dx lp|"" dx .
2 Jgy p+1Jgy
The homoclinic solution does not belong to the energy space, and this is why the energy does
not rule out the existence of a homoclinic orbit (see Corollary 6.3 for more details).

For a discussion of possible complicated dynamics of semilinear parabolic equations we
refer to the survey [29, Section 7].

In order to show the existence of connecting orbits, we first analyze the linearization
around stationary solutions and a backward self-similar solution. Then we employ the method
of Fukao, Morita and Ninomiya [17], which is based on construction of an approximate se-
quence of solutions by using suitable comparison functions.

This paper is organized as follows. In Section 2 we describe our main results. In Sec-
tions 3, 4 and 5, we summarize useful results on stationary solutions, backward self-similar
solutions and forward self-similar solutions, respectively. Proofs of the main results and some
related results are given in Section 6.
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2. Main results. Our first result concerns the existence of a homoclinic orbit.

THEOREM 2.1. Let ps < p < pr. Then there exists a homoclinic solution u of (1)
with the following properties:
(1) The solution is positive, radially symmetric in space with respect to the origin,
decreasing in |x|, and satisfies
lim u(x,t) =0, teR.

[x]—00

(ii) There exists a positive constant Cq such that
(. Ol oo gy = Co(=) PV 4 o((=n)~1/P~1)

ast — —oo.
(iii)  There exist constants C1, Co > 0 such that

Crt™ P70 < flu, )| poo gy < Cat ™7
forallt > 1.

REMARK. If N > 10 and p > pp, we can find a homoclinic orbit that is positive but
not radially symmetric. In fact, we may write x = (x1, x3) € R/ xRV~ with 3 < j <10and
consider solutions that are constant in the x,-direction and coincide with the above homoclinic
solution in the x-direction.

If u is a homoclinic orbit then
u*(x, 1) := A" u(hx, A%1)

is also a homoclinic orbit for any A > 0. In the proof of Theorem 2.1 we construct a homo-
clinic orbit u with the property that as A — oo, u” approaches a singular homoclinic orbit
that consists of a backward self-similar solution and a forward self-similar solution (see The-
orem 6.4 in Section 6). Such a singular homoclinic orbit was first found by Galaktionov and
Vazquez [19].

The next result concerns the existence of heteroclinic orbits that connect positive radial
stationary solutions to the trivial solution.

THEOREM 2.2. Let ps < p < pc. Forevery a > 0 there exists an entire solution u of
(1) with the following properties:
(1) The solution is positive, radially symmetric in space with respect to the origin,
decreasing in |x|, and satisfies

lim u(x,1)=0, teR.

[x]—00

Moreover, the solution is decreasing in t.
(i) There exist positive constants Co and o such that

(-, 1) — @a(l - DIl Loo(gvy = Coexp(pot) + o(exp(iot))

ast — —oQ.
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(iii) There exist constants C1, Cy > 0 such that
Clt—(N—Z)/Z < ||u(',t)||LOO(RN) < Czt_(N_z)/z ifp = ps,
Clt—l/([’—l) < ||l/l(‘,t)||Loo(RN) < Czt—l/([’—l) ifps < p < pe»
forallt > 1.

The next result can be regarded as the existence of heteroclinic orbits that connect regular
steady states to infinity.

THEOREM 2.3. Let ps < p < p.. For every a > 0 there exists an ancient solution u
of (1) with the following properties:
(i) The solution is positive, radially symmetric in space with respect to the origin,
decreasing in |x|, and satisfies

lim u(x,t) =0, te(—o00,T),

[x]—00
where T < 00 is the maximal existence time. Moreover, the solution is increasing in t.
(i) There exist positive constants Co and 1o such that
1) = @all - Dll oy = Coexplyaor) + olexp(uor))

ast — —oQ.
(iii) The solution blows up at the origin att = T and the blow-up is of Type I : There
exists C > 0 such that
i, D)l ooy < C(T =)t/ P=D
ast 1 T.

Finally we establish a result on the nonexistence of ancient solutions.

THEOREM 2.4. Let ps < p < pc. Then there is no ancient solution of (1) such that
—oo(lx) < ux, 1) < poo(x),  x € RV \ {0},
forallt < 0.

This theorem implies that if ps < p < p. then the only entire solution between the
singular steady states is the trivial solution.

3. Properties of stationary solutions. Let {¢,(r); a > 0} be the family of solutions
of (2). The following lemma is due to [37, 26].

LEMMA 3.1. Let p > ps. Then the solution of (2) has the following properties:
(1) @ > O0forallr > 0and ¢, — 0 monotonically as r — oo.
(ii) If p = ps, then @4 intersects exactly once with g (o # ).
(iii) If ps < p < pe, then @y intersects infinitely many times with ¢g (o # B).
@iv) If p = pe, then @, is increasing in a € (0, 00) for everyr > 0, and ¢, — Yo as
a — 00.
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Concerning the asymptotic behavior of ¢, (r) as r — oo, the following result was ob-
tained in [37, 26].

LEMMA 3.2. Let p > ps. Then the solution of (2) has the following properties:

(1) If p = ps, then there exists C1 = C1(a, N) > 0 such that ¢, (r) = Cir— V-2 4
o(r’(N’z)) asr — oo.

(i) If p > ps, then there exists Co = Ca(p, N) > 0 such that oy (r) = Cor™" +
o(r~™)asr — oc.

Let U be the unique solution of the linearized problem

N-—1 »
uU:U,,+TU,+p<p£ u, r>0,
Uy =1, U0 =0.

3)

LEMMA 3.3. Let ps < p < pc. Then there exists a unique (1o > 0 such that the
solution of (3) with u = o satisfies U(r) > O forallr > 0 and U(r) — 0 exponentially as
r — oo.

PROOF. Take any B € (0, ). Then by Lemma 3.1, U := ¢, — @p changes sign. Let
z > 0 be the first zero of U. Then U is positive on [0, z) and satisfies

~ N—1 -~ ~
Uy +——U+q(r)U=0, r>0,
r

4)
U0)=a—p>0, U0)=0, U@ =0, Uk)<O0,
where
14 P
Pa — @
qg(r) = ——F .
Pa — P

Note that g (r) < p(pg ! for r € [0, z). First we take u = 0. Then multiplying (4) by U and
(3) by U, subtracting, and integrating over [0, z], we obtain

-~ -~ b4 z -~
[U,U - U,U]0 - —/ PN ppl=! — q)UTdr |
0

Here the left-hand side is positive, while the right-hand side is negative if U > 0 on (0, z).
Hence U must vanish at some r € (0, z). Since U depends on p continuously, U must changes
sign for every sufficiently small u > O.

Now define

wo :=sup{u > 0; U(r) changes sign} .
If u > pa”_l, then u > p(pgfl for all r > 0, so that U is increasing. This implies that 1¢ is
finite. Again by continuity, U (r) has no zero for u = o and satisfies U (r) — 0 asr — oo.

Thus we have po € (0, 00), so that the convergence is exponential.
Let Uy denote the solution of (3) with . = . Then we have

U, Uo — (Uo)y U = (1 — 10) /O N U (0 Uo(p)dp .
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Hence if i > o, then it is easy to show that U/ Uy is increasing in r > 0 and U can not
decay to 0 exponentially for > po. Conversely if u < o, then U/ Uy decreases as long as
U > 0 and U changes its sign. O

PROPOSITION 3.4. Let ps < p < pc. Then the following (1), (ii) hold.

(i) There exists an entire solution of (1) such that u is decreasing in t and ||\u(-,t) —
Pa(] - D”LOQ(RN) — O0ast — —oo, and ||u(-, t)”Loo(RN) — 0ast — +oo.

(ii) There exists an ancient solution of (1) such that u is increasing in t and ||u(-,t) —
@a (|- Dl oo gy — 0 ast — —oo.

PROOF. In the case (i) we first construct a subsolution  and a supersolution u as fol-
lows.
Let o and U be as in Lemma 3.3 and choose ¢ € (0, «) such that ¢, — U > 0. If

u(r, t) i=@u(r) —eeU@), r>0, s<0,

then

P — P b4 mot ,p—1
Uy = Wy = — U, TUD =@y — U = pEETT Qg U=<0.

To construct a supersolution we consider first the case when 1 < p < 2. In this case
we cannot proceed in the same way as in [17] because the nonlinearity u — u” : [0, c0) —
[0, 00) is not a C2-function. Let Y be the solution of the ODE-problem

W' = po — PV, t<0,
) 1 1
W (0) = — 10g< +“°)<0,
p—1 1o

which can be written explicitly as

Y (1) = pot —

log (1 + Leuo(pl)t) )
Mo

1
p—1
Now we take

u(r,t) i= @ (r) —ee’VUr), r=0, t<0,

and then
N-—-1

U — Upr — u, — W)

= gl — @) — pee’ ol 'U — ee? YU + poee’ U
= VU [p(@"" 9l ™) = v + o]

= eeVU [=p(p = (e’ U)" ™" ' + o
>eeVU [—e(P’l)‘p —y + MO] =0,

where we have chosen ¢ > 0 such that ¢, > 2¢U and p(p — DHEU)P~ 1 < 1.



568 M. FILA AND E. YANAGIDA

If p > 2 then we take i satisfying (5) with p = 2, choose ¢ > 0 such that p(p —
DeUgpl =2 <1, and use the inequalities

1
el = @P ! < (p—DeUgl eV < ;ew.

Using the supersolution # and a sequence of solutions {u;} of (1) with the initial data
ui(x,—i) =u(|x|, —i), we can show as in [17] that the sequence {u;} converges to a solution
u of (1) defined for t < 0 and decreasing in ¢. Therefore the solution can be continued for
t > 0, and since there is no steady state between ¢, and 0, we have u — O as t — oo.

In the case (ii) we construct a subsolution u# and a supersolution # in the following way.

Let o and U be as in Lemma 3.3 and let €1 > 0 be specified later. If

u(r, 1) = go(r) +1™'U@Fr), r>0, s<0,

then

t —1
Uy =y = — u, —uf =@ —uf + pe1e'pl~'U <0.

To construct a supersolution we again consider first the case when 1 < p < 2. Let ¥ be
the solution of

(6)

W' = po+ P, t <0,
w(0)=0,

which can be written explicitly as

(1) = pot — ! log [1 + L(1 — eﬂo(l’—l)f)} )
p—1 7
If we set
A, 1) = @u(r) + 2 OUF), r=0, t<0, >0,
then

N-1
uy — (w)?

U — iy —
=@l — @) + pe2e? oL 7'U + e2¢" WU — poere’ U
> 5" U [—p((ﬁ)”_l -l )+ - Mo]
> YU [—p(p - 1)(82611/[])[771 +y - ,uo]
> e2e’ U [—e(p’w’ +y - Mo] =0,

where we have chosen &> > 0 such that ¢, > &2U and p(p — 1)(82U)1”1 <1.
If p > 2 then we take ¥ satisfying (6) with p = 2, choose ¢ > 0 such that ¢, > &2U,
p(p — DeaU (2p)P~2 < 1, and use the inequalities

1
@7 —gP7 < (p — DU Qpe)P2e¥ < —e¥'.

b
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If we now take £; > 0 such that

1 -1/(p—1)
&1 < & (1 + —)
o

then

0 <u(r,t) —u(r,t) < et r>0, r<0.
Since the subsolution « is increasing in 7, by using a sequence of solutions {u;} of (1) with the
initial data u; (x, —i) = u(|x|, —i), we can show as in [17] that the sequence {u;} converges
to a solution u of (1) defined for # < 0 and increasing in . a

4. Properties of backward self-similar solutions. For a solution u of (1) defined for
t € (—o0,0), we set

_ X
@) w(y,s) = (=" Vu(x, 1), y=gme $T e,
Then we obtain the following equation for w:
1 1 -1 N
®) wszAw—Ey-Vw——lw—i—le’ w, yeER",seR.
p—

Let w = b(r), r = |y|, be any radially symmetric steady state of this equation. Then b must
satisfy

N—1 r 1
byy + ——b, — =b, — ——b + |b|P" b =0, 0,
(9) rr r r 2r p—l +|| r>=

b)) =a, b(0)=0,
for some « > 0. If b(r) > O forall r > 0, then
(10) u=B@,t):= ()" VP Vp(=~"2x]), xeR",t<0,

is called a (positive radial) backward self-similar solution of (1). We note that b = Qoo (1)
satisfies the equation in (9).
For a proof of the following lemma we refer to [24, 25] or [19, Theorem 12.1].

LEMMA 4.1. Let ps < p < pr. Then there exists a, > 0 such that the solution b of
(9) has the following properties:

(i) If o = oy, then b(r) is positive for all r > 0, decreasing in r > 0, and intersects
exactly twice with geo. Moreover, there exists a constantl € (0, L) such that b(r) = Ir 7" +
o(r~™)asr — oc.

(i) Ifa < ay, then b(r) vanishes at some finite r.

Let b be the solution of (9) with b(0) = «, and W be the unique solution of the linearized
problem
WW =W+ YLy, L
(11) r 2
wW0)y=1, W.(0)=0.

! -1
Wy — W pb?' W, r>0.
Py
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LEMMA 4.2. Let ps < p < pL. Then there exists a unique o > 0 such that the
solution of (11) with u = o satisfies W(r) > 0 forallr > 0 and W(s) = 0(6_’2/4) as
r — o0.

PROOF. Set
W =b — ¢ -
Then W satisfies
~ N—1 - ro~ 1 - -
Wy +—W, — =W, = ——W+qr)W=0, r>0,
r 2 p—1
where
N b? — ok
Gr) = 5——=".
— Yoo

By Lemma 4.1, W has exactly two zeros 0 < z] < z3 < 00 so that W(z1) = W(z2) = 0 and
G(r) < pb?~ forr € (z1,22). By the Sturm comparison theorem, W must vanish at some

r € (z1,22)-
Next, define

wo = sup{u > 0; W(r) changes sign} .

Ifpu>—1/(p—1+paP~ ! thenp > —1/(p — 1) + p(pg_l for all » > 0. Then by the
equation

1 2 Ty 2 1 _
rNle ”4Wr=f0 pN el (u+ﬁ—pb<p>" 1) W(p)dp.

W and rN_le_’2/4W, are increasing in r > 0. Hence g is finite. Since W depends on u
continuously and every zero of W is nondegenerate, W does not change sign for u = po. If
W changes sign for some (1 > 0, then by the Sturm comparison theorem, W changes sign
for all w < 1. Thus W changes sign for all u < .

Set

W= MW
Then we have the following relations:
W, = %rerz/“W + er2/4W, ,
Wy = (% + 3—1r2)er2/4W + rer2/4W, + er2/4W,, .

Substituting these in (11), we find that W satisfies the initial value problem

N N—-1 r\., 1 N N
Wrr+( +§>Wr+(—,u—p——|——+pbp1>W=O,

r

WOy =1, W.(0)=0.
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Hence W tends to oo or 0 exponentially as r — oo. Since b(r) is decreasing in r > 0, the
function

n 1 N _
G(r) == —p— ——+ — + pb"'(r)
p—1 2

changes sign at most once:
q(r) >0 for r €[0,r9), ¢G(ro)=0, ¢r) <0 for r € (rg, 00)

for some r(. Note that W, < Oforr € (0, rg).

Let s < p1o. Then W is decreasing in r € (0, z). Indeed, if W, (r1) = 0 and W(r1) > 0,
then r1 > rg and W, (r) > O for all »r > r; so that W has no zero for r > r1, a contradiction.
Taking the limit r; — rp, we find that W is positive and decreasing for all » > 0. Moreover,
it is easy to see from the equation that W — 0as r — oo. This implies W(r) = o(e”z/“) as
r — oo. Finally, by the same argument as in the proof of Lemma 3.3, W > Oforall» > 0
but can not decay to 0 as r — oo for ;& > . O

PROPOSITION 4.3. Let ps < p < pL, and let b be the solution of (9) with b(0) =
oy. Then there exists an ancient solution of (8) such that w is decreasing in s and |w(-, s)
—b(l- Dl (gvy = Oass > —oo.

PRrROOF. To show the existence of an ancient solution of (8) that converges to b expo-
nentially as s — —oo, we employ an idea of Fukao, Morita and Ninomiya [17] to (8). We
first construct a subsolution w and a supersolution w as follows.

Let np and W be as in Lemma 4.2 and choose € € (0, o) such thatb — eW > 0. If

w(r,s) :=b(r) —ee" W), r=0, s=<0,
then
N -1 r » 1
Wy = Wy = —— W, + SW, — WE A+ P
=bP —wP — peel*bP~w <0,

To construct a supersolution we distinguish two cases as before. Consider first the case

when 1 < p < 2. Let ¢ be the solution of the ODE-problem (5) and set
W(r, ) :=b(r) —ee’OW@r), r=0, s<0.
Then
_ N—-1_ r_ _ |
Wy — Wrp — ——Wr + zw, — (W) + ——w
r 2 p—1
=b? — (W)" — peeVbPT'W — gV YW + pose? W

> e W[ p(@)"" = b7 =9+ o
= ee" W [—p(p = Dee W)™ '+ o
> geV W [—euﬁlw -y + ,uo] =0,

where we have chosen ¢ > 0 such that b > 2¢W and p(p — DEwW)r—1 <1.
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If p > 2 then we take v satisfying (5) with p = 2, choose ¢ > 0 such that p(p —
1)eWbP —2 < 1, and use the inequalities

1
P~ — @) < (p— DeWbP 2V < —eV .
14
Using the supersolution w, we define a sequence of solutions {w;} of (8) with the initial
data w; (y, —i) = w(|y|, —i). Although the right-hand side of (8) includes a gradient term,
we can show as in [17] that the sequence {w;} converges to a solution w of (8) defined for
s < 0 and decreasing in s. O

5. Properties of forward self-similar solutions. For a solution u of (1) defined for
t € (0, 00), we set

(12) v(y,s) =t/P Dy, y= , s =logt.

<

Then we obtain the following equation for v:

1 1
(13) v =Avt oy Vot 1v+|u|1’*1v, seR, yeRV.
o —

Letv = f(r), r = |y|, be any radially symmetric steady state of this equation. Then f must
satisfy the initial value problem

N -1 r m 1
frr+Tfr+§fr+Ef+|f|p f=0, r>0,
O =a, [f(0)=0,

for some o > 0. We denote the solution of the initial value problem by f, (r). If f4(r) > 0
for all r > 0, then

(14)

(15) u=Fy(x,t) =t VPV 2%y, xeRV,t>0,

is called a (positive radial) forward self-similar solution of (1). We note that f = oo (r)
satisfies the equation in (14).
It was shown in [21] that (14) has a unique global solution fy, and it satisfies the condi-
tion
fa() =ler ™™ +0(r™) asr —> ©
with some constant /, depending continuously on «.
The next result is due to [21, 28, 36].

LEMMA 5.1. Let p > ps. Then for any o > 0, the solution f,(r) of (14) is positive
for all ¥ > 0, and ly is positive and continuous in @ > 0. Moreover, there exists a* =
a*(p, N) € (0, oo] with the following properties:

(1) a*<ooifps<p<pcanda* =00if p > pe.

(ii) The solution f,(r) of (14) is increasing in a € (0, a™*) for every r > 0.

(iii) Iy is increasing in o € (0, ™).

(iv) Ifps < p < pe,thenly — 0asa — Oandlyx > L.
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LEMMA 5.2. Let p > ps. For anyl € (0, L), there exists « € (0,a*) such that
faM) =lr7"+o0r ™) asr > c0cand 0 < fu(r) < @oo(r) forallr > 0.

PROOF. By Lemma 5.1, for any [ € (0, L), there exists & € (0, «*) such that [, = .
Suppose that f, intersects with ¢ and let 0 < z1 < z2 be two zeros of Y (r) := fy — ¢o
such that Y(z1) = Y(z2) = Oand Y(r) > O for r € (z1,22). We take B > 0 such that
B € (o, a*) and set Z(r) 1= fp — ¢oo-

The functions Y (r) and Z(r) satisfy the equations

N —1 r 1
Y+ —Y, + Y, +——Y +n(r)Y =0, r >0,
r 2 p—1
N —1 r 1
Zy+—Z,+ -2, +—2Z24+¢(r)Z2=0, r>0,
r 2 p—1
respectively, where
p p
P — ok s — ¥
) =X ()=
Jo — 9o fﬂ — Yo
Here since f, < fg, we have n(r) < ¢{(r) forr € [z1, z2]. Then by the Sturm comparison
theorem, Z must vanish at some r € (z1, z2), a contradiction. O

6. Proofs of the main results. In this section we complete the proofs of Theorems 2.1
through 2.4. We also give some related results.
We begin with the following lemma.

LEMMA 6.1. Assume that u(-,0) € L®(R").

(1) Letpsg < p < pe. If0 < u(x,0) < 9o (|x|) forall x € RN\{O}, then the solution
of (1) satisfies ||u(-, t)”LOO(RN) — 0ast — oo.

(i) Let p > pe. If0 < u(x,0) < @oo(|x|) for all x € RN \ {0} and

limsup |x|"u(x,0) < L,
|x|—00

then the solution of (1) satisfies |lu(-, t)||L°o(RN) — 0ast — oc.
PROOF. For (i), see [19, 36]. The assertion (ii) is proved in [32, Theorem 4.5]. ]

By Lemma 5.2, for any [ € (0, L), there exists a unique «; > 0 such that the solution of
(14) satisfies the following two conditions:

far)y=Ur""40r) as r— oo,
0< fo,;(r)y <Lr™™ forall r>0.
We give a sufficient condition for the convergence of solutions of (13) to fy, (|y]).
LEMMA 6.2. Let ps < p < pc. Suppose that v satisfies the following two conditions:
0<v(y.0) < ¢oo(ly) for y € R¥\{0},
v(y,0) =1y[™" +o(lyl™™) as |y| > oo,
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with some | € (0,L). Then the solution of (13) exists for all s > 0 and |v(-,s)
— Jo (I - Dll poo(gvy = O as s — 0.

PROOF. Let u be the corresponding solution of (1). Then by Lemma 6.1, u exists for
all t > 0 and becomes smaller than f,+ in finite time. Then we can apply [15, Lemma 3.1] to
show that for any ¢ > 0, there exists s; > 0 such that

far—e(IY]) < v(3,8) < fute(ly]) forall y € RN, s > s
Since & > 0 is arbitrary, this implies the uniform convergence to fy,. O
Now we are in a position to complete the proof of Theorem 2.1.

PROOF OF THEOREM 2.1. Let w be the ancient solution of (8) given in Proposition 4.3.

Then the corresponding solution # of (1) given by
- =1/(p=1) — -
u=(—t w(y,s), =——, s=—log(-t),t <0,
(=0 ,8), N g(=1)

is an ancient solution of (1) satisfying (i) and (ii). Since there is no positive steady state of
(9) below b, the solution w becomes smaller than ¢ in finite time. This implies that u also
satisfies u < ¢, for some finite . Then from Lemma 6.2, we see that (iii) holds. ]

COROLLARY 6.3. Let N = 3,4 and ps < p < pr. If u is the homoclinic orbit
constructed in the proof of Theorem 2.1, then E[u(-, t)] = 400 forallt € R.

PROOF. Since

R 1 1
Elu(-, )] =/ PNt (—u2 — —up'H)dr
0

27 p+1
+ /00 rN_l<lu2 - Lu”“)dr =L+15I,
R 27 p+1
where 17 is finite and
00 N_3am 12 lp+1
(16) IgNh(l,p)/R r dr, h(l’p):z_p—l—l’

for R large enough, we obtain I = oo if N —3 —2m > —1 and h(/, p) > 0, which is

equivalentto p > pg and
1\ /®=D
| < (ﬁ) .
2

The last inequality holds for N = 3,4 because ! < L and p > ps. O

We note that in the case N > 4, the right-hand side of (16) is infinite if 2 (I, p) # 0, but
it is not easy to determine the sign of i (I, p).

If B is the backward self-similar solution given by (10) with b as in Lemma 4.1 (i), and
F, is the forward self-similar solution given by (15) with « € (0, @*) and I, = [, then

lim B(x, t) = lim Fy (x, 1) = [|x| ™, RV \ {0},
lim B(x. 1) = lim Fo (v, 1) = [lx] ™", x € RV \{0)
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and
B(x,1) (x,1) € RN x (—00,0),
u® e, 1) = x| (x, 1) € (RV \ {0)) x {0},
Fy(x,1) (x,1) € RY x (0, 00),

is an entire weak solution of (1) (see [19]), which converges uniformly to zero as t — =o00.
If u 1s a homoclinic orbit, then

ut(x, 1) := A" u(x, Azt) ., A>0,

is also a homoclinic orbit. In the next theorem we show the convergence of u” to u® as
A — 00.

THEOREM 6.4. Let u be the homoclinic orbit constructed in the proof of Theorem 2.1.
Then u*(x, t) approaches the singular homoclinic orbit u® in the following sense:

(i) Foranyt < O, u)‘(x,t)/B(x,t) — 1 as A — oo uniformly in (x,t) € RV x
(—o00, ), where B is the backward self-similar solution given by (10) with b as in
Lemma 4.1 (i).

(i) Foranyt > 0, ut(x,t) — Fy(x,t)ash — oo uniformlyin (x,t) € RY x(t, 00),
where Fy is the forward self-similar solution given by (15) with a € (0, *) and l, = 1.

PROOF. Let w(y, s) be the ancient solution of (8) given as above. Then we have

w(y,s)
b(|y))

uniformly in y € R". In the original variables x and ¢ < 0, this implies

(—t)l/(l’_l)u(x, 1)
b((—)~1/2|x])

—1as s > —©

—1last—> —00.

Transforming ¢ — 221, x — Ax with A > 0, this is rewritten as
(=22 P=Dy(rx , 2%1)
b((=220)~1/2|ax])
Hence for any T < 0, we have
Au(hx, A2t) _ ut(x, 1)
(=)~ VP=Db((=n)"12|x]) — B(x,1)

— 1 as A%t - —00.

— 1 as A —> o0

uniformly in (x, ¢) € RY x (=00, 7). Thus (i) is proved.
Next, let us consider the properties of the entire solution for ¢ > 0. Let v be the corre-
sponding solution of (13). By Lemma 6.2, we have

v(y,s) = fo(ly]) as s = oo
uniformly in y € R". In the original variables x and ¢t > 0, this implies

VP Vux, 1) = fo, 7V x]) as 1 — 400,
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Transforming ¢ — 221, x — Ax with A > 0, this is rewritten as
WOV P Dy, 2%t = o, (02072 ax]) as A%t — +oo.
Hence for any T > 0, we have
AMu(x, 32t) — 7V P7D £ 72 k) as 4 — o0
uniformly in RY x (z, 00). This completes the proof of (ii). O
The following result is a consequence of [10, Theorems 1.2 and 1.3].

LEMMA 6.5. Let p > pr. Suppose that
0<u(x,0) < poo(lx]) for x € R\ {0)

and
kilx|™® < u(x,0) < ka|x|¢ for |x| >R

with some positive constants d > m, ki, ky and R. Then the solution of (1) exists globally in
time and there are constants C1, Cy > 0 and t; > 1 such that

Cirga(®) < ||M(',t)||L00(RN) < Cogu(t) for t =11,

where
142 ifm<d<N,
ga(®) ==tV ?In¢ ifd=N,
1~N/2 ifd>N.

PROOF OF THEOREM 2.2. Let u be the ancient solution of (1) given in Proposition 3.4
(i). Then the assertion (i) is clear from the construction of the ancient solution. Since u is be-
low the steady state ¢, and decreasing in ¢, u exists globally in time and becomes smaller

than @ in finite time. Then the conclusion immediately follows from Lemmas 3.2 and
6.5. O

PROOF OF THEOREM 2.3. Let u be the ancient solution of (1) given in Proposition 3.4
(ii). Then the assertion (i) is clear from the construction of the ancient solution defined for
t < T, where T > 0 is the maximal existence time of the solution.

Let Bj be the unit ball centered at the origin. Since the solution is radial and decreasing
in r = |x|, we can show in a similar manner to [16] that the solution is bounded on d By for
t € (—oo, T). On the other hand, since U = u; satisfies the inequality

U > AU,

it follows from the maximum principle that u;, = U > ¢ forall ¢t € (0, T) and x € Bj.
Following an argument in [16], we set

Ji=u; —eu’,
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and take ¢ > 0 so small that J (x,0) > Oforx € By and J(x,t) > Ofor (x,t) € 9B x(0,T).
Since
Ji — AJ = uy — epuP "V uy — {Aup — ep(p — DuP 72| Vul|? — epu? = Au)
= (u; — Au); — epuP~ uy — Au) + ep(p — DuP 2| Vu)?
> puP~lu, — epu*P!
= pup_l.],
we have J(x, ) > 0 for all (x, ¢) by the maximum principle. Thus we obtain the inequality

uy > eu?

for all (x,7) € By x (0, T).
Therefore m(t) := maxu = u(0, t) satisfies the inequality

m; > em?
for some ¢ > 0. This shows that T < oo and the blow-up is of Type I. a

PROOF OF THEOREM 2.4. Suppose that there exists such an ancient solution u. By
Lemma 5.1 (iv), there is a forward self-similar solution F, (x, t) with [, > L. Since

Fo(x,t) > Ilx|™™ as t | 0,
and u is bounded by the singular steady state, we have
—Fo(x,t+71) <ulx,t) < Fp(x,t+1), Xx€ RN, t>T,
where T > 0 is an arbitrary constant. Setting # = 0, we obtain
—Fy(x,7) <u(x,0) < Fy(x,7), xeRV.

Letting T — oo, we have F,(x, t) — 0 so that u(x, 0) = 0, a contradiction. O
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