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PARABOLIC HARNACK INEQUALITY ON METRIC SPACES
WITH A GENERALIZED VOLUME PROPERTY

GIACOMO DE LEvaA
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Abstract. We study the parabolic Harnack inequality on metric measure spaces with
the more general volume growth property than the volume doubling property. As applications
we extend some Liouville theorems and heat kernel estimates for Riemannian manifolds to
Alexandrov spaces satisfying a volume comparison condition of Bishop-Gromov type.

1. Introduction. In[KMSO01] Sobolev and parabolic Harnack inequalities are proved
for an n-dimensional Alexandrov space X with curvature bounded below with the n-dimen-
sional Hausdorff measure. The results are all obtained on a relatively compact open set, since
on such a set the volume doubling property and a weak Poincaré inequality hold. A global re-
sult can be obtained under the assumption that X has a (global) lower bound for the curvature.
In this paper, using a general setting that includes spaces satisfying a volume comparison
condition of Bishop-Gromov type as defined in [KS10], we prove a parabolic Harnack in-
equality. We recall that Moser proved the elliptic and parabolic Harnack inequality in [M64]
and [M71], essentially under the assumption of the Poincaré, the Sobolev inequality, and the
volume doubling property. In [J86] it was proved that the Poincaré inequality holds if the
weak one holds. Later Moser’s arguments were extended in more general settings, in par-
ticular for Riemannian manifolds (see [G91], [S92], [S02]) and for metric spaces carrying a
Dirichlet form ([St96]).

NOTATION 1.1. Let (X,d, n) be a locally compact separable metric measure space,
that is (X, d) is a locally compact separable metric space and p : B(X) — [0, 4oc] is a
locally finite measure on the Borel o-algebra B(X) of (X, d) with full support. We shall
denote by B(x,r) and B (x,r), x € X and r > 0, respectively, the open and closed ball
centered at x and of radius r: B(x,r) := {y € X;d(x,y) < r} and B(x,r) = {y €
X;d(x,y) <r}. Let £2 be an open subset of X and (£, F) aregular, strongly local symmetric
Dirichlet form on the real Hilbert space L2(.Q, @) with the core C(])“ P (£2), the set of the real
valued Lipschitz functions with compact support. Let I" be the energy measure associated to
E. Let £2’ be an open subset of 2. We denote by Fioc (£2) the set of all measurable functions
f : 2 = R such that for every compact subset K C §2, there exists a function gx € F such
that f = gk on K (u-a.e.). We set I'(f, f)(K) := I'(gk, gk )(K). Notice that I"(f, f)(K)
does not depend on the choice of gk . Since the Borel o-algebra B(£2’) of £2’ is generated by
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the compact subsets of £2’, we can define in this way a measure I"(f, f) on B(£2’) for any
f € Froe(£2').

ASSUMPTION 1.2. Let (X,d, ) be a locally compact separable metric measure
space, £2 an open set of X, and (£, F) a regular, strongly local symmetric Dirichlet form on
the real Hilbert space L%(£2, ) with the core Cg)“ 'P(£2) such that, for anyx € 2, '(dy) < u,
where I" is the energy measure associated to £ and d, is the function defined by d, (y) :=
d(x,y), y € 2. Assume that the closure of any open ball B(x,r) C £2 is the closed ball
B(x,r). Moreover, the closed balls B(x, r) are compact. For any open ball B(x,r) C 2
and y € B(x,r), there is a geodetic segment joining x and y, that is a continuous map
y :la,b] - X suchthat y(a) = x, y(b) = y and d(y(t1), y(t2)) = |t1 — 12| for all #; and
1> in [a, b]. There exist a non-decreasing function @ : (0, +00) — [1, +00) and v > 2 such
that for any x € £2 and 0 < r; < rp, with B(x, r) C §2, we have

(1) ;uBqu>s<%>eﬂmntuwoy

We denote by A the generator of £. Moreover, assume that there exist a constant k > 1 and
a non-decreasing function 7 : (0, 4+00) — [1, +00) such that for any open ball B(x, r) with
B(x,kr) C 2 and f € F,

@) A(Jf—hmm%ufTwﬂ/ drf).

B(x,kr)
where
1
Taeen = pw(B(x, 1) Jpx.r S
REMARK 1.3. The assumption v > 2 is not restrictive. If (1) holds for some 0 < v <
2, then we may assume that the same inequality holds for v := vy, where vp is any fixed
constant strictly bigger than 2.

We refer to [St95] for the definition of local subsolution (resp. local supersolution) on
I x G of the equation
_ Ou
T o
where / is any open interval of R and G any open subset of £2. A local solution on / x G of
Equation (3) is a local subsolution and a local supersolution on / x G of Equation (3).

THEOREM 1.4. Let (X,d, ), v > 2,2 =X, 0 : (0,400) — [1,400), (£, F),
k> 1,and T : (0, 4+00) — [1, 400) be satisfying Assumption 1.2. Let 1 > 0 and 0 < ¢ <
n<d8<land& € (0, 1) such that

“) En—e<=nl-8§).

Then, there exist two constants Hi (v, k, 1, 8, n, €, §), depending onlyon v, k, t,8,n, € and &,

3) Au

and Hy (v, k), depending only on v and k, as well as constants Cy(k) and C4(k), depending
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only on k, such that for any open ball B(x,r), any s € R, and any nonnegative local solution
u of Equation (3) in (s — Tr2, s) x B(x, r), we have

esssupu < Hi(v, k, 7,8, 7, & &) (O (Car)Y (Car)) 20 ess ianu,
o_ +

with
0_:= (s —8tr? s — ntrz) X B(x,ér) and Q4 := (s —etr?, s) X B(x,é&r).
The constants Co (k) and C4(k) are equal to those in Proposition 2.2.

The above theorem holds also if Assumption 1.2 is satisfied for some open set £2 C X
strictly included in X (see Theorem 2.14).

Acknowledgments. The author thanks Professor Kazuhiro Kuwae for his numerous suggestions,
constant encouragement, and readiness to answer questions.

2. Mean values and parabolic Harnack inequalities. In our setting it is easy to
extend all the proofs in [CW71] and [S02, Section 5.3] to prove Poincaré-type inequalities.
We omit the proofs. It is convenient to give the following definition.

DEFINITION 2.1. Let (X,d,u),v >2,2 C X, ® : (0, +00) — [1,4+00), (£, F),
k > 1,and T : (0,400) — [1,+00) be satisfying Assumption 1.2. Let 5o := max{s €
(0, 1); k < (1 —s2)/(125s 4 20s2)}. An open ball is said to be admissible if B(x, Sar) C £2,
where a(k) := (17s8 + 1059 + 1)/ (2sg + 2s0). If the stronger volume property

&) pn(B(x,r) N2) < <:—?> O(r)u(B(x,r1) N §2)

holds for any x € 2 and 0 < r; < ry, then every open ball B(x,r) C £2 is said to be
admissible.

PROPOSITION 2.2. Let (X,d,u),v>2,2 C X, O :(0,+00) — [1,400), (£, F),
k> 1,and T : (0,400) — [1,400) be satisfying Assumption 1.2. Let sy := max{s €
O, 1); k< (11— sz)/(12s + 2032)}. Then, there exist constants C1(v, k), depending only on v
and k, Co(k), C3(k), and C4(k), depending only on k, such that for any admissible open ball
B(x,r)and f € F, we have

(6) / ( If — fBa.nlPdu < C1(v, O (C2(k)r) SO T (Cak)r)r? / )dF(f)-
B(x,r) B(x,r

The constants Ca (k) and C4(k) may be chosen in such a way that C(k) < Sa and C4(k) < co,
where ¢y := (3 + 5s0) /(1 — s0).

COROLLARY 2.3. Let (X,d,n),v>2,2 C X, 0 :(0,400) = [1,4+00), (£, F),
k> 1,and T : (0, +00) — [1,400) be satisfying Assumption 1.2. Then, there exist con-
stants Cs5(v, k), depending only on v and k, C,(k), Ce¢(k), and C4(k), depending only on k,
such that for any admissible open ball B(x,r) and f € F, we have

©) / |f = fo,|*®cdp
B(x,r)
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< C5(v, k, B)O(C2(k)r) O 1 (Calh)r)r? / D.dI'(f),
B(x,r)

where @, (y) == (1 —d(x,y)/r)V 0)2, y e X, and
1
fo. :=—/ foudp.
fB(x,r) Dy d,u B(x,r) !

The constants Co (k) and C4(k) are those in Proposition 2.2.

Extending similarly the proofs of [S02, Theorem 3.2.2] and [BM95, Proposition 1], we
easily prove the following Sobolev inequality.

PROPOSITION 2.4. Let (X,d,n),v>2,2 C X, O :(0,+00) — [1,400), (£, F),
k> 1,and T : (0, +00) — [1,400) be satisfying Assumption 1.2. Then, there exist con-
stants S1(v, k), depending only on v and k, Cy(k), S3(k), and C4(k), depending only on k,
such that for any admissible open ball B := B(x,r) with B(x,3r/2) C 2 and f € F, we
have

v=2)/v o S3(k)
(/Bmzv/(uz)dM) SSl<v, k)O (C2(k)r)yS O 1 (C4(k)r) (rsz F(f)+/BIf|2dM)-

w(B)>2/v
The constants Ca(k) and C4(k) are those in Proposition 2.2.

NOTATION 2.5. Forevery x € X and r > 0, with B(x,r) CC £2, the function
dy r(y) := (r —d(x,y)) Vv 0belongs to the set 7 N Co(§2) and I"(dy r,dx ) < n. We also
denote by /& the measure dt ® pon R x 2

We can easily extend the proof of [St95, Lemma 2.2] and get the following L?-estimates.

LEMMA 2.6. Let(X,d,u),v>2,2CX,0:(0,400) = [1,400),(E, F), k > 1,
and T : (0,+00) — [1,400) be satisfying Assumption 1.2. Define, for any admissible
open ball B := B(x,r), with B(x,3r/2) C 2,anye € (0,1], s € R, and t € (0, +00),
0 (g) := (s —etr?,s) x B(x, er) and Q1 (e) := (s, s + e1r?) x B(x, er). Then, defining

242
SI0@CN T Canr (L 2
1(B)*/ 11— p~|

|\ ! 244 /v
X P b
TAl 6 —38)r

where S1 := S1(v, k), Cp := Ca(k), S3 := S3(k), and C4 := C4(k) are the constants given by
Proposition 2.4, forany s € R, T € (0, +00),and all 0 < §' < § < 1, we have

142/v
f uPI+2Man < <[ upd/1> ,
0=(8") 0=

whenever p > 1 and u is a nonnegative local subsolution of Equation (3) on Q™ (1);

1+2/v
/ WPU+2) g5 < ¢ </ updﬁ> ,
0+(8) 0+ (8)

C =64
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whenever 0 < p < | and u is a nonnegative local supersolution of Equation (3) on QT (1);

142/v
f uPI+2Man < ¢ (f u”dﬁ) ,
0~ 0-(5)

whenever p < 0 and u is a nonnegative local supersolution of Equation (3) on Q™ (1).

We are now ready to carry out the Moser iteration. The iterative arguments used in the
next two propositions are the same as those used in [M71].

PROPOSITION 2.7. Let (X,d,u),v>2,2 C X, O :(0,+00) — [1,400), (£, F),
k> 1,and 7 : (0, 400) — [1, 4-00) be satisfying Assumption 1.2. Define, for any admissible
open ball B := B(x,r), with B(x,3r/2) C 2,anye € (0,1], s € R, and t € (0, +00),
O (&) ==(s— etr?,s) x B(x, er). Then, there exist two constants B(, P, V),

1+v 1+v/2
B(x, p, v) 1= 64"/24Tnen 142/ g (1 4 ! ! :
[1—p~1 Al

and A(p,v),

s

(4 p(+0/2) 3, ey (=D (1=p/2)"~!
A(p,v) =4 =
(p.v) (3)

such that, forany s € R, 7 € (0, +00), and all 0 < §' < 8 < 1, we have

(Sl@(czr)s”lﬂc“r))v/zf WPdji
0- %) ’

Pl sor—(sn <B‘C, s
"l Lo 0= (5,0 < B(z, p,v) 6 — 872 r2(B)

whenever 1 < p < +o00 and u is a nonnegative local subsolution of Equation (3) on Q™ (1);

(510(Con) 517 (Car)) / ra

G=7PruB)  Jo
whenever 0 < p < 1 and u is a nonnegative local subsolution of Equation (3) on Q~(1);
v/2

Pl Loco-(5y.0) < A(p,v)B(T,2,v)

($10(Con)S T (Cyr)) _
L o0 - = B s Vs Pd 5
I ) [Q(ﬁ)u g

whenever p < 0 and u is a nonnegative local supersolution of Equation (3) on Q™ (1), where
S1 = S1(v, k), Cp := Ca(k), S3 := S3(k), and C4 := Ca(k) are the constants given by
Proposition 2.4.

PROOF. Let u be a nonnegative local subsolution and p > 1 or a nonnegative local
supersolution and p < 0. Define w, := (8 — §)27", d; := 8, 8yp41 := 8, — w,. Notice
that 8,, | & forn — +oo. Applying Lemma 2.6 (where p(1 + 2/v)"~! plays the role of the
parameter p of the statement), we get

142/v
/ uP 21" g < 4n(1+2/V)A</ up(1+2/v)n1dﬁ> ’
Q= (But1) Q" (@n)
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where

A =64

242
10N> T (Canr? o), . i
(B)?/Y 1 —p~

Lo\ ! 244/
“\T Al 6 — o) ‘

Iterating the above inequality, we obtain

. . (142/v)"
/ MP(1+2/V)”dl1 < 42?:1(n+1—i)(1+2/v)’AZ?:1(1+2/V)’71 (/ upd[l>

0~ (Bnt1) 0-@©
We obtain the desired inequality by raising to the power of (1 + 2/v)™" and letting n tend to
infinity. Finally, let u be a nonnegative local subsolution and 0 < p < 1. Fix0 < § <§ < 1.
We have already proved that

””2”L°°(Q*(8(’))) < A(o — 56)_2_”/ uldin,
07 (d0)

for any 0 < 8, < 8o < 1, where A is given by

$10(Car) ST (Car))
A:=B(‘C,2,U)(1 (2)2 (Car))
r u(B)
Hence,
il oo ooy < A0 = 80) ™ 2 ull 2o -
It follows

1/2 —1=v/2y, 1P/2 1-p/2
leell oo (o) < A0 = 8) T 2l o oy 1t g sy, -

for any 0 < &, < 8o < 8. Define 8; := &8’ and 8,41 = 8, + (8 — 8,)/4, n € N. Thus,
Sn1 — 8y = (1/4)(3/4)"~1(8 — &8). Applying the above inequality, we obtain for any n € N

(n—1)(14+v/2) 1 /2
~ -pP
lullLooo-s,) < A (g) el oo (0 (500 *

where A is defined by

s 4 14v/2 P

A p
A=Al (5 — 5/) Il o o)) -
Hence, for any n € N, we have

d—p/2)"

Le(Q™(pt1))

4) (I4v/2) Xy (= D(1=p/2)'!
lluell

lll ooy < A= 0=P/2 (5

Letting n tend to infinity and raising to the power of p yields

4>p(1+v/2> pen (n—1)(1—p/2)" !
A(

2+4v
p
1l oo (o)) < (5 5 5/) 1z o))
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REMARK 2.8. With the same notation of Proposition 2.7, we can estimate the constant
B(t, p, v) by a constant that does not depend on p. Indeed, we have B(z, p,v) < B(t,v),
where

1 1+l}/2
B(t,v) 1= 64”24 nen n(1+2/v>”“24+V< 1) .
TN

PROPOSITION 2.9. Let (X,d,n),v>2,2 C X, 0O :(0,+00) — [1,400), (£, F),
k> 1,and7 : (0, 400) — [1, 400) be satisfying Assumption 1.2. Define, for any admissible
open ball B := B(x,r), with B(x,3r/2) C 2,anye € (0,1], s € R, and t € (0, +00),
Ot (e) :=(s,5s + err2) X B(x, er). Moreover, set

1+v 14+v/2
C(1, po, v) 1= 64"/247/2 Ty n(1+v/070"2g L1ty ! T.
e 14+2/v—po TAl
Then, foranys € R, T € (0,4+00),0 < pg < 1+2/v,and all0 < 8 < § <1, we have

2
C(x, po, W™ (S10(Cor) ST (Car))™ )1/p—1/p0

leell Lro o+ () = < @ — 6)"@r2,(B) lullLr o+ ) -

whenever 0 < p < po(1 +2/v)~! and u is a nonnegative local supersolution of Equation
(3) on QT (1), where S| := S1(v, k), Cp := Ca(k), S3 := S3(k), and C4 := Cy(k) are the
constants given by Proposition 2.4.

PROOF. Define p,, := po(1 +2/v)™™, m € N, w, := (§ —8§)27", d; := 8, and
Sn+1 := 8, —wy. Since, forany j € {1, ..., m}, pn(1 +2/v)j’1 < po(1 +2/v)’1, applying
Lemma 2.6 (with p := p,,(1 +2/v)/~1), we have, for anyne Nand j € {l,...,m},

. _ 142/v
/ upm(1+2/u).fdl1 < 4n1+2v) 4 (/ upm(1+2/V)’1dﬁ> ,
0+ (ut1) 0 (4n)

where A is given by

A= 64 Sl@(CZr)S3“T(C4r) 2w i 242/v 1 142/v
: 6 — 8/)2+4/UM(B)2/UV4/U 1+ 2/1) — 1o 1 .

Iterating the above inequality, we obtain

/ uPod
OF (nt1)

< 4 (=D A2/) NI (12/w) ([ uPrdin
0+ ()

>(1+2/v)”

(142/v)"
< 4Xnen mA+v/DT D W/2)(po/ pa=1) A (V/2)(P0/ Pa=1) ( / uPrd ;1) 7
0*(8)

where the last inequality follows from

é(n F1-1) (1 + g) < (1 n g) Sn (1 + %)7(%1)

meN



310 G.DE LEVA

Vv AN v\ —(n—2)
() )T
meN
z": LY a2 1
— 2 A 42/v) -1
Hence, for anyn € N,

1/po ) 1/pn
(/ u”Odﬁ> < (472 Zmen m(A+v/D7 )A”/z)l/pn_l/m</ u”"dﬁ> :
0+(3) 0+ ()

that is

1/po
(/ ul’odﬁ)
0+ (8)
v/2

_ (C@ po,v) (SIOCar) ST (Car)) 2\ ot [ ara o
6= &) r2u(B) orw )

Now, let p € (0, po/(1 4+ 2/v)). Let k, € N be the smallest integer m such that (2/v)(1 +
2/v)™ > 1, thatis, m > log(v/2)/log(1 4+ 2/v). Notice that 1/pgy2 — 1/px4+1 > 1 for all
k > k,. Denote by k, the integer such that Pkpy+1 = P < Pk, Set n := max{k,, k,} + 2.
Observe that 1/p, — 1/po < (1 +2/v)**2(1/p — 1/ po). Moreover, since we need to make
explicit the dependence from 7, r and (B), we set

v/2

142/v— po (5 —68)2+Y

Hence, rewriting the above inequality and applying Jensen’s inequality, we get

1/po 1 (14+v/2)(1/ pn—1/ po) A* 1/pn—1/po y
Pod i < B n 5 n
</Q+(5/)u M) _<‘L'/\l> (VZIL(B)> /’L(Q ( ))
1 1/ pn
X (# u”"dﬁ)
n(QT () Jo+e)

1 (14v/2)(1/pn—1/po) A 1/pn—1/po
< P
“(+1) ()

1/p
X(‘L'VzlL(B))l/p"l/p</ upd/l>
0t (%)

< 1 )(1+v/2>(1+2/v>kv+2(1/p—l/po)

1+
A = 64"/24v/2 > oneN n(1+v/2)("2)8< 1+2/v ) ' (Sl(H)(Czr)S}-’_lT(C“r))

< F+2/05 231/ p=1/po)

Al

o 1 1/p=1/po 1/p
o p(1+2/0k (l/pl/p0)<27> <[ updﬂ) .
r<u(B) 0+ ()

O
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The following lemma can be proved as [M64, Theorem 4] (see also [S02, Lemma 5.4.1])
for the case that u is such that u, € L°°(B) and ut_l € L®(B) forallr € (s — tr?,s) . The
general case follows by an approximation argument considering the functions (n Au) Vv (1/n).
We omit the details.

LEMMA 2.10. Let (X,d, ), v > 2,2 C X, ® : (0,400) — [1,+00), (£, F),
k> 1,and T : (0, +00) — [1, +00) be satisfying Assumption 1.2. Then, for any admissible
open ball B := B(x,r), with B(x,3r/2) C 2,anyt > 0,8 € (0,1),¢ € (0,1),s € R,
A > 0, and any positive local supersolution u of Equation (3) in (s — tr2,s) x B, we have

a{(t,z) € (s —tr2, s —etr?) x 8B logu(t,z) > A — cu})

G0k U =8+ — o)

2H(B)
- (1—196)2 ’

O(C2(k)r) SO (Cathoyryr

where
Jp—logu(s —etr®,y) (1 —d(x, y)/r)* u(dy)
Jp (1 =d(x,y)/r)* u(dy)
and Cs5(v, k, B), Ca(k), Ce(k), and C4(k) are the constants given by Corollary 2.3.

Cy =

We will need the following lemma proved in [S02] from an original idea of [BG72].

LEMMA 2.11. Let (X, B, ) a measure space, {Us; 0 < o < 1} a family of measur-
able subsets such that w(Uy) > 0and Uy C Uy ifo’ < 0,0 < 8 < 1, y and C positive
constants, 0 < pg < +oo, and f : Uy — (0,+400) a measurable function satisfying the
following properties:

(1) forallo, o' suchthat$ <o’ <o and0 < p < min{l, pg/2}

_ _1\1/p—1
£ o, < (Co =y w@d™) ") o, s

(i) wdog f > 1) < Cu(U)A"! forall » > 0.
Setting

1
A1:=min{xe(0,+oo);—log(%)fmin{l,%}forallny} and
y
A log2, L34 1a
:=max {log?2, - - ,
2 g ) 4 1
then

3 n—1 1—6 -2y
1S NlLroquy) < Z <Z> (m) Ay M(Ul)l/po.

neN
We can now prove a weak form of the Harnack Inequality. The main argument is the
same as for the case of the Laplacian on Riemannian manifolds (see [S02]).

PROPOSITION 2.12. Let (X,d,pn), v > 2, 2 C X, ® : (0,400) — [I1,+00),
&, F)k >1,and T : (0,400) — [1,400) be satisfying Assumption 1.2. Let T > 0,
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0<po<2/v,and0 <e <n < land§ € (0, 1) such that
(3) En—e<A-md-§).

Then, there exist two constants H3 := H3(v, k, po, T, 1, €, §), depending only on v, k, po, 7,
n, € and &, and Hy = Ha(v, k), depending only on v and k, such that for any admissible
open ball B(x,r), with B(x,3r/2) C §2,any s € R, and any positive local supersolution u
of Equation (3) in (s — tr?, s) x B(x, r), we have

1/po
</ u”“dﬁ) < (etr2u(B(x, £r))) /P Hy (O (Car) Y (Car)) ™ ess infu.
oL +
with
Q0 =(s— rrz, s — nrrz) X B(x,&r) and Q4+ :=(s— srrz, s) X B(x,&r),
where Ca(k) and C4(k) are the constants given in Proposition 2.2.

PROOF. Let Cs5, C, Cg, Cs4, S1, C2, and S3 be the constants given by Corollary 2.3
and Proposition 2.4. Fix 0 < ¢ < n <6 < 1l and & € (0,1). We first choose « so that
I>a<1—-n1—§/E®Mn—e). Setv:= e @y, where c(a) is defined by
Jg —logu (s = (1 —)n + ae)r?, y) (1 —d(x, y)/r)* p(dy)

Jp (1 =d(x, y)/r)? p(dy) ’
and,forO <o <1,U, := (5,5 —}—offz) X B(x,or), where
1—(1—any-— 1 —n)?
E::s—rrz,fzz 5 ( Gl Olg)rfr, and T := ( n) T.
l—n £2(1 — (1 —a)n — ae)

Notice that Uy, = (s — 2, s—ntr?) forog := (1—n)(1— (1 —a)p—ae) L. By Proposition
2.9

cla) =

2
C(E, po, V™ ($1O(C2R) 17 (C4i)) ™ )1/17—1/170

(o — 0")4”(2+”)}72/L(B(x, 7)) ”v”L"(Ua) >

lvllLrow, ) = <

forall0 <09 <o’ <o <1and0 < p < po(1 + 2/v). Hence,

2
TC(%, po, V) (S1@(C2r)s3+1’f(c4r))2” 1/p=1/po
lvllLrwy)-

ellerow) = ( (0 — oY@V
Moreover, applying Lemma 2.10 to v we obtain, for any A > 0,
n({(t,z) € Upslogu(r, z) > A})
- 8Csmax{l1, t}2(1 — n)?
T ==& =1 —a)n—as))?
< F1(v, 7,1, 8,6, 0)O(C2n) 17 (Car)

B
O(Can o (Caryr? 522 ()\ )
n(Uy)
A’ 9
where F) is an opportune constant. Thus, applying Lemma 2.11 we obtain

) 1e“@ull Lro(gr ) < G1O(Car) 2T (Car)F3 (U /70,



PARABOLIC HARNACK INEQUALITY ON METRIC SPACES 313

where G is a constant depending only on v, pg, 7, 1, €, &, and «, and G, and G3 are
constants depending only on k and v. Choose now & so that 0 < & > (§n —&)/(E(n — ¢)).
Setv:=e “@y~! and, for0 <o < 1, (70 = (s — 0772, 5) x B(x, oF), where

. & —an+ae) . g2
Fi=——"——"r<r and T:= - — 7.
e £2((1 —a)n +ae)
Notice that 1750 = Q. for&p := e((1 — @)y + as)~ L. By Proposition 2.7 (see also Remark
2.8)

_(BGE) ($10(Car)SH1T (Cyr)) P\ /7
”U“LOO(UU/) — (o — a’)2+”72u(B(x, ;))
forall0 <69 <o’ <o <1and0 < p < +00. Hence,
vl < (fB(f ) (510017 (Car)) )1/,,“ ||
VUl oo o < = Vil -
e (0 — o) u(U)) b
As above, applying again Lemma 2.10 to v and (14) we obtain, for any A > O,
n({(t,z) € Ups logu(t, z) > A})
- 8Cs max({1, 7}%&?
T (e —&((1 —a)n +ae))?

”U”Lp(UJ) s

v/2

O(Car o (Caryr? 222 ()\B)

- . (U
< Fin, v, 6,8 OO T Y
where Fj is an opportune constant. Thus, we can apply Lemma 2.11 and obtain
(10) le™“@u Lo, < GaO(Cor) T3 (Car) e

where G4 is a constant depending only on v, po, 7, 1, €, &, and «, and G5 and G¢ are constants
depending only on k and v. Because of the assumption on 7, ¢, and &, we may choose o = &
and the desired inequality follows from (9) and (10). O

REMARK 2.13. Setting n := (3 —£)/4 and ¢ := (1 + £)/4, (8) is satisfied for any
& € (0, 1) even strictly:
En—e<(1—-—nd-§).

THEOREM 2.14. Let (X,d,u),v > 2,2 C X, ® : (0,400) — [1,4+00), (£, F),
k> 1,and T : (0, 4+00) — [1,400) be satisfying Assumption 1.2. Let 1 > 0 and 0 < ¢ <
n<d8<1land& € (0, 1) such that

Y En—e<l—=—md=§).

Then, there exist two constants Hy (v, k, t,8, 1, €, &), depending only on v, k, t, 8, n, € and
&, and Hy (v, k), depending only on v and k, such that for any admissible open ball B(x,r),
with B(x,3r/2) C §2, any s € R, and any nonnegative local solution u of Equation (3) in
(s — tr?,s) x B(x, r), we have

esssupu < Hi(v, k, 7,8, 1, &, &) (O(Car) T (Car)) 275 ess ianu,
o_ +
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with
O_:=(s—8tr’ s — ntrz) X B(x,&r) and Q4 :=(s— etr?,s) x B(x, £r),
where Cy(k) and C4(k) are the constants given in Proposition 2.2.

PROOF. First assume that u is positive and § < 1. There exist a constant y :=
y(n, e, &) > & depending only on 7, ¢, and £ such that

yn—e _(-md-y)

ym—e =  ym—e)
SetforO0 <o <1,U, == (5 — afFZ,E) X B(x,or), where
1 - §—n)?
E::s—ntrz,fzzé nr, and T := gin)t.
d—n (1 —mn)

Notice that Uy, = Q_ forogp := (§ —n)(1 — L By Proposition 2.7, there exist a constant
G1(v, k, T), depending only on v, k and 7, and a constant G»(v, k), depending only on v and
k, such that

mww<0mxﬂ@wmnamwmf wdii
o- (60 — 00)> TV P2 (B (x, 7)) Us ’

where &0 := min{1, (y/£)(8 — n)(1 — n)~'}. On the other side, an application of Proposition
2.12 (with y instead of &) yields

/ udpn < etr’w(B(x, yr))Hze™ essinfu .
Us, 0+

Combining these two inequalities completes the proof. The case § = 1 is obtained by tending
6 to 1. If u is nonnegative, then first consider the function # + &, € > 0, and then let € tend to
0. O

3. Some applications for Alexandrov spaces. In this section we prove some Li-
ouville theorems and a two-sided heat kernel bound for Alexandrov spaces. The following
notation was first introduced in [KS10] in order to define the infinitesimal Bishop-Gromov
condition on Alexandrov spaces (see Definition 3.2).

NOTATION 3.1. Letk € R. In the sequel, we shall denote by sx : R — R the function
defined by
ﬁ sin(v/kr) if k>0,
sk(r) = 3r if k=0,
f—k sinh(v/—kr) ifk <0.
Let (X, d) be a complete, locally compact Alexandrov length space of curvature locally
bounded below. Fix a point x € X and ¢t € (0, 1]. We define a function @, ; : Wy ; — X

where W, ; C X is the set including x and the set of points z that have the following property:
if z # x, there is a point y, € X for that there exists a geodesic segment [x, y] joining x and
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y; such that z € [x, y;] and d(x, z) = td(x, y;). If such a point y, exists, then this point is
unique and we set @, ;(z) := y; and D, ;(x) := x. It is not so difficult to prove that Wy ; is
closed and @, ; is locally Lipschitz, that is, for every open or closed ball B, there is a constant
kp > 0 such that d(Dx ;(z1), Px 1(22)) < kpd(z1, 22) for all z1, z2 € Wy ; N B (see the proof
of [0S94, Proposition 3.1]).

DEFINITION 3.2. Let (X, d) be a complete locally compact Alexandrov space of cur-
vature locally bounded below, i : B(X) — [0, +00] a locally finite measure on the Borel
o-algebra B(X) of (X, d) such that u(X) > 0,k € Randn € [1, +00). (X, d, ) is said to
satisfy the infinitesimal Bishop-Gromov condition BG(k, n) on an open subset 2 C X if

sK(td<x,y)>>“
12 dd, 1y > _— d
(12) /A o /x(y)>/At< 5@ (x.y)) m(y)

forany x € £2 and ¢t € (0, 1] and for any measurable set A C §2 if x < 0 and any measurable
set A C B(x,w/\/k) N2 ifk > 0.

REMARK 3.3. If (X,d,un) satisfies the infinitesimal Bishop-Gromov condition
BG(k, n) on the open set §2, then

se(td(x, )\
Wy d
5e(d(x. y)) ) #ldy)

forany x € £2,forevery t € (0, 1], any measurable set M C £2,ifx <0, M C B(x, w//K)N
£2 if k > 0, and any measurable nonnegative function f : X — R.

(13) / FO) Bagan(dy) = / tf(y)<
M M

The following proposition follows easily from the above definition.

PROPOSITION 3.4. Let (X,d, ) be a complete locally compact Alexandrov measure
space of curvature locally bounded below satisfying the infinitesimal Bishop-Gromov condi-
tion BG(k, n) on the open set 2 C X. Then, (X, d, ) satisfies the infinitesimal Bishop-
Gromov condition BG(«, n) on §2 for all k < k. Moreover, if k <0, then (X, d, ) satisfies
the infinitesimal Bishop-Gromov condition BG(k, n) on §2 for all k < k and n > n.

The following elementary Lemma will be useful in the sequel.
LEMMA 3.5. LetO <ry <rp. Then

s%nh(rz) < r—ze’Z.
sinh(r;) — rp

PROOF. The above inequality follows from the fact that

_ rn _
e’ —e T < Ze"2(e" — e,
r

since, fixed a constant 7 > 1, the function i(r) := te" (/" —e /") — (" —e "), r € (0, +00),
is increasing and #(0) = 0. Indeed, for the first derivative of the function 4 we have

W (r) = (t+ De" T/ — (= 1)~ — e — 77 > 0. O



316 G.DE LEVA

The main justification of the definition of the infinitesimal Bishop-Gromov condition is
the following proposition that gives a kind of doubling property of the volume of balls.

PROPOSITION 3.6. Let (X, d, ) be a complete locally compact Alexandrov measure
space of curvature locally bounded below satisfying the infinitesimal Bishop-Gromov condi-
tion BG(x, n) on the open subset 2 C X. Then, for 0 < r; < ry and x € 2 such that
B(x,r) C 2, we have

(14) ((B(x,r2)) < (:—f) e DV=minte 02 (B(x 1)) .

PROOF. From Proposition 3.4 we may assume that (X, d, ) satisfies the infinitesimal
Bishop-Gromov condition BG(—|«|,n) on £2. Lett := ri/rp and A := B(x,r) in (12).
Notice that @, ! (B(x, r2)) C B(x, r1). Thus, we have

/ r_1(S|K|((r1/r2)d(x, )
B(x,ry) 2 S (d(x, y))
Moreover, from Lemma 3.5, we obtain (the case k = 0 is also easily verified)

r(soetd e, )\ "\ 1) i
f — <7 | > > u(dy)Z/ <—> e~ DVIRIGD ()
B(x,r) 2 \ S—x|(d(x, y)) B(x,ry) \I2

> (r—l) e~ =DV (B(x, 1))

r
Inequality (14) follows from the above two inequalities. a

n—1
) p(dy) < u(B(x,r1)).

Under the same assumption of Proposition 3.6, with a similar argument we can easily
prove that, forany 0 < 7| < rp,if Kk <0,for0 < r; <ry < 7w/ /k,if Kk > 0,and x € §2 such
that B(x, rp) C £2, we have

w(B(x, 1)) _n sup (s;c(rz)/))nl
w(B(x,r1)) 11 yeo,17 \Sc(r1¥) ’

By means of this inequality we can follow the argument of [OhO7, Theorem 5.1] and prove
the following Bishop-Gromov volume comparison theorem.

PROPOSITION 3.7. Let (X,d, n) be a complete locally compact Alexandrov measure
space of curvature locally bounded below satisfying the infinitesimal Bishop-Gromov condi-
tion BG(x, n) on the open subset 2 C X. Then, for any x € §2 the function

p -1
fe(r) I=M(B(x,r))</0 Sx(t)”_ldt) ,

defined on (0,d(x,3%2)), if k < 0, on (0, min{w//k,d(x,32)}), if « > 0, is a non-
increasing function (we set d(x, 0§2) := 400 if the topological boundary 952 of §2 is empty).
We recall the following important result essentially proved in [KS10] which gives a suf-

ficient condition in terms of curvature for an Alexandrov space to satisfy the infinitesimal
Bishop-Gromov condition.
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THEOREM 3.8. Let (X,d,pn) be an m-dimensional, complete, locally compact
Alexandrov measure space of curvature bounded below and . the m-dimensional Hausdorff
measure. If (X, d) is an Alexandrov space of curvature bounded below by k on an open subset
2 C X, then (X, d, ) satisfies the infinitesimal Bishop-Gromov condition BG(x, m) on S2.

ASSUMPTION 3.9. (X,d,u) is an m-dimensional, complete, locally compact
Alexandrov measure space of curvature bounded below and p is a Radon measure on the
Borel o-algebra of (X, d) with support equal to X. Moreover, there exists n € N such that
for any relatively compact open subset £2 C X there is k € R such that (X, d, ) satisfies the
infinitesimal Bishop-Gromov condition BG(k, n) on £2.

NOTATION 3.10. Let (X, d, n) be satisfying Assumption 3.9. Following [KS11] we
have a regular, strongly local symmetric Dirichlet form (£, F) on L*(X, w) with core C (% P (X)
such that:

E(f1, f2) i=/Xg(Vf1,Vf2)dM,

for any f1, f» € C(%ip(X), where ¢ is the p-a.e. defined canonical Riemannian metric (see
[OS94] and [KS11, Lemma 3.3]) and V f is the gradient of a function f. The generator of
(€, F) is called Laplacian and is denoted by A. Notice that all the requirements of Assump-
tion 1.2 are satisfied (see also [KS11, Proposition .3.3]) and for the energy measure we have
I'(f1, f») = g(Vf1,V fo)u for any fi, fo» € C(])“IP(X). Finally, there is a measurable map
y 110,1] x X x X — X such that y, ;(y) := y (¢, x, y) is the point z of a geodesic segment
[x, y] such that d(x, z) = td(x, y) (see the proof of [KSO1, Proposition 6.1] where the key
argument is the fact that the cut-locus of any point has measure zero with respect to u, see
[KS11, Lemma 3.2]).

We need the following Lemma to prove a weak Poincar€ type inequality.

LEMMA 3.11. Let (X,d, n) be satisfying Assumption 3.9. If (X, d, ) satisfies the
infinitesimal Bishop-Gromov condition BG(k, n) on an open subset 2 C X, then for any
x € £2, any open ball B(y,r) including x, x € B(y,r), with B(y,2r) C 2, and any
measurable nonnegative function f : X — R, we have

1 [ s () \" !
a5 [ fouan =g (—) | reuas.
B(y.r) t \s—pc|(tr) B(y.2r)
where yy; : X — X is the function defined in Notation 3.10.

PROOF. By Proposition 3.4 we may assume k < 0. Since
s (tr) - s (td(y, 2))
sie(r) = se(d(y, 7))
forall z € B(y,r),and ¢ € (0, 1], we obtain from (13)

sic(r)

1 n—1
/ S (@) pldz) < - (—) / FWx 1 (@) Py 5 1(dz)
B(y.r) t\se(tr) B(y.r)
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for every t € (0, 1]. If z € B(y, r), then any geodetic segment [x, z] joining x and z is in-
cluded in B(y, 2r). In particular, ®;}(B(y, r)) C B(y, 2r). Remarking that y, (@ ;(2)) =
z, we obtain (15). O

Doing a similar calculation as in [S02, Theorem 5.6.6] or [H09, Lemma 3.2], we are able
to prove the following weak Poincaré-type inequality.

PROPOSITION 3.12. Let (X, d, ) be satisfying Assumption 3.9. If (X, d, ) satisfies
the infinitesimal Bishop-Gromov condition BG(k, n) on an open subset 2 C X, then for any
open ball B(x, r), with B(x,2r) C §2,and any f € F, we have

1 n—1
19 [ 17 = fa P = 8r2( / %d:) [ argp.
B(x,r) 12 1 (s—1c)(17)) B(x,2r)

PROOF. It suffices to consider a Lipschitz function f. In the following, we implicitly
use the Fubini Theorem. Writing B := B(x,r), |B| := w(B), and |V f| := g(f, Y2, we
have by Holder Inequality

/If(y) S8 dp(y) < |B|2/ (f Lf () — f(z)ldu(z)> du(y)

_ 1Bl
IBI2

(2r)? 1 2
= 18] /B/B</o Vs ‘V%f@)ldt) dp(y)du(z)

(2r)? ! ,
= |B| /B/B/O IV f(yy @) dtdu(y)du(z) ,

where yy ; : B(x,r) — X is the function defined in Notation 3.10. Since yy ;(z) = yz,1-:()),

( /B 1f ) — f(z)lzdu(z)>du(y)

we have

12 12 1
/O IV £ (yy. (@) *dt = /O IV f (yer—(0)2dt = /I/ZIVf(Vz,t(y))lzdt-

We would like to remark that this trick was first used in [KoS97]. Since the integral
2r)?
|B|

is symmetric with respect to the variables y and z, using Fubini’s Theorem and (15), we get

1
/ f / IV £ (@) Pdtd i () ()
BJB JO

fB 1FO) = f5Pdu(y)

(2r)? 1 )
= |B| /B/B/O IV f(yy (@) dtdpu(y)du(z)

2(2r)? 1 )
< /// IVf(yy @) dtdu(y)du(z)
Bl JeJBJ1)2
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8r2 1 2
ﬁ / dn(y) / di f IV £ vy ()2 (2)

/ du(y) / (s'“'(” ) ” / IV £ (@) Pdp)
|B| RAW |K|(tV) B(x,2r)

< 8r2/ 1(ﬂ> dt/ IV £(2)Pdu(z) .
172 F \S—p(t7) B(x,2r)

COROLLARY 3.13. Let (X,d, ) be satisfying Assumption 3.9. If (X, d, u) satisfies
the infinitesimal Bishop-Gromov condition BG(k, n) on an open subset §2 C X, then for any
open ball B(x, r), with B(x,2r) C 2, and any f € F, we have

I/\

O

(17) / |f — fBeenPdp < Cr(n)eC2mory? / drf, f),
B(x,r) B

(x,2r)
where Co(n, k) :=n —1lifk <0,and Ca(n,k) :=0ifk > 0.

PROOF. Fork < 0, we have

1 n—1 ro_ ,—r n=l 1
[ s (i) [ a2 s,
12 1 (s (tr)" er? — el 121

where the second inequality follows from Lemma 3.5. For x > 0, we may assume « = 0 and
perform a similar calculation. O

As applications we now prove two Liouville theorems for Alexandrov spaces. Their
corresponding results for Riemannian manifolds were proved in [LS84].

DEFINITION 3.14. With the same notation as in 3.10, a function u € F is said to
be subharmonic (resp. superharmonic) if £(u, ¢) < 0 (resp. E(u, ¢p) > 0) for any ¢ € F
with compact support. A function u € F is said to be harmonic if u is subharmonic and
superharmonic.

REMARK 3.15. It is easy to verify that a subharmonic (resp. superharmonic) func-
tion u € F is a subsolution (resp. supersolution) of Equation (3) on R x X. Hence, from
Proposition 2.7 we deduce the following mean value inequalities for subharmonic functions.

PROPOSITION 3.16. Let (X, d, u) be satisfying Assumption 3.9. Let k := k(x, 18r)
be a constant, (in general) depending only on x and r, such that (X, d, ) satisfies the infini-
tesimal Bishop-Gromov condition BG(k, n) on the open ball B(x, 18r). If k > 0, there exists
a constant Co(p, n), depending only on p and n, such that for all 0 < §' < § < 1, we have

Co(p,n)
= (- 8/)2+max{n,3}M(B(x, r)) B(x,8r)

lu? | Loo(B(x,57),0) < uPdu,

whenever 0 < p < +o00 and u is a nonnegative subharmonic function. If k < 0, there exist
two constants C1(p, n), depending only on p and n, and C»(n), depending only on n, such
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that, for all0 < &' < § < 1, we have
» Cl(p n)eCz(n)(Hw/fK)r »
u 00 ’ < ’ ufd s
le e amw = St B ) Jagsn "

whenever 0 < p < +o00 and u is a nonnegative subharmonic function.

REMARK 3.17. From Proposition 3.16 it follows easily that if (X, d, ) is an n-dimen-
sional, complete, locally compact Alexandrov measure space of curvature bounded below by
k > 0on X and p is the n-dimensional Hausdorff measure, then every subharmonic function
u, such that u € L? (X, ), for some p > 0, is constant. This result could have been easily
deduced also from [St95], since under this assumption the classical volume doubling property
holds. We also remember that, if (X, d, i) satisfies Assumption 3.9 and u is a subharmonic
function, such that u € L? (X, u), for some p > 1, then u is constant (see [St94]).

The following two propositions are straight extensions of [LS84, Theorems 2.4 and 2.5].

PROPOSITION 3.18. Let (X,d, 1) be satisfying Assumption 3.9. Assume that (X, d)
is noncompact. If there exist a point xo € X and two constants C > 0 and o > 0 such that,
for any r > 0, (X, d, n) satisfies the infinitesimal Bishop-Gromov condition BG(—C(1 +
r2)(10g(1 +r2)"% n) on the open ball B(xg, r) for some n € [1, +00), then every nonnega-
tive subharmonic function u € L'(X, L) is constant.

PROOF. Let u be a nonnegative subharmonic function such that u € LY(X, ). Set
= 22], [ € N. Notice that, for every [ € N, [#, t;+1] is the disjoint union of these 2!
intervals: [a1,0,a1,1), [ar,1,a1.2), ..., [a; 5y, a; 5], where a; ; = 2i4,i =0,...,2!. Thus,
there is an i; € {0, ..., 2l — 1} such that, if we set r; := a;; and B; := B(xo, r7), we have

/ udp < 271/ udu .
2B\ By B(x0, 1141\ B(x0,1)

Since r; < t;41 and, hence, logr; < 2+l log2, we get
logrl/ udp < (2log?2) udup
2B\ By B(x0, 11+ 1)\ B(x0.11)
Fromu € L' (X, L) we obtain
lim (logr) udu=0.
[—+00 2B/\B;

Let f : [e, +00) — [0, +o00) be the function f(x) := (loglogx)®. f is a nondecreasing
function with bounded and continuous derivative such that lim sup,_, , f 2(1) /(1) < +oo. Tt

is easy to verify that ¢ f (u \V a) € F for any nonnegative ¢ € F N Co(X). Hence, since u is
subharmonic,

/ dr (@ fuve).u) <0.
X
Using the Leibniz rule and the chain rule, we easily have

F@>fuve),u)=¢>fwvel Ve u)+2¢f (Ve (¢, u).
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From the locality of the energy measure and the Cauchy-Schwarz inequality, we get

/{ RRACLOTE /{ 26T 6.0
1 2 / 2w
— I'(u, 2 dr(¢, ¢),
=3 /{u>e}¢ Feor e w+ u=ey Sf'(u) @)

that is

2
f & F W), u) < 4[ I® irg. ).
{u>e} {u>e} f(uw)
Forl € N set ¢ := ((2/r1)dx,,3r,;/2) A 1 (see Notation 2.5). Notice that ¢(x) = 1 forx € B;
and ¢(x) = 0 for x € X\(2B;), where 2B; is the open ball of double radius with the same

center as B;. Inserting ¢ in the last inequality and using the truncation property, we obtain

16 2
[ rwrewss | L
(u>e}NB; rf Jusein@\By J' (W)

a+1

10gMIILOO(zBl,u)(logrl)f2 udp.

8
<——||(oglogu)
logr; BI\B;

Tarjlo
Since (X, d, n) satisfies the infinitesimal Bishop-Gromov condition BG(—C(1 + 362r2)
(log(1 + 36%r2))~®, n) on the open ball B(xg, 367;), from Proposition 3.16 we easily obtain
that

— 2 /2
lull ooy ) < €C3V KT < Cari/Uogr™™

for some constants C3 and C4, depending only on the dimension n of X, |ju|| L (X, ) and
w(B1). Using this in the above inequality (notice that (loglog u)®*! log u is nondecreasing)
and letting / tend to 400, we get

/ ) (u,u) <0.
{u>e}

Since f’ is positive on {u > e}, we have either {u > e} = ¥ or u is constant on {u > e}. In
any case u € L(X, ) and hence is constant. O

PROPOSITION 3.19. Let (X, d, u) be satisfying Assumption 3.9. Assume that (X, d)
is non-compact. If there exist a point xy € X, a constant C > 0 and ro > 0 such that, for any
r > ro, (X, d, p) satisfies the infinitesimal Bishop-Gromov condition BG(—C?r~2, n) on the
open set X\ B (xq,r) for some n € [1,4+00), then every nonnegative subharmonic function
u e LP(X,n), p € (0,400), is constant. Moreover, if p € (0, 1) and u is a nonnegative
subharmonic function such thatu € LP (X, u), thenu = 0.

PROOF. In view of Proposition 3.18 and Remark 3.17, one only needs to consider the
case p € (0,1). We want to prove that if u is a nonnegative subharmonic function such
that u € LP(X, n) for some p € (0, 1), then for any ¢ > O there is an r, > 0 such that
llell Loo (x\B(xg,rs),r) < €. This implies u = 0. In fact, from Proposition 3.16 we have that
u € L*(B(xg,r), u) for all r > 0, since (X, d) satisfies the infinitesimal Bishop-Gromov
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condition on B(xg, r). Thus, u € L*°(X, u). Hence, u € L(X, ©) and must be constant.
Since u vanishes at infinity in the above sense, u must be zero. Fix a B > 2/(¥/2 — 1)
and define #; == 23" _(p/ — 1 — p',i € N. Letx € X\B(xo,1 + ) and consider a
geodesic y : [0,d(x, x0)] — X with y(0) = x¢ and y(d(x, x9)) = x. Let k, > 1 the
largest integer such that #;, < d(x, xo). It is easy to verify that d(y (%, ), x) < ,ka + ,BkX‘H
and d(y (4;), y (ti1)) = B* + B+ and B(y (1), B') N B(y (ti1), B't1) = P forall i €
{0, ..., kx — 1}. Denoting «; < 0 a constant such that (X, d) satisfies the (k;, n)-contraction
property on the open ball B(y (#i+1), B! + 28'), using the Gromov-Bishop inequality (see
Proposition 3.7), we can repeat the argument of [CGT82, Proposition 4.1] and deduce

W(B(y (tix1), B > Ti(B(y (1), )

foralli € {0, ..., ky — 1}, where

Bt =i
/ sinh" ! 7 dt
0

T; .=

(BH1+2B) =i
/ sinh 1 ¢ dt
B

Sy
Iterating this inequality, we have

ky—

X 1
w(B(y ), ) = [ Tin(Bxo, 1)).

i=0
Notice that
ﬂ”l\/—_/q
/ "t
T; > 0
i Z - y - 1 i+1 4 gi .
(smh((ﬁ’“ + 2%, /—_Ki)>" /w +281) /=7
(B + 281 /=i i+
B ( (B! + 280" )’“ B
 \sinh((BH +28)=k) ) (B+2)" =BT
Since the ball B(y (f;11), B! 4+ 28') is contained in X\ B(xo, t; 11 — B! — 287), there is a
constant C1(8) > 0, depending only on S, such that we may choose

o B-1 Y
ki = —C1(f) <—2,3"—/6—1) :

foralli € {0, ..., kx — 1}. Hence, there exists a constant C2(8) > 0, depending only on 3,
such that

=14t

BT+ 28HV—ki < C2(B)
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foralli € {0, ..., ky — 1}. We deduce that there exists a constant C3(8, n) < 1, depending
only on 8 and #, so that
ﬂ}’l
T, > Ci3(B,n)———.
i = 3(/3 )(ﬁ+2)n—,3n
Hence,
k ﬂ}’l kx
By, ™) = C3(B,n)| —— B(xp, 1)) .
w(B(y (1), B5) = C3(8 )<(ﬁ+2)n_ﬁn) u(B(xo, 1)

Setting Ay := B (xo, tx + 85/10)\B(x0, ) and By := B(xo, tx+1)\B(x0, tx + p¥/10), since,
for ko € N, X\B(xq, ty,) = Ukzko (A U By), to prove our claim it suffices to prove that
leell Loo Ay, ) and [lu]l poo(By, ) can be made arbitrarily small for sufficiently large k. Let x; €
dB(xo, tr). Notice that xi is the point y (#;) of a geodetic path y joining xo and x;. Then,
from Proposition 3.16 and (14) we have

Cs(n)C2(B)

1
- - Pg
w(B(xi, BE/5) /x” o

flu? ”LOO(B(Xk,ﬂk/lo),pL) < C4(p,n)e

< Ces(p,n, B) ufdp

1
1 (B(xk, B5)) /X

B+ g\ 1 /
Crpom. Pdu.
=Ci(p,n, B) < B ) u(B(xo, 1)) Jx o

For our choice of 8, we have ((8+2)"—8")/8" < 1. An application of a standard separability
arguments leads to the fact that ||u|| 74, can be made arbitrarily small for sufficiently large
k. Letx € By. Since B(x, tx/10) C B(y (1), 2B8* + B**1), where y is a geodetic path joining
xo and x, we have as above

1
- - Pg
w(B(x, B¥/20)) /X” o

1
Co(p, n, hd
<Co(p,n 'B)/L(B()/(tk)vﬁk/zo)) /Xu g
(/3+2)"—ﬁ")k ! /
Cio(p. n, i
<Ci(p,n ﬂ)( B 1(B(xo, 1)) Xu :

Hence, as above, we conclude that that ||u||; g, ,) can be made arbitrarily small for suffi-
ciently large k. O

1P || oo (3. gt a0y o) < C8(p, m)eSSME)

ASSUMPTION 3.20. (X,d,pn) is an m-dimensional, complete, locally compact
Alexandrov length space of curvature locally bounded below and u is a Radon measure on
the Borel o-algebra of (X, d) with support equal to X. Moreover, (X, d, u) satisfies the in-
finitesimal Bishop-Gromov condition BG(«, n) on X.

The existence of the heat kernel associated to the canonical Dirichlet form is proved in
[KMSO01]. The formal statement is as follow.
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THEOREM 3.21. Let (X,d, n) be satisfying Assumption 3.20 with its canonical Diri-
chlet form (€, F) (see Notation 3.10) and let (T;);>0 be the semigroup associated to (€, F).
There exists a unique, measurable, and locally Holder continuous function h : (0, +00) X
X x X — (0, +00) satisfying the following (i) and (ii):

(i) Foranyt >0and f € L?(X) we have

nf(x>=/Xh<r,x,y>f<y>du(y),

for any p-a.e. x € X. Hence, for any 'y € X, h(-, -, y) is a local solution of Equation (3) in
0, +00) x X.
(i) Foranys,t > 0,x,z € X, we have h(t,x,z) = h(t, z, x),

hs +1,x,2) =f (s, x, (. 2, ) di(y) |
X

and / htoxy)du(y) < 1.
X

In particular, for any (x,y) € X x X and 0 < s < t, we have h(s, x,y) > h(t, x, y).

DEFINITION 3.22. The function /& given by Theorem 3.21 is called the heat kernel
associated to the canonical (regular, strongly local) Dirichlet form (£, F).

LEMMA 3.23. Let (X, d, ) be satisfying Assumption 3.20. There exist two constants
Gs(n) and G7(n), depending only on n, and two constants Ge(n, k) and Gg(n, k), depending
only on n and «, where Ge(n, k) = Gg(n,k) = 0ifn = 1 or k > 0, such that for the heat
kernel h associated to the canonical Dirichlet form we have, for any x € X andt > 0,

Gs(n)efGﬁ("”()\/; G7(n)eGS("”‘)‘/;

< <
wBG vy I =T G T
PROOF. Applying Theorem 2.14 to the function u := h(-, -, x) with r := 2/, s := 3¢,
t:=3/4,6:=1,n:=7/12,¢ :=5/12,and & := 1/2, it follows that there exist two constants
K1(n), depending only on n, and K»(n, k), depending only on n and «, where K>(n, k) = 0
if n = 1 or k > 0, such that, forany x € X, ¢ > 0,and y € B(x, /1), we have

h(t, x, x) < Ki(n)eX2mOViR@s, x, y) .

Integrating over B(x, +/1), by Theorem 3.21 (ii), we obtain

Kl(n)eKz(n,K)«/?
u(B(x, V1))
Now fix x € X and ¢t > 0, and set u(y) := 1 A (dx,zﬁ(Y)/\/;) (see Notation 2.5) and

h(t’ x’ ‘x) 5

u(y) if (s,y) €] — o0, 0[xB(x, V1),

O by D@ drE) i (5. 9) € (0. 400) x Blr. V).
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Notice that u(s, y) is a nonnegative solution of Equation (3) in R x B(x, +/1). Applying again
Theorem 2.14 to the function u and then to the heat kernel we have

1= u(0, x) < K3(n)eK+@OvViy (172, x)
= K3(n)eK4("’K)‘/;/ h(t/)2, x, 2)ii(z) dp(z)
X

< K3(n)eKemovi h(t)2,x,2)du(z)
B(x,2ﬁ)

< Ks(m)eKe Vi, x, x)u(B(x, 2V1))
< K7 (meSs Vi x, x)u(B(x, V1),
where in the last inequality we use (14). As usual, K3(n), Ks(n), and K7(n) are constants

depending only on n, and K4(n, k), Ke(n, k), and Kg(n, k) are constants depending only on
n and k. Hence, we obtain

K, (n)*le*Ks(n,K)«/?
w(B(x, /1)

h(t’ x’ x) Z

d

By means of Theorem 2.14 and a standard chain argument (see [S02, Corollary 5.4.4]),
it is easy to prove the following Lemma.

LEMMA 3.24. Let (X, d, ) be satisfying Assumption 3.20. There exist two constants
G1(n), depending only on n, and G>(n, k), depending only on n and k, where Go(n, k) = 0 if
n = 1ork > 0, such that for any positive local solution of Equation (3) in Q := (0, +00) x X,
there exist a version of u (which is still denoted by u) so that

_ 2
tog XX (Gy(m) + Gan, IVT =) (1 + =2 M) ,
”(L)’) N tr—s

foranyQ) <s <t <4ooandx,y € X.

THEOREM 3.25. Let (X,d, n) be satisfying Assumption 3.20. There exist constants
B (n) and B3 (n), depending only on n, and constants By(n, k) and B4(n, k), depending only
onn and k, where By(n, k) = Bs(n, k) = 0ifn = 1 ork > 0, such that for the heat kernel
h associated to the canonical Dirichlet form we have, for any x,y € X andt > 0,

By (n)e~ B0 g (By(n)/1+Ba(n,i0) [v/1)d (x,7)*

W(B(x, /1))
PROOF. Applying Lemma 3.24 to the function u := h(, -, x), we have
f d(x,y)?
h(t,x,y) = h(t/2, x, X) exp < _ 2<G1(n) + Gan, K)%) (1 + (xty) )) .

The lower bound follows now by an application of Lemma 3.23. a

h(t,x,y) >

Finally, with the same argument of [S02, Theorem 5.2.10], we are able to prove some
upper bounds for the heat kernel. The proofs are omitted.
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THEOREM 3.26. Let (X, d, n) be satisfying Assumption 3.20. There exist two con-
stants Ki(n), depending only on n, and Ky(n,«), depending only on n and «,
where Ko(n,k) = 0ifn = 1 or k > 0, such that, for any open balls B(x, r1) and B(y, r2),
we have

Kl(n)eKz(n,K)(n-i-rz)

w(BCx, riNY2pu(B(y, r2))'/?
2

h(t,x,y) < e~ Ay Aired () /VE

foranye > Qandanyt > &~ max{rlz, r22}.

COROLLARY 3.27. Let (X,d, ) be satisfying Assumption 3.20. There exist two
constants K3 (n), depending only on n, and K4(n, k), depending only on n and «, where
Ki(n,k) =0ifn =1o0rk >0, such that, forany x,y € X, and t > 0, we have

K3(n)
(B, 1/ (V1 +dx, y)I))NV2u(B(y, 1/ (Vi +d(x, )2

we~dC )[4 +Kan )t/ (Vi+d(x.y))

h(t,x,y) <

COROLLARY 3.28. Let (X,d, ) be satisfying Assumption 3.20. There exist two
constants K3 (n), depending only on n, and Ke(n, k), depending only on n and «, where
Ke(n, k) =0ifn =1o0rk >0, such that, forany x,y € X, andt > 0, we have

K3(n) (1 d(x,y)>n
1(Bx, V)2 (B(y, V)12 NG

x4 /4+Ke(n.01/(i+d(x.y))

h(t,x,y) <

COROLLARY 3.29. Let (X,d, u) be satisfying Assumption 3.20. There exist two
constants K3 (n), depending only on n, and Kg(n, k), depending only on n and «, where
Kg(n,k) =0ifn =1o0rk >0, such that, forany x,y € X, and t > 0, we have

3n/2
h(t,x,y) < K3@) <1 d(x’y)) ¢~ d /AR (i
w(B(x, /1) NG
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