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Abstract. In this paper we investigate the image of the /-adic representation attached
to the Tate module of an abelian variety defined over a number field. We consider simple
abelian varieties of type III in the Albert classification. We compute the image of the /-adic
and mod / Galois representations and we prove the Mumford-Tate and Lang conjectures for a
wide class of simple abelian varieties of type III.

1. Introduction. Our main objective in this paper is the computation of the images
of the Galois representations:

o - Gr — GL(T;(A)),

o2 Gp — GL(A[I]),

attached to certain abelian varieties of type III according to the Albert classification list
(cf. [20, p. 201, Theorem 2]). We also prove the Mumford-Tate and Lang conjectures for
these varieties. To be more precise, the main results of this paper concern the following class
of abelian varieties:

DEFINITION 1.1. Abelian variety A/F defined over a number field F is of class B, if

the following conditions hold:
(i) A is asimple abelian variety of dimension g.

(ii) R = Endz(A) = Endr(A) and the endomorphism algebra D = R ®z Q is of
type III in the Albert list of division algebras with involution.

@iii)) The field F is such that, for every /, the Zariski closure G lalg of the image p;(GF)
in GLy,(4)/ Q is a connected algebraic group.

(iv) g = 2eh, where h is an odd integer and ¢ = [E : Q] is the degree of the center E
of D.

The organization of the paper and its main results are as follows. In Sections 2 and 3,
we give an explicit description of the endomorphism algebra and its involution for an abelian
variety of type III as well as the relation to various bilinear forms coming from Weil pairing.
This detailed treatment of endomorphism algebras and bilinear forms differs significantly
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from that of [6] and [2]. Due to our approach the proof of Theorem 3.29, in Section 3, is
achieved in an explicit way. Theorem 3.29 is an important tool which gives us symmetric
nondegenerate forms out of symplectic forms coming from the Weil pairing. These symmetric
forms are defined over the rings of integers in the completions of the center of D at primes
over [ for I > 0. In Section 4 we compute Lie algebras that lead to the determination of
(Glalg)’ (Theorem 4.19). In Section 5 we apply Theorem 4.19 in the proof of the Mumford-
Tate conjecture for the abelian varieties of class 13

THEOREM 5.11. If A is an abelian variety of class B, then
G =MT(A)® Q.

for every prime number 1, where MT(A) denotes the Mumford-Tate group of A, i.e., the
Mumford-Tate conjecture is true for A.

This generalizes the result of Tankeev [32] who proved the Mumford-Tate conjecture
for abelian varieties of type III, with similar dimension restrictions, such that End(A) ® O
has center equal to Q. In particular, Theorem 5.11 implies the result of Tankeev [32] for
abelian varieties over number fields such that G lalg is connected for every /. We have been
very recently informed by A. Vasiu about his results [35] where he proves some cases of the
Mumford-Tate conjecture for abelian varieties of types I through I'V.

On the way of the proof of Mumford-Tate conjecture, we also compute explicitly the
Hodge group and prove that it is equal to the Lefschetz group. However this is not enough to
get the Hodge conjecture for abelian varieties of type III of class B (cf. [21]). Note that the
proof of Mumford-Tate conjecture and equality of Hodge and Lefschetz groups for abelian
varieties of type I and II of class A in [2] gave us the Hodge and Tate conjectures for these
abelian varieties. In Section 6 (Theorem 6.29) we estimate the images p;(G'z) and p;(G')
where G’ := [G, G] denote the closure of the commutator subgroup for any profinite group
G. This estimation gives the following theorem.

THEOREM 6.31. If A is an abelian variety of class B, then for 1 > 0

p1(G) =[SO, i) (01
Al

oG = [T SO, .5, k)
All
Let k be the Z-bilinear, non-degenerate, alternating pairing « : Ax A — Z given by the
polarization of A, where A is the Riemann lattice such that A(C) = C7/A. Let CR(Sp4 )
be the centralizer of R in Sp4 . In the proof of Proposition 6.23 we show that:

CrR(Spa,x) ®z Z1 = HSO(TAJ//A) for [ > 0.
All

In Section 7 we prove the following generalization of the open image theorem of Serre
[27], [29].
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THEOREM 7.2. Let A be an abelian variety of class B and let r(I) be the number of
primes over | in Og. Then:

(i) pi(GF) is open in CR(GSp(A’ K))(Zl)for every prime number [,
(ii) p1(G'p) has index dividing 2" in Cr(Sp 4. )(Z1) for 1> 0,
(i) p1(GF) = CR(Sp(a, ) (Z1) for 1> 0.

For other results concerning the images of Galois representations coming from abelian
varieties, see also [33], [34].

2. Abelian varieties of type III and their endomorphism algebras. Let A/F be a
simple abelian variety of dimension g such that D = End;(A) ®z Q = Endr(A) ®z Q and
the polarization of A is defined over F. We assume that A/ F is an abelian variety over F of
type III according to the Albert’s classification list. Hence D is a definite quaternion algebra
over E with center E, a totally real extension of Q of degree e such that, for every imbedding
E CR,

D®r R=H.

Observe that in this case [D : E] = 4 so g = 2eh where ¢ = [E : Q] and & is an integer.
We take [ > 0 such that A has good reduction at all primes over / (cf. [30]) and the algebra
D splits over all primes over / and [ does not divide the degree of the polarization. Let Rp
be a maximal order in D. Since R = End(A) is an order in D, we observe that R ®z Z; =
Rp ®z Z; for ] that does not divide the index [Rp : R]. Since R is a finitely generated free
Z-module, we checkthat RN E = (’)2 is an order in Of.

To get explicit information about the algebra D we start with a more general framework.
Let D be a division algebra with two involutions *; and %, and the center E. For each x € D
we will denote x* to be the image of the involution *; acting on x. By Skolem-Noether
Theorem [24, p. 103], there is an element a € D such that for each x € D we have:

2.1 X2 =ax*a” .
Because *; o x; = idp, applying % to (2.1), we get
(2.2) a* =¢a

for ¢ € E and applying %1, we check that £ = 1. Hence ¢ = 1 or & = —1 (cf. [20, p. 195]).
Observe that the center of D is invariant under any involution of D. Hence, by (2.1), ¢*! = ¢*2
foreveryc € E.Let Eg = {c € E; ¢*! = ¢* = ¢}. Then E/Ey is an extension of degree at
most 2.

For a simple abelian variety of type III, E = Ep and E is totally real (cf. [20, p. 194]).
Also in this case ¢ = 1 in (2.2) (cf. [20, pp. 193-196]). Hence a € E and *» = *j. Therefore
the division algebra D coming from a simple abelian variety of type III has a unique positive
involution *, i.e., the Rosati involution. Moreover the map D — D given by ¢ — «™ is an
isomorphism of E-algebras so by [24, p. 96, Corollary 7.14 ], the algebra D gives an element
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of order 1 or 2 in Br(E). Since D is a noncommutative division algebra, it gives an element
of order 2 in Br(FE).

By [24, Theorem 32.20], every central simple E-algebra is cyclic. This shows that D is
isomorphic, as an E-algebra, to the division algebra

(2.3) D(c,d) :={ap +aja + @ +azaf; a’> =c, B> =d, af = —Ba}.

This isomorphism induces the unique positive involution on D(c, d) which will also be de-
noted by *. Therefore * must be the natural positive involution

(ap + a1a + az B + azaf)* = ag — a1o — ap B — azaf

on D(c,d). From now on we identify D with D(c,d). Since D @ g R = H for every
imbedding E — R, we observe that ¢ and d are totally negative numbers. Put L = E(«). Let
n =ap+ajx and y = az + aza. Hence

n+yB=ao+aa+ap+azap.

For an element § = ¢+ fa € L withe, f € E, put§ = e — fa. The field L splits the algebra
D(c, d). Namely we have an isomorphism of L algebras:

(2.4) D(c,d) e L — M> (L)

nov
+yh @1 [ i } .
dy 1
From this isomorphism it is clear that

m+yB) =T+ vB) — (n+ yB)

because by definition

T(p + yB) = Tr [ T q =2y,

Y dy 1
where Tr? denotes the reduced trace (see [24, pp- 112-116]) from D(c, d) to E. The involu-
tion on M> >(L) induced by x is of the following form:

(2.5) B*=J'BJ"!

J=|:_01 (1)}

REMARK 2.6. It is clear that if we take in the above computations, instead of L =
E(w), the field E(B) or E(apB), then they also split the algebra D by a formula similar to
(2.4), and the involution * will induce on M3 »2(E(B)) and M> »(E(af)) the involution given
by formula (2.5).

where B € M> »(L) and
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Note that any maximal commutative subfield of D(c, d) has form E(aja + a2 + azapf)
for some aj, az,az € E not all equal to zero. If N0 D(c,d) — E denotes the reduced
norm, then, for every n + yf € D(c, d), we have

Ni(p + ) = det[ ’ q = 1+ yB)* (1 + vB)
2.7) dy 1
:a% — a%c — a%d + a%cd = ag — (a1 + a2 + a3a,3)2 .
For some ayj, az,as € E not all equal to zero, put & = aja + axB + azaB. If B/ =

bio + by + bz is an element of D(c, d), put ¢y := azby — axb3, ¢ := ai1bz —azb; and
Cc3 = a1b2 — azbl. Then

(2.8) o' B’ = aibic + axbrd — azbzed + cida + cacB + czaf

and

ai a as
(2.9) det | by by b3 |=—-dc —cA+c2>0.
dci ccr ¢

Since ¢ < 0 and d < 0, the determinant in (2.9) is zero if and only if the elements o’
and B’ are linearly dependent over E. Hence it is possible to find B’ in such a way that
airbic + axbrd — azbzed = 0 and the determinant in (2.9) is nonzero. With this choice of
B’, we see that ¢’ := a«? <0,d = ,8’2 < O0and o/B = —B’a’. We observe that, for any
ay,ay,ay, a5 € E

(2.10) (ay +ajd +asB' +aso' B =ay —aja’ —a)B’ — asa' B

Hence D(c,d) = D(c¢’,d"), and we can use the field L = E () and the isomorphism (2.4)
for this field to split our algebra D(c’, d’). Recall that D(c, d) ® ¢ R = H for any imbedding
E — R, so D(c’,d") ® R = H for any imbedding E — R. Hence all numbers c, d, ¢/, d’
are negative in any imbedding £ — R.

For a given prime number /, throughout the paper, A will denote an ideal in O such that
All and w will denote an ideal of Oy such that w|A.

Let S be a finite set of primes of Z such that it contains 2 and all prime numbers divisible
by primes in the decomposition of ¢ and d. Moreover we assume that S contains the prime
numbers divisible by prime ideals of OF that are ramified primes for the algebra D (cf. [24,
Theorem 32.1]). We can also assume that S is big enough so that Rs := R ®O% Ofpsisa
maximal O s order of D with RsNE = O sand Rs = Op s+0fg sa+0Of s+ OF saf.

LEMMA 2.11. Letl ¢ S and A|l. There is a finite set S’ of prime numbers such
that S C S andl ¢ S, and there are elements o' ‘= ajo + azB + azaf € Rs and
B :=bia+ b +b3af € Ry :=Rs ®0, s O, s such that

i) ¢ :=ao?andd = ,8’2 are relatively prime to A and o' 8’ = —'a’,
(i) Dic.d)=D(c,d")and Ry = Op.5 + O g + O s + Op s,
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(iii)  the maximal commutative subfield L = E(&') of D(c, d) gives the isomorphism
(2.4) which induces the imbedding of Of_s-algebras
(2.12) Rs — M22(0Og ),

(iv) for Ry :=Rs @0y s Oi the imbedding (2.12) yields, after tensoring with O;,, the
isomorphism of O, -algebras
(2.13) R =~ M2(0y) .

PROOF. By [24, Theorems 22.4, 22.15 and 24.13], there is a maximal ideal M C R
such that Nt’(M) = A. Let P C M be the unique prime ideal of R corresponding to M (cf.
[24, Theorem 22.15]). By our choice of / and [24, Theorem 32.1], we get AR = P. It follows
by [24, Theorem 22.10 and Corollary 24.12] that there is an element ¢ € A \ A” such that
Nt?(m) =t for some m = ag + ajo + aB + azaf € M. Formula (2.7) gives

t =a} — (a1a + axf + a30)? = a} — ca} — da3 + cda;3 .

Since t € A\ A2, it is clear that a; ¢ A for some 0 < i < 3. By multiplying the last formula
by —c, —d and cd, we get additional three formulas

—ct = (ca1)2 — (apa + cazp + azot,B)2 = (ca1)2 — cag — d(ca3)2 + cda%,
—dt = (dap)* — (daza + apf + a10p)? = (daz)* — c(da3)?* — dal + cda?,

cdt = (cdag)2 — (daro + ca1B + aootﬁ)2 = (cda3)2 — c(da2)2 — d(ca1)2 + cda(z).

Based on these four formulas, we put

oo ;= aio +azf + azaf, Lo := E(ap) ,
o1 1= ape + cazf + axaf, Ly := E(a1),
ay = daza +aof + araf, Ly .= E(a»),

a3 ;= daya + ca1 B + apaf , L3 = E(x3).

If ap ¢ X, then the equality r = a(z) — (ap)? shows that (ar)? is a square in Oy . So A
splits in Ly.

If a1 ¢ A, then ca; ¢ A and the equality —ct = (ca;)*> — (a1)* shows that (a1)? is a
square in O;°. So A splits in L.

If ay ¢ A, then day ¢ A and the equality —dr = (daz)*> — (x2)? shows that (a3)? is a
square in O;°. So A splits in L.

If a3 ¢ A, then cdas ¢ X and the equality cdt = (cda3)? — (a3)? shows that (x3)? is a
square in O;°. So A splits in L3.

Thus we can choose o' = aja + a8 + azaB to be an appropriate «;, and L equal to
corresponding L; for some elements aj, az, az € O 5. Observe that ¢’ := o = ca%~|—da% —
cda% ¢ X by above constructions. We will construct 8’ := by« + b8 + bsaf € D such that:

(2.14) caiby + dayby — cdazbz =0,
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(2.15) d' =B =cb} +db3 —cdb3 ¢ 1.

Because ¢’ ¢ A, without loss of generality, we can assume that a; ¢ A. The case ap ¢ A
is done in the same way and ditto the case a3 ¢ A under observation that (¢8)? = —cd.
Because ¢ < 0, d < 0, —cd < 0 in every real imbedding £ — R, the equation (2.14) shows
that &’ and B’ are linearly independent over E and o’ 8/ = —8' o'.

Consider the following cases.

(1) Ifap,az € A, wecantake any b, € A and b3 ¢ A, and compute by from (2.14)
to find out that »; € A and (2.15) holds.

(2) Ifar ¢ Aandaz € A,wecantakeany by ¢ A, and b3 € X, and compute b; from
(2.14) to find out that b; € A and (2.15) also holds. Similarly we treat the case a; € A and
az ¢ A.

(3) Ifax ¢ Aandaz ¢ A and if c is not a square mod A , then taking any by, b3 ¢ A
such that by = d(cazb3 — axby)/(aic) € A we find out that (2.15) holds. Note that, in the
case c is a square mod A we can simply take o’ = @, B’ = B and L = E(«) from the very
beginning to prove the lemma.

Define S’ := S U {p ; p divisible by primes of Of dividing aj, ¢’ and d’}. Note that
with this choice of §" we get 8/ € Ry . Observe that using formula (2.8) and (2.14),

—cd' = (o/,B’)2 = c%dzc + c%czd — c%cd = —cd(—c%d — c%c + c%) .
By formula (2.9) and definition of §’, we get equality of free Of g-modules: Of g +
Ofp.sB+OE sap = Op 5o’ +Of g '+ Op s’ B'. This gives Ry := Rs ®0, s Op.s =
Ops +Opsd +Opsp + Opsd'p.
Observe that the elements 1® 1, &' ® 1, f/® 1 and o’ 8’ ® 1 are mapped correspondingly,
via the imbeding (2.12), to elements

1 0 o 0 0 1 0 o
0 1[0 =] |d Of |—-dd 0]

Since A splits completely in L = E(«’) and XA does not divide ¢’ we get ' € O, . Since A
does not divide d’ either, we observe that the matrices e; i € M>>(0;) are in the image of the
map (2.13), where ¢;; has the (i, j)-entry equal to 1 and all other entries are 0. Hence (2.13)
is an isomorphism of O, -algebras. O

3. Bilinear forms associated with abelian varieties of type IIl. PutR; = R ® Z;
and D; = D® Q. The polarization of A gives a Z-bilinear non-degenerate alternating pairing

3.1 K:AXA—>Z,

where A is the Riemann lattice such that A(C) = C9/A. This pairing, upon tensoring with
Z; ([19, diagram on page 133]), becomes Z;-bilinear non-degenerate alternating pairing

(3.2) ki 2 Ti(A) x Ti(A) — Z;,
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derived easily from the Weil pairing. If / does not divide the degree of the polarisation of A,
then for any o € R; we get o™ € R; (see [19, Chapters 13 and 17]) where «* is the image of o
via the Rosati involution. Hence for any v, w € T;(A), we have «;(av, w) = k; (v, *w) (see
loc. cit.). Let V;(A) = T;(A) ®z, Oy, and let KZO : Vi(A) x Vi(A) — Q@ be the bilinear form
k1 ®z, Q. For any [ that is unramified in E, by [2, Lemma 3.1], there is a unique O, -bilinear
form

(3.3) ¢ = T)(A) x T} (A) — Ok,

such that Trg,, g, (¢ (v1, v2)) = ki (v1, v2) for all vy, v2 € T;(A). Put

3.4 ¢ =& ®z, Qr: Vi(A) x Vi(A) — E.

By uniqueness of the form ¢;, for each « € R; and for all v1, v, € T;(A), we have
(3.5 di(avi, v2) = ¢ (v1, @*v2),

hence ¢lo(av1, V) = ¢lo(v1, a*vy) for each @ € D; and for all vy, vy € V;(A).

Let S be the set of primes which contains all the primes described in the hypotheses of
Lemma 2.11. We can enlarge S so that it also contains all primes that ramify in £ and all
primes that divide the polarisation degree of A. Now, for such an S and for any / ¢ S, we
apply Lemma 2.11 to construct the appropriate field L.

Define T, (A) = Ti(A) ®O% Ow, Vy(A) =Vi(A) ®E Ly and

(3.6) bw =& ®(9% Oy @ Tyw(A) x Ty(A) = Oy .
Hence ¢3 = ¢u ®0,, Ly is the Ly, -bilinear form:
(3.7) @2 Viy(A) x Viy(A) — Ly,

The form ¢,, is non-degenerate if ¢; is non-degenerate.

Let e, be the idempotent corresponding to the decomposition Of, = l_hu Oy. Put
T, (A) = eyTi(A) = Ti(A) ®0y, O;. and V,(A) = Ty (A) ®o, E,. Define O;-bilinear
form ¢; by ¢ = & B0 Os..

Forl ¢ S we have O, = O,,. Hence ¢) = ¢y,.

DEFINITION 3.8. Define a new bilinear form v, as follows.

(3.9 ¥y 1 Th(A) x Th(A) — O,

Vi (v, v12) = $p(Jur, v2)
for all vy, vy € T, (A).
This gives us the corresponding k; -bilinear form
(3.10) Uy =1 ®0, ki + AIM] x A[A] — k;
and the E,-bilinear form

(3.11) ¥ =y, ®0, E : Vi(A) x Vi(A) — E;.



ABELIAN VARIETIES OF TYPE III 171

By (2.4) and Lemma 2.11, we get the following isomorphisms
(3.12) D) =D Qg E, = My(E)),
which obviously induces isomorphisms

(3.13) Ri=ER ®O% Oy = M22(0,).

REMARK 3.14. We should note that an isomorphism between both sides of (3.13) can
be obtained by [24, Corollary 11.6 and Theorem 17.3] for [ >> 0. However these results give
an isomorphism which comes from a conjugation by an element of D @ L; = M>2(L;)
(see [24, loc. cit.]). To keep track of the action of the involution % , we prefer to use the
isomorphism (3.13).

~

PROPOSITION 3.15. The involution * induced on Ry = M2 2(0,) (resp. on D) =
M3 >(E;) ) from D has the form B* = J 'BJ~! for any B € R;, (resp. for any B € D;).

PROOF. By (2.4) and (2.5), forany B € M»>(L), we get B* = J'BJ~!. Hence the
claim follows by (3.12) and (3.13) |

Observe that, by (2.5) for each B € R, and for all vi, vy € Ty (A), we have
¢ (Boi, v2) = ¢ (v1, B*v2) = ¢y (v1, J'BJ ') .
Therefore, for each B € M> 2(E}) and for all vy, v2 € V3 (A), we have
$1(Bur, v2) = ¢ (v1, B*v2) = ¢ (v1, J 'BJ 'v).
PROPOSITION 3.16. Forany vy, vz € T)(A) and B € R, we have
V(Bvy, v2) = ¥ (v1, 'Bva).

Hence for any v, v2 € A[A] and any B € Ry ®, kn = Ma(ky) (resp. for any v, vy €
Vi(A) and any B € M>2(E))), we have

Y5 (Bur, v2) = ¥ (v1, 'Bv)

(resp. Y (Bv1, v2) = (v, 'Bv2)) .
Moreover ;. (resp. I/f)?) is symmetric (resp. antisymmetric) if and only if ¢, (resp. ¢;°) is
antisymmetric (resp. symmetric).
PROOF. We get the first equality as
Y (Bui, v2) = ¢..(J Bur, v2) = ¢ (v1, J'B'JJ 'vp) = s (v1, —J '‘Bvo)
= ¢ (1, J'JI7 'Bvy) = ¢r.(Jur, ‘Bvy) = ¥ (v1, 'Buy).

The remaining claim follows by Definition 3.8 and by the observation that '/ = J~! = —J
and J'JJ 7l = —J. O

REMARK 3.17. All bilinear forms vy, ¥, and I/f)? are symmetric and non-degenerate.
This follows by results of this section, [2, Lemmas 3.1 and 3.2] and by the non-degeneracy of
the pairing (3.1) which is independent of /.
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We proceed to investigate some natural Galois actions. From now on, we assume that
‘R = Endj;(A) = Endr(A). Consider the representations
pr Gp = GL(T;(A)),
p) 1 GF — GL(Vi(A)).
p; + Gr — GL(A[l]) .
Let G, be the Zariski closure of p;(Gr) in GLz;(4), and let G," be the Zariski closure of

,OZO(G F) in GLy;(4). Let G(I) g pe the special fiber of g,alg /Z;. Note that G lalg is the general
fiber of G"%/Z;. This gives natural representations

o+ Gr — GL(Ty(A)),
p? 1 Gr — GL(Vi(A)),
7, : Gp — GL(A[A)]).

We define G,' '8 (6 be the Zariski closure of p; (GF) in GL7, (4), and Gflg the Zariski closure
of pg(GF) in GLy;, (). Let G() a2 pe the special fiber of gflg/ox. Then, G;lg is the general
fiber of gflg/ol.

LEMMA 3.18. Let x, : Gr — Z; C O, be the composition of the cyclotomic char-
acter with the natural imbedding Z; C O,. Let 1 > 0 be such that 1|l be a prime of E which
splits in L.

(1) Forany o € Gr and all vy, vy € T)(A), we have

Yi.(ovy, ovn) = xa (o) (v, v2) .

(i) Forany B € R ®O% O, and all vy, vy € Ty.(A), we have

V.(Bvi, v2) = Y (v, '‘Bvy) .

PROOF. (i) follows by [6, Lemma 2.3] or [2, Lemma 4.7] which concern the pairing
¢, and by (3.9) and definition 3.8, because the G r-action commutes with the action of R
on Tj(A). Indeed, since ¥ (v, w) = ¢p(Jv, w) and J commutes with the G r-action by
assumption, we get immediately statement (i) for ¥, . Part (ii) follows by Proposition 3.16. O

By [10, Theorem 3] and [2, Lemma 4.17] G r acts on both V; (A) and A[A] semi-simply
and G ' and G () “ are reductive algebraic groups. Hence G, is a reductive group scheme
over O, forl > 0 by [18, Prop. 1.3] (cf. [36, Theorem 1]).

Let
P 1 0 "y 0 1
“\0 -1/’ —\1 0o/

Let f = 14+w/2, X = fThi(d)and Y = (1 — )T (A). Put X = X®p, Ex,
Y = V®, E, X = X®o, k. and Yy = Y®o, k.. Because 1ft = 1 — f, the matrix ¢
gives an O, [G r]-isomorphism between A and ), hence it gives an E;[G r]-isomorphism
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between X and Y and a k;[G r]-isomorphism between X and ). Using the computations of
endomorphism algebras by [10, Satz 4] and [37, Corollary 5.4.5], we get:

(3.19) Endo, 6,1 (X) = Oy,
(3.20) Endg, (61 (X) = Ex,
(3.21) Endy, () (X) = k.

So the representations of G r on the spaces X and ¥ (resp. X and ) ) are absolutely irreducible
over E; (resp. over k). Hence, the bilinear form 1//)? (resp. WA) when restricted to either of
the spaces X, Y (resp. spaces X and ))) is non-degenerate or isotropic.

LEMMA 3.22. The modules X and ) are orthogonal with respect tor) . Consequently,
the modules X and Y (resp. X and Y)) are orthogonal with respect to W}? (resp. V7).

PROOF. Note thatuf = f and u(l — f) = —(1 — f). Hence for every v € X and for
every w € )V, we getuv = v and uw = —w. Hence

Vo (v, w) = Y (uv, w) = Yo (v, u'w) = Yo (v, uw) = Yi. (v, —w) = =Y (v, ).

Hence ¥, (v, w) = 0 for every v € X and for every w € ). a

THEOREM 3.23. Let A be of type Ill and | > 0. Then there is a free O;-module
W,.(A) of rank 2h with the following properties.
(1) TH(A) EWh(A) @ Wi (A) as O, [G rl-modules.
(ii) There exists a symmetric, non-degenerate pairing ;. : Wi (A) x Wi (A) — O,.
(i) For Wy (A) = Wi (A) ®o, E,, the induced symmetric pairing

YY) Wi(A) x Wi (A) — Ej

is non-degenerate. The G p module W) (A) is absolutely irreducible.
(") For Wi(A) = Wi.(A) ®0, ki, the induced symmetric pairing

U 2 Wi(A) x Wi(A) — k,

is non-degenerate. The G g module W, (A) is absolutely irreducible.
Pairings (i), (ii") and (ii") are compatible with the G p-action in the same way as the pairing
in Lemma 3.18 (i).

PROOF. (i) follows by taking W, (A) = X'. We get (ii) by restricting v, to X'. To finish
the proof, observe that the form (3.2) is non-degenerate, so El = Yy ® F is non-degenerate
for any abelian variety with polarization degree prime to /. By [2, Lemma 3.2], the form 1/,
is non-degenerate for all A, hence the forms %(3 and v, are simultaneously non-degenerate.
Hence (ii’) and (ii”) follow by (ii), (3.20) and (3.21) and also by Remark 3.17 and Lemma
3.22. O
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4. Representations associated with Abelian varieties of type III. Let A/F be an

abelian variety of type III. The field of definition F is such that G lalg is a connected algebraic

group. Let us put ) = Wi.(A), Vo = T ®0, E, and A, = V,/T,. With this notation, by
Theorem 3.23 we have V;(A) = @MI(VX &) VA). We put

4.1 vi=@Pv..
Al

Let Vg, be the space V), considered over Q;. Then there is the following equality of Q;-vector
spaces:

“2) Vi=@P Ve, .
Ml
The /-adic representation

(4.3) pi + Gr — GL(Vi(A))

induces the following representations (note that we use the notation ,010 for both representa-
tions (4.3) and (4.4)) (cf. [2, Remark 5.13]):

(4.4) o). Gr — GL(V)),

4.5) 0 Gr — GL(V)).
Consider the representation pg, defined in [2, p. 54]:
(4.6) po, : GF — GL(Vg,) .

By Theorem 3.23 (cf. [2, Remark 5.13]), the group scheme G;** (resp. G,') is naturally
isomorphic to the Zariski closure in GLy, (resp. GLy, ) of the image of the representation oy
of (4.4) (resp. py of (4.5)). Let G;}f denote the Zariski closure in GLV% of the image of the

representation pg, of (4.6). Let g; = Lie(G,"®), g, = Lie(G,"®) and go, = Lie(Gj"). By
definition G;"* C [1,,G s0 g1 C @y 0o, . This implies:

(4.7) G" c[]Ges.
Al

“8) o' cPes, -
Al

In the remainder of this section, we compute the Lie algebras corresponding to represen-
tations we consider. Some results that we proved in [2] for abelian varieties of type I and II
work as well for abelian varieties of type III. Since the detailed proofs of these results were
given in [2], we will merely reformulate corresponding results for abelian varieties of type II1.
For example the proof of Lemma 4.9 (resp. Lemma 4.10) below is essentially the same as the
proof of [2, Lemma 5.20] (resp. [2, Lemma 5.22]).
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LEMMA 4.9. The natural map of Lie algebras
9’ — 9o,
is surjective.

LEMMA 4.10. Let A/F be an abelian variety over F of type IIl such that Endrp (A) =
End (A). Then

Endg, (V)) = Endg, 6,1 (V)) = E,,

Endg(pk (Vo,) = Endgi6r] (Va,) = Ej.
We define the subgroups of GLy, by
GOv,,y,) = {A € GLy;; ¥ (Avy, Ava) = e (A) ¥ (v, v2) forall vy, vz € Vi),

Ow,.,y,) = {A € GLy;; ¥ (Avy, Ava) = Ya (v, v2) forall vy, va € Vii}.

Denote by SOy, y,) the connected component of the identity in Oy, y,). By Lemma 3.18,
we see that p, (Gr) C GOy, y,) and therefore Gflg C GOy, y,)- This of course implies that
(Gflg)’ C Ov,,y;)- Extending the base field F, if necessary, one can assume that G;lg and

hence (G flg)’ are connected (cf. [5, Proposition 3.6]). This gives the inclusions

4.11) (G}®) € SO,y
and
(4.12) g C S0, yy) -

From now on, in this section we assume that A is an abelian variety of class B.
LEMMA 4.13. The equality g;° = so(y,,y,) holds.

PROOF. The proof is similar to the proofs of [1, Lemma 3.2] and [2, Lemma 5.33].
Since type III is more exotic than types I and II, we will give here a complete proof. Observe
that the minuscule conjecture for the A-adic representations pr : Gr — GL(V)) holds.
Namely by [P, Corollary 5.11], we know that g;* ® 0 ; may only have simple factors of types
A, B, C or D with minuscule weights. By Lemma 4.9, the natural map of Lie algebras

(4.14) g’ — gzgA

is surjective. Hence by the semisimplicity of g;* the simple factors of g ® Q, are also of
types A, B, C or D with minuscule weights. By [2, Proposition 2.12] and [2, Lemmas 2.21,
2.22,2.23], there is an isomorphism of Q;-Lie algebras

(4.15) 9o, = RE,/0,9))-

The isomorphisms gz, ®Q_, 0, = g'®r E®9 0 = D Er ) 8°®k, 0 imply_ that
simple factors of g;°®g, @, are of types A, B, C or D with minuscule weights. Put V; =
Vi ® Q,. We have the decomposition

Vi = E(w1) ®g, - ®g, E(r),
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where E(w;), forall 1 <i < r, are the irreducible Lie algebra modules of the highest weight
;. The modules E(w;) correspond to simple Lie algebras g;, which are summands of the
image

Im(g* ® 0, = son(V)=g1 D Dgr-

By [4, Chap. VIII Proposition 12], E(w;) are symplectic or orthogonal. By [23, Corollary
5.11], all simple factors of g5* ® El are of classical types A, B, C and D, and the weights
i, ..., w, are minuscule. All minuscule weights and dimensions of representations are listed
in [4, Chap. VIII, Tables 1 and 2] and in [14, p. 72]. Since 4 is odd, the investigation of the
tables of minuscule weights and the dimensions of associated representations shows that the

tensor product can contain only one factor which is orthogonal and is either of type D;,, weight

w1 and dimension 27 or of type A4x+3, weight wox42 and dimension (gﬁg) Hence V), is an

irreducible g;°-module and we get
g3 = S0, s) - o
The following lemma has the proof analogous to that of [2, Lemma 5.35].
LEMMA 4.16. There are natural isomorphisms of Q;-algebras.
Endg% Vo,) = Endgis (Vy) = Ey

PROPOSITION 4.17. There is an equality of Lie algebras:

(4.18) o' =EP a5, -
Al

PROOF. By use of (4.8) and Lemma 4.16, the proof is the same as that of [2, Proposition
5.39]. O

THEOREM 4.19. There is an equality of group schemes over Q:

al

(4.20) (G =[] Rer/ SO, -

Al

PROOF. By [2, Proposition 2.12], we get:
(4.21) Ggi = REA/QlGilg C RE;10/GOw,.y;) -
Hence it follows from [2, Lemma 2.23], that
|
(4.22) (G)' C RE,/0,SOW, vy -
By (4.7) and (4.22), we have a closed immersion of two connected group schemes over Q;:
G <[] Rens@SOw,vs) -

All

But this imbedding induces the Lie algebra isomorphism of Proposition 4.17, hence

the theorem follows by Proposition 4.17 and [13, Theorem on p. 87 and Proposition on
p. 110]. O
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5. Mumford-Tate conjecture for abelian varieties of type III. Choose an imbed-
ding of F into the field of complex numbers C. Define V := H'(A(C), Q) to be the singular
cohomology group with rational coefficients. Consider the Hodge decomposition

VeeC=H""9H"!,

where HP9 = HP (A, .QZ/C) and HP-4 = H?%P. Observe that H?-4 are invariant subspaces
with respect to D = Endz(A) ® @ action on V ®¢g C. Hence, in particular, H?-9 are E-
vector spaces. Tensoring (3.1) with O, we get the Q-bilinear nondegenerate alternating form
k% :=k®z Q@ : VxV — Q. Abusing notation sligthly, we will denote by « the form «°

i.e., we have the form:
k:VxV —=>0.
Define the cocharacter
Moo : G (C) — GL(V ® g C) = GLy4(C)

such that, for any z € C*, the automorphism 1t (z) is the multiplication by z on H'-% and
the identity on H%!,

DEFINITION 5.1. The Mumford-Tate group of the abelian variety A/ F is the smallest
algebraic subgroup MT(A) C GL;g, defined over @, such that MT(A)(C) contains the image
of [too. The Hodge group H (A) is by definition the connected component of the identity in
MT(A)N SLy.

MT(A) is a reductive group (see [8], [11]). Since by definition

Heo(C™) C GSpy, 0 (€),

it follows that the group MT(A) is a subgroup of the group of symplectic similitudes GSpy
and that

(5.2) H(A) CSpy, -

DEFINITION 5.3. The algebraic group L(A) = Cp(Sp(y, ,)), which is the connected
component of the identity of the centralizer of D in Spy . (cf. Remark 5.4), is called the
Lefschetz group of an abelian variety A. Note that the group L(A) does not depend on the
form « (cf. [26]).

Before investigating Mumford-Tate group further, let us make two general remarks con-
cerning centralizers of group schemes which we will often use.

REMARK 5.4. Let By C B> be two commutative rings with identity. Let A be a free,
finitely generated Bj-module such that it is also an R-module for a Bj-algebra R. Let G be a
Bj-group subscheme of GL 4. Then Cg(G) will denote the centralizer of R in G. The symbol
C#(G) will denote the connected component of identity in Cg(G).Let 8 : Ax A — By bea
bilinear form and let G4, gy C GL 4 be the subscheme of GL 4 of the isometries with respect
to the form f. Then we check that Cr(G 4 ) ®p, B2 = CR®31 BZ(G(A®BI B, B, By))-
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REMARK 5.5. Let L/K be a finite separable field extension. Let V be a finite dimen-
sional vector space and let ¢ : V x V — L be a nondegenerate bilinear form. Assume that
G(v,¢) is a connected algebraic group. Then there is a natural isomorphism Ry /x G (v,¢) =
C; (G, TrL/K(P))- Let B C K be a subring of K, integrally closed in K, and let C C L be
the integral closure of B in L. Assume that C is a free B-module which has a basis over
B, such that the dual basis with respect to Try/x is also in C. Let T be a finitely gener-
ated free C-module. Let ¢ : T x T — C be a nondegenerate bilinear form. Assume that
G (t,4) 1s a connected algebraic group scheme over C. Then there is a natural isomorphism
Rc/Gr,¢) = Co(Gr, TrC/Btb)) of group schemes over B.

By [8, Sublemma 4.7], there is a unique E-bilinear, nondegenerate, alternating pairing
¢ : VXV > FE
such that Trg, g (¢) = «. Since the actions of H(A) and L(A) on V commute with the D-
structure, and since RE/Q(Sp(V’ (p)) =Cg (Sp(v’ K)), by Remark 5.5, we get
(5.6) H(A) C L(A) = C5(Re/o(Sp(v. ¢))) C Cp(RE/0(SP(v. ) -
If L/ Q is a field extension of Q, we put
MT(A)p :=MT(A)®p L, H(A)L:=HA)®gL, L(A)L:=L(A)RgL.
CONJECTURE 5.7 (Mumford-Tate, cf. [28, C.3.1]). If A/F is an abelian variety over
a number field F, then for any prime number [

(5.8) (G"®)° = MT(A)g,,

where (G lalg)0 denotes the connected component of the identity.

THEOREM 5.8 (Deligne [8, I, Proposition 6.2]). If A/F is an abelian variety over a
number field F and l is a prime number, then

(5.10) (G"®)° C MT(A)g, .
THEOREM 5.11. The Mumford-Tate conjecture is true for abelian varieties of class B.

PROOF. It is enough to verify (5.8) for a single prime / by [18, Theorem 4.3]. Hence
we can use the equality (4.20) by taking / big enough. The proof goes similarly to that of [2,
Theorem 7.12]. The important step is the transition (see 5.15 below) from symplectic forms
to the symmetric forms to which we can apply the results of previous sections of this paper.
It is known that H(A) is semisimple (cf. [11, Proposition B.63]) and the center of MT(A) is
G, (cf. [11, Corollary B.59]). In addition MT(A) = G, H(A), and hence

(5.12) (MT(A)g,) = (H(A)g,) = H(A) g, .
By (4.20), (5.9) and (5.12), we have
(5.13) [[Re 0 SOy, o)) C H(A)g, -

Al
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By (5.6) and Remark 5.5, we have
H(A)g, C L(A)g, C Cp(RE/9(Spey, 4)) ®g Qi
G.14) = HCD)\ (RE, /0, (SP(VA(A),(;)Q))) )

Al
where k] = kK ® g @, and «; is essentially the Weil pairing (cf. [19, diagram on p. 133]). By
definitions of the forms ¢, and v,, we have
(.15 Cp, (SP(v, (a), Tr, 19,69 = €D SOw; (), T, 19,49 -
So by (5.13), (5.14) and (5.15), we have
(516) [ Re/0 (SO, 40) C H(A) g C L(A)g, C [ C,(RE,10,(SO, (), yo))) -
Al All

Observe that V3 (A) = V, @ V, by Theorem 3.23. Moreover D, = M> 2(E,) by assumption
on A. Hence evaluating left and right ends of the inclusions (5.16) on the El -points, we get
equalities of the both ends with

l—[ l—[ (SO W,y (@)

Mg,

which is an irreducible algebraic variety over El. Then we use [12, Propositions II, 2.6 and
II, 4.10] in order to conclude that the groups H (A)@ and L(A)@ as well as the groups over

0,

[ 10, (R, 10,50y, 4y, y0))) = [ T €02 SOy, () 11z, g, )
Al All

are connected. Then (5.16) gives the following equalities by use of Remark 5.5:

617 [ Res e (SO, y0) = H(A)g, = L(A) g, = [ Cb, (SO, (a), Try, 0, 4%)) -
Al All

The equalities (4.20), (5.17) and [3, p. 702, Corollary 1] give
(5.18) MT(A) g, = GuH(A) g, = Gu(G"®) C G}*%.
The theorem follows by (5.10) and (5.18). |
COROLLARY 5.19. If A is an abelian variety of class B, then
(5.20) H(A) = L(A) = Cj(Re/0(SP(v, 6))) = Cp(RE/0(SP(y, ) -
PROOF. By (5.6) and (5.17) we get equality of Lie algebras
Lie H(A) = Lie L(A) = Lie C(RE;9(Spv, 4))) = Lie Cp(RE;9(Spv, ¢)))
of connected group schemes. Hence (5.20) follows by (5.6) and [13, Theorem p. 87]. O

CONJECTURE 5.21 (Lang). Let A be an abelian variety over a number field F. Then
forl > 0 the group p;(G ) contains the group of all homotheties in GL1;4)(Z)).
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THEOREM 5.22 (Wintenberger [36, p. 5, Corollary 1]). Let A be an abelian variety
over a number field F. The Lang conjecture holds for A if the Mumford-Tate conjecture
holds for A or if dimA < 5.

THEOREM 5.23. The Lang’s conjecture is true for abelian varieties of class B.
PROOF. It follows by Theorems 5.11 and 5.22. a

Consider again the bilinear form¢ : V xV — E.
We have:

H'(AC); €) 2 VReC= P Ver,C.
0:E—~C

Put V;(A) = V ®E,» C and let ¢, be the form

¢ Q.0 C 1 Vo(A)®c Vo(A) — C.

12

Since A is of type III, there are isomorphisms D @ C = D RQr C = H Qr C
M; > (C). Define the bilinear form

(5.24) Vo @ Vo(A) x Vo(A) > C by o (v1,12) := ¢ (Jv1, v2).

LEMMA 5.25. If A is simple abelian variety of type Ill, then for each o : E — C
there is a C-vector space Wy (A) of dimension g/e = 4dimA/[D : Q] such that
D) Vo(A) = Ws(A) & Ws(A),

(ii) the restriction of Vs to Wy (A) gives a nondegenerate, symmetric pairing

Yo @ We(A) X We(A) — C.

PROOF. The idea of the proof is the same as that of Theorem 3.23. Namely, using some
arguments that we used in the proof of Proposition 3.18, we can prove as follows.

VYo (Buy, v2) = ¥y (v, B'vy) forevery B € My (C).
Lett, u, f, e € M3 2(C) be the matrices defined in Section 3. Define W, (A) := fV,;(A). We
get the proof by repeating the argument of Lemma 3.22. ]
COROLLARY 5.26. If A is an abelian variety of class B, then

(5.27) HA)c=LWAc= [] SOw, ). -
0:E—~C

PROOF. With use of Lemma 5.25 and the argument similar to the proof of formula
(5.17), we obtain

Ch(RE/@(SPw, ) ®0 C =[] SOw, ), v0)-
ocE—C

Hence (5.27) follows by (5.20). O
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6. Images of the Galois representations p; and p;. In this section we explicitly
compute the images of the /-adic representations induced by the action of the absolute Galois
group on the Tate module of abelian varieties of type III .

By Theorem 3.23 (i) the representation p; induces naturally the representation (denoted
in the same way)

on - Gr — GL(T)) .
Moreover, by Theorem 3.23 (ii), we have
(6.1) p(GF) C [ [GOw;.p0)(O1) =] | Ro, 2, (GO, y,))(Z) -
Al Al

By (6.1) there is a closed immersion
(6.2) " c [ Ro,/2,/(GO; ) »

Al
which implies
(6.3) p(Gr) € G™(Z1)  [| Ro, /2, (GO, ) (Z) .

Al

Since [ is unramified in E, there is a natural isomorphism Ro, ;7,(.) ®z, Fi = Ry, /F,(.). To
see this isomorphism in an elementary way, we can use [2, Remark 2.8] and a modification
of [2, Lemma 2.1] to the case of R, z,. Changing base in (6.2), we get a natural closed
immersion of group schemes

6.4) GW)™ C [ | Re/Fi (GO a1 7)) -
Al
where A, [A] = Wi (A) and A[A] = Au[A] @ Ax[A] (cf. Theorem 3.23 (i), (ii”)). Hence, by
reducing mod [ in (6.3), we get
6.5) 51(Gr) C GUM(F1) C [ Reyri (GO g, 31 57, (FD)
All

Because extracting derived subgroup commutes with base change (see [2, Remark 6.8]), and
because (g,a‘g)’ (resp. (G(]) a2y’ are connected, by (6.2) (resp. by (6.4)) we get

(6.6) G [ [ R0z (SO v, »
All

6.7) (GD™) C [ ] Rusr (SO 1.7, -
Al

PROPOSITION 6.8. Let A/F be an abelian variety of class B. Then for all | > 0, we
have the equalitiy of ranks of group schemes over F

(6.9) rank(G ()"'%)’ = rank l_[ Rio. /71 (SO 4,117, -
Al
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PROOF. Using (6.7) and Theorem 4.19 we apply [2, Lemma 6.1] to finish the proof in
the same way as that of [2, Theorem 6.6]. O

THEOREM 6.10. Let A/F be an abelian variety of class B. Then for alll > 0, we
have the equality of group schemes

6.11) (G0 =[] Rz yr, (SO 4, 1. 7o)
All
PROOF. Projecting onto the A-component in (6.7), we obtain the representation
(6.12) Py, (G)™) = Riy /7, (SO 4,10 7,) -
This gives the representation
(6.13) (GD™) ®F, ki = SO, 1.7, -
By (3.21) we have the natural isomorphism
(6.14) (Endg, (6] Ar[A]) @, L= L
for any field extension L/k;. Hence, by (6.13), (6.14) and the Schur’s Lemma, it follows that
Py, (ZUGD)™) ®F, k1)) C K 1da ).
Hence by (6.13)

P, (ZUGD)™) ®F, ki) C 12,
which implies that

Pg, (ZUGWD™))) C RigyF,(112) -
Hence

Z(GD™)) [ Ruyri(n2) € Z( [ ] Rew/ri (SO, 1. %))) :
Al Al
Since both groups (G (/) algy and HMZ Ry, /F, (SO(AW\]’ %)) are reductive, the proofis finished
in the same way as that of [1, Lemma 3.4]. O

REMARK 6.15. Let G denote the universal cover for a semisimple group scheme G.
The existence of the universal cover for a semisimple group scheme over a field was proven
by Chevalley [7] (cf. [31]). In general, the existance of the universal cover for a semisimple
group scheme over a base scheme § follows from [9, Exposé XXV]. The universal cover is
compatible with the base change.

Let Spinz, ) (resp. Spingy, .y, Spin 4 11, %)) denote the universal cover of the group
scheme SO(z;, y;) (resp. SO(w;. y;)» SO 4,11, 77,))- Consider the following, short exact se-
quences of group schemes:

(6.16) I — pup —> Spingg, ) —> SOT,. yy — 1.
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(6.17) I — o —> Spingy, g,y —2> SO, gy —> 1,
. T
(6.18) I — pa — Spincy 19 — SOu,myy — 1+

The sequences (6.17) and (6.18) are obtained by base change from the sequence (6.16). Eval-
uating the exact sequence (6.16) on O, -points (resp. (6.18) on k;-points), we get

(6.19) SO, v,) (On) / Ta(Spingg, 4,y (O1) = Z/2
(6.20) (resp. SO 4, (31, ) k) / TA(SPIn 4, 1y 3y (kn)) = Z/2).
Evaluating the exact sequence (6.17) on E; -points we get

(6.21) SOw,., yu) (Ex) / ma(Spingy, 4 (E) =Z/2@ Z/2.

Indeed, the theorem of Steinberg (cf. [16, Theorem 2.1]) gives Hl(k;“ Spin(AW\]’%)) =0

and the theorem of Kneser (cf. [16, Theorem 2.2]) gives HY(E;, Spin(vx’w)) =0.In
addition, by a theorem of Tits (cf. [22, Theorem 4.1] ), the natural map

H' (O, Spin,, y,)) — H'(Ex, Spingy, y,))
is an imbedding. Hence H'(0;, Spinez, ) = 0.

LEMMA 6.22 (Integral Gram-Schmidt). Let (R, mRg) be a local integral domain with
char R # 2. Let k := R/mp be the residue field. Let T be a free finitely generated R-module
and let T := T ®g k. Consider a symmetric bilinear form

B:TxT—R
such that the form
B=BRrk :TxT —k
is nondegenerate. Assume that 1 +mpg = (1 + mg)?. Then the map
SO(r, p)(R) — SO 5,(k)
is surjective.
PROOF. The proof is an analogue of Gram-Schmidt algorithm. a

Let G’ := [G, G] denote the closure of the commutator subgroup for any profinite group
G.

PROPOSITION 6.23. Let A/F be an abelian variety of class B. Then for | > 0, the
equalities

(6.24) [ [72(Spingz, 4, (©2)) = [ [ SO, ) (01
Al Al

(6.25) [T 7 (Spings, ). 57, ®k)) = [ T8O, 1, 77 k)’
Al All

hold.
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PROOF. Observe that

[T SO, 7, &' € [T Ta(Spinga, 77, ki)
Al All

by (6.20). On the other hand Spin 4, ;. ) (k;) is a perfect group forall A |I. So

[ 17 (Spinga, 5y 5,) %) < [ SO, 1.7, K2

Al Al
by (6.18). Hence it proves (6.25). Consider the group scheme G := CR (Sp4 ) over Spec Z.
Take a natural number N big enough so that, for [ > N, the condition [ >> 0 holds. Let
Gn = G ®z Z[1/N]. The scheme Gy is semisimple. By [9, Exposé XXII, Proposition
4.3.4], the scheme QTV is semisimple. Remark 5.4 and the universality of the fiber product
give

(6.26) CR(SP(A, k) ®z Z1 = CRre,z,(SP(13(4). 1)) -

By definition of the forms v, ¢, we have
CR, (SP(T,.(4), Tro, j2,)) = CRy (SO@;.(4), Tro, 2,93)) -

Forl > 0,wehave Op ®z Z, CRQz Z;, Or Rz Z; = HAll O)andRQRz Z; = HMZ Ry.
Moreover, by (2.13) we have natural isomorphism of Ry = M3 2(0,) of O,-algebras, and
by Theorem 3.23 (i) we have a natural isomorphism 7 (A) = T, @& T) of O,[G r]-modules.
Hence by Remark 5.5, we get

Cre22:SP(1y(4). 1) = CR®22,(COr0,2,(SP(1y(A), k1))

= Crezz; ( l—[ Co, (Sp(r, (a), Trox/ll‘m)))
Al

= [ TR, P 4. Tro, 12y00)
Al

= [ Cr. (SO (4. Tro, 2,45)
Al

= 1_[ Co, (SO, Tro, /2, )
Al

=[1Ro,/280a;. v, -
Al

(6.27)

Isomorphisms (6.26) and (6.27) give Gy ®z[1/n] Z; = qu Ro, 7,501, y,)- Because the
universal cover is unique and commutes with base change, we get

G ®ziyn1 21 = | [ Ro,/2,Sping, ) -
Al
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Consider the commutative diagram

. 7 .
[Tas SPinz; ) (©2) = Tl SPingy, 3, 7, k2
(6.28) | ”_’l

Tl
[L8O@. v (O — TLyi SO, 1, v, k) -

where 7; = Hkll T, T o= HMZ T and r; = Hkll ry, for the natural reduction maps r;.
Note that

1 <7Tz_1 ( [ 180 v (Ok)/>> = [ I Spina .3, k2

All All
Indeed, using Lemma 6.22 and (6.25), it follows from the diagram (6.28), because the group
HMZ Spin(AMM’%)(k;t) is perfect for / >> 0 (cf. [31, Chapter 7, Corollary 2 (b)]) and, by the
theory of Chevalley’s groups [7] (cf. [31]), the kernel of the map 77 is contained in the center
of HMZ Spin(A“M’%)(kx). Hence, by [17, Proposition 2.6], we get

[ Isping. 4, (01 = ”1_1<HSO(T*’ ‘”*)(OA)/)' )

Al All

THEOREM 6.29. Let A/F be an abelian variety of class B. Then for 1 > 0, there are
inclusions

(6.30) [ 180 v (0 € pi(Gp) € [ ]SO, vy (O) .
Al Al
(631 [ 180,050 %) € 21Gp) < [ ]SO, 1. 7, k)
Al Al

where pj is the representation p; mod [.
PROOF. By (6.5) and (6.11), we have
PI(Gp) = (PI(GF)) C [0, 1.7, k) -
Al

By a theorem of Serre (cf. [36, Theorem 4]), [36, Lemma 5] and Remark 6.15, we get
[ T (Spina, ), 7,y k) C PI(G) -
Al

Since Spin 4, () 7, (kx) is a perfect group [31, Chapter 7, Corollary 2 (b)], we have
[ T (Spina, ), 7,y (k) C PG -
Al

This proves (6.31). From (6.6) we know that the group ,ol(G/F) = (oi(GFp)) is a closed
subgroup of HM 1SO(7; ,v,)(O5.). Consider the diagram (6.28). Since the finite group
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an Spin(Akm’ %)(k;t) is perfect, it follows by (6.25) and (6.31) that

Fz(l_[ (Spin(w,,%)(k@ c n((@Gp)) .

Al
On the other hand, it follows from (6.16) and (6.19) that

(p(G)) C m(]‘[(Spinm, m)«om) :

Al
So we get the equality
G (G =TT Spina, g 3, &)
Ml
since [] gl SPIN4 G, ) (k) is perfect and the kernel of the map 7; is contained in the center
of the group [T, ; Spin 4, ;1 ) (kn). So
7 ((G)) = 77 (or(Gp)) = [ [ Spingr,, 4, (O)
Al

by [17, Proposition 2.6]. It proves (6.30) in view of (6.24). a

REMARK 6.30. Since [, SO(AA[A],%)(/Q)/ is a perfect group, the proof of 6.23
shows that HMZ SO, v,)(0y)" is a perfect group with respect to the operation of taking

commutator and then closure in a profinite group.

THEOREM 6.31. If A is an abelian variety of class B, then the equalities

(6.32) p1(GF) = l_[SO(TA,m)(OA)/,
Al

(6.33) pGE) = [T SO, .7, ®)
All

hold forl > 0.
PRrROOF. It follows by (6.19), (6.20), Theorem 6.29 and Remark 6.30. O
7. Open image property of p;. Consider the group scheme CRr(Sp, ,)) over

Spec Z. Since CR(Sp(4, ) ®z @ = Cp(Sp(y, (o)) (see Remark 5.4), there is an open imbed-
ding in the /-adic topology

(7.1) CR(SP(4. ) (Z1) C Cp(Spey. 0)(Q1) -
THEOREM 7.2. Let A be an abelian variety of class B and let r(l) be the number of
primes over l in Of. Then
(1)  pi(GF) is openin CR(GSp4 ) (Z1) for every prime number 1,
(ii) pi(G'y) has the index dividing 2D in CR(Sp 4. )(Z1) for 1> 0,
(i) pi(GF) = CR(Sp(a, ())(Z1) for 1> 0.
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PROOF. The group GSp,4 ,)(Z;) is generated by Sp(4 ,)(Z;) and a subgroup which,
in the Frobenius basis of A, has the form

alg 0. %
(0 5 )eee]

The group ZIX Sp(a. «)(Z1) has index 2 (resp. index 4) in GSp(4 ,(Z;), forl > 2 (resp. for
! = 2). By [3, Corollary 1], there is an open subgroup U C Zl>< such that U C p/(GF). Hence
UCRSpa, ))(Z1) = CRUSp4, y(Z1)) is an open subgroup of Cr(GSp 4 ))(Z;) =
CR(GSp(4. )(Z1)). By [3, Theorem 1], the group p; (G ) is open in Glalg(Ql). By Theorem
5.11 and Corollary 5.19
U CR(Spa, ))(Z1) C @/ Cp(Sp(y, ))(Q1)
(7.3) =Gn(Q@H(A)(Q)
C MT(4)(Q) = G™(Q)).

Hence, U CR(Sp(A’ K))(Zl) N p;(GF)isopenin U CR(Sp(A’ K))(Zl) and we get that p; (G Fr)
isopenin C (GSp( A, K)) (Z;). Moreover, by (6.26) and (6.27), we have a natural isomorphism

(7.4) CR(Spea, )(Z)) = 1_[ SO, y,) (O)

Al
for I > 0. Hence from (6.19), (6.24) and (6.30), it follows that the subgroup ,ol(G’F) is of
index dividing 2"") in the group CR(Sp 4. () (Z1). O

THEOREM 7.5. If A is an abelian variety of class B, then for every prime number [,
the group p;(G ) is open in the group gj‘lg(zl) in the l-adic topology.

PROOF. By Theorem 7.2, the group o;(GF) is open in Crg, 7, (GSp(T](A),K]))(Zl) in
the /-adic topology, so p;(G r) has a finite index in the group Crg, z, (GSP(7;a), ) (Z1)- By

the definition of gﬁ‘g, we have:
p1(GF) C G (Z)) C Crayz,(GSPaya). i) (Z1) -

Hence, p;(Gr) is open in g;‘lg(zl). Note that Crg,z, (GSP(TI(A),KI))(ZI) is a profinite
group. O
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