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Abstract. For certain compact complex Fano manifolds M with reductive Lie algebras
of holomorphic vector fields, we determine the analytic subvariety of the second cohomology
group of M consisting of Kéhler classes whose Bando-Calabi-Futaki character vanishes. Then
a Kihler class contains a Kéhler metric of constant scalar curvature if and only if the Kéhler
class is contained in the analytic subvariety. On examination of the analytic subvariety, it is
shown that M admits infinitely many nonhomothetic Kéhler classes containing Kihler metrics
of constant scalar curvature but does not admit any Kéhler-Einstein metric.

1. Introduction. The question of whether a manifold admits a Riemannian metric
of constant scalar curvature or not is a classical problem. For any real closed manifold M
of dimension greater than two, Kazdan and Warner [10] proved that M admits at least a
Riemannian metric of negative constant scalar curvature. On the other hand, there exists
an obstruction to the existence of Kihler metrics of constant scalar curvature. Indeed, let
M be an m-dimensional compact complex manifold. Denote by Aut(M) the complex Lie
group consisting of all biholomorphic automorphisms of M and by h(M) its Lie algebra
consisting of all holomorphic vector fields on M. The Lie algebra h(M) is called reductive if
h(M) is the complexification of the Lie algebra of a compact subgroup of Aut(M). In [14],
Matsushima proved that h(M) is the complexification of the real Lie algebra consisting of all
infinitesimal isometries of M, and hence h(M) is reductive, if M admits a Kidhler-Einstein
metric. Generalizing the result of Matsushima, Lichnerowicz proved in [12], [13] that h(M)
must satisfy a certain condition if M admits a Kédhler metric of constant scalar curvature. (For
details see also [11, Theorem 6.1].) When M is a compact simply connected Kihler manifold,
the condition of Lichnerowicz is equivalent to that of Matsushima. For example, the one point
blow-up of C P 2 does not satisfy the condition (see [5, p. 100]) and hence does not admit any
Kihler metric of constant scalar curvature. Thus the problem to solve is whether M with
reductive (M) admits a Kdhler metric of constant scalar curvature or not.

Generalizing the result of Futaki [3], Bando [1], Calabi [2] and Futaki [4] give an ob-
struction to the existence of a Kéhler metric of constant scalar curvature whose Kéhler form
is contained in some particular Kihler class. Let £2 be a Kéhler class, w € §2 a Kéhler form
and s, the scalar curvature of w. Let ¢;(M) € H*(M; Z) be the first Chern class of M and
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set

_ (2" Ucei(M)[M]
ne = M ,

where [M] denotes the fundamental cycle of M. Then there exists uniquely a smooth function
he, up to constant such that

Sw —mue = Dyhy ,

and the integral
fa0) = [ Xhyo"
M

is defined for X € h(M). This integral f (X) is independent of the choice of Kéhler forms
w € §2. Moreover, fo : h(M) — C is a Lie algebra character and fj; vanishes if £2 contains
a Kihler metric of constant scalar curvature. The character f; is called the Bando-Calabi-
Futaki character or the Futaki invariant.

When 2 is a Hodge class and a holomorphic line bundle L with ¢1(L) = £2 admits
a lifting of the £2-preserving action of a subgroup G of Aut(M), in [16] Nakagawa gives a
lifting of the Lie algebra character fi; to a group character G — C/(Z + o Z) by using the
results in [17] and [6].

Assume that there exists an inclusion ¢ : U(1) — Aut(M) and that §2 is equal to the first
Chern class of a holomorphic U(1)-line bundle L over M. For any integer p > 2 let Y denote
the element 277 +/—1 of the Lie algebra of U(1) and set

(1) X=uYehM), X,= %X eh(M), g, =expX, € Aut(M).

Then the order of g, is p. We assume that the next assumption is satisfied. (See Assumption
2.2 and Lemma 2.3 in [7].)

ASSUMPTION 1.1. Assume that the fixed point set of gllg forl <k < p—1isin-
dependent of k and that the connected components Ny, ..., N, of the fixed point set, which
are compact complex submanifolds of M, have cell decompositions with no codimension one
cells.

Let ), denote the primitive p-th root of unity defined by

ap = 2TV=1/p

hereafter. Suppose that g;‘, acts on K;,Il |n; via multiplication by ozf,ri and acts on L|y; via

multiplication by af,"". Suppose moreover that the normal bundle v(N;, M) is decomposed
into the direct sum of subbundles

v(N;, M) = @D v(N;, 6)),

J
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where gf, acts on v(N;,60;) via multiplication by eV=19_ Then a cohomology class
@ (v(N;, M)) is defined by

¢(”(N”M))_Uﬂ1_ 7 SH VRO (R) = ranke (v(N;, 0,))).

where ]_[k(l + xx) is equal to the total Chern class of v(N;,0;). For 1 < k < p — 1,
e = —1, 0, +1 and an integer ¢, we define numbers 7T; (k, €, {) and S:(¢) by

Titk,e, ) =1 (o Keritoi gmeer Ky v +eer L) _ 1ymHITd(T Ny @ (u(N;, M))IN;],

—ak
n p—1
Se(0) = ZZT(k £,¢),
P Tl =1
where Td(T N;) is the Todd class of T'N;. Then Fy (g,) is defined by

m
Fi(gp) = (m+1) ) (=1 (’?)(Smm = 2i) = S41(m = 20))
i=0
m+1 +1
—mpg Y (=1) (’" )S (m+1—2i).
i=0
The lifting of the character f given by Nakagawa is expressed by a Simons character
of a certain foliation. In [7], we gives a localization formula for the Simons character under
Assumption 1.1. The next theorem follows from [16, Theorem 4.7] and [7, Theorem 2.5].

THEOREM 1.2. There exists a non-zero constant A(m, n) determined only by m, n
such that Fr (gp) = A(m, n) fo(Xp) (mod Z + poZ).

2. Mainresult. Form, n > 1, let H,,, H, be the hyperplane bundles over the com-
plex projective spaces CP™, C P" respectively, and

T :H, — CP", mn:H,— CP"

their projections. Let E = n{ H,, ® 5 H, be the rank 2 vector bundle over CP™ x CP".
Let M be the total space of the projective bundle of E and Jy, the tautological bundle of
M. Then M is an (m + n + 1)-dimensional simply-connected compact Kéhler manifold and
the same argument as in [3, Proposition 3.1] shows that M is a Fano manifold (see also [,
Proposition 4.2.1]) and the identity component of Aut(M) coincides with the factor group
(GL(m + 1,C) x GL(n + 1, C))/C*, where C* is the center of GL(m + n + 2, C). Hence
the Lie algebra h(M) is isomorphic to

{(A,B)eglim+1,C)®gl(n+1,C); TrA+Tr B =0},

which satisfies the condition of Matsushima.
Applying the Gysin exact sequence to the fibration

F=CP'>ME B=cP™xcCP",
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we have the split exact sequence
H ' (B;Z)=0 — H*B:Z)~ H*CP™;Z)® H*CP"; Z)
P HXM:Z) > HOB:Z)~Z — HB:Z) =0,

where f is the integration along the fiber. Then H,,, H, are naturally regarded as vector
bundles over CP™ x CP", and since f(c1(Jy;)) = 1, it follows that

H>M;Z)={Mi+ud+v; A, u, veZy ~Z3,
where it = c1(p*Hp), v = c1(p*Hy,) and w = c1(Jyy).
REMARK 2.1. Leti, 0 be the first Chern forms of H,,, H,, respectively. Then xii+y0
is a Kdhler form on CP™ x CP" for x, y > 0, and hence xu + yv + zw is a Kéhler class

of M for x, y > 0 and sufficiently small z > 0. Therefore the set of Kihler classes of M is
contained in the subset {xii + y? +zw; x, y, z > 0} of HX(M; R) ~ R>.

Now, let F(x, y, z) be an integral homogeneous polynomial of degree m + n + 4 defined
by
F(x,y,2) = =(m(m +2)yz +n(n +2)xz+ 2xy)g(x, y,z) + xyzh(x, y, 2),
where

m+n m
g(x,v,2) = Z Z (m +;1~|—2><ms_q><m +;1 —S)(_l)m+n+s+q+l

s=0 g=0
((x = )"y HIHE — T (y — )2,

m+n m m~|—n—|—2 s m+n_s
e BRI (e

s=0 g=0

{(m+n+2—5)+ 0 +2)(s —m+q)}(x — z)""9yrtatl
+m(m — q)(x — z)" "4~ yn+a+2

Hm4+n+2—s5)—n(s —m+q)x" " 9(y — )" et
—(m+2)(m — q)x™ 47 (y — )" Ta+?

For example, if (m, n) = (1, 2), we have
F(x,y,2) = 120x2y32% — 420x%y%2% + 390x2yz* — 120x%2° + 60xy*z> — 90xy’Z>
+ 150xy%z* — 99xyz> + 24x2% — 90y*z3 + 90y3z* — 45y%2° 4+ 9y2°.

Our main result is the next theorem.

THEOREM 2.2. The character fg for 2 = xu + yv + zw vanishes if and only if
F(x,y,z) = 0. Hence the open subset of H*(M; R) ~ R defined by F(x,y,z) # 0 does
not contain any Kdhler metric of constant scalar curvature. (See Remark 3.2.)

REMARK 2.3. The group Aut(M) contains an (m+n+1)-dimensional algebraic torus.
Hence M is toric and the character can be calculated also by the formula of Nakagawa [15].
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3. Proof of the Theorem. letqg € M, g, € p*Hy, g, € p*H, and q; € J,’(,I be
points. Then the point g and the set (g, g», q7) are expressed as follows:
q =10, .-, zm), (Wo, ..., wa), (Mo, N1)]
= [(azo, ..., azm), (bwy, ..., bwy), (cano, cbni)],
(gms qnsq5) = [[(z0, - - -, Zm), (Wo, - .., wa), (M0, N1, him, hn, §]
= [[(azo, - .., azm), (bwo, ..., bwy), (cang, cbn)], ahp, bhy, c&]
fora, b, c € C*.
REMARK 3.1. Since fg vanishes on [h(M), H(M)] and h(M)/[H(M), H(M)] is rep-

resented by the vector field along the fiber C P!, the character fo vanishes if and only if
fo(X) = 0 for the vector field X along the fiber.

Now we assume that p is an odd prime number hereafter. Then an actionof Z, = (g,,) C
(GL(m +1,C) x GL(n + 1, C))/C* on M is defined by
9p - [(z0s - s Zm), (Wo, ..., wy), (N0, N1)]
= [(z0, -+ -» Zm), (@pwo, - .., @pwy), (N0, N1)].

This action naturally extends to an inclusion ¢ : U(1) — Aut(M), which defines vector fields
X, X, € h(M) along the fiber as in (1) and we have g, = exp(X ). The fixed point set of gfj
has the following two connected components

N1 =120, ..., zm), (W0, .., wy), (1,O], Na=1[(zo,...,2m) (Wo, ..., wn), O, D]

for 1 < k < p — 1, which are isomorphic to CP"™ x C P" and have cell decompositions with
no codimension one cells. Let v(N;, M) be the normal bundle of N; (i = 1, 2) in M. Then,
since

(@)

[(20s - -+ Zm)s (WO, - .., wy), (1, T)] = [(az0s - - ., azm), (bwo, . .., bw,), (1, a~'b1)],
p [0 - zm)s (wo. ... wa), (1, D] = [0, - Zm)s (o, .., wp), (1, e, ' D],
we have
V(NI M)~ Hy' @ Hyo  gplv(N1 M) = g, |(K i In) =,
The same argument shows that
V(Ny, M) > Hy @ Hy'. o g, |v(N2, M) = gpl (K Iny) = @t .
Hence it follows from the equality cl(K;,Il In;) = c1(M)|n;, = c1(TN;) + c1(v(N;, M)) that
cqWNI,M))=—u+v, ci(v(Nz2,M))=u—v,
cl(Ky' ) =mu+m+2v,  c1(Ky'ly,) = (m+2u+nv,

where u = ¢1(H;), v = c1(H,). Itis obvious that it|y, = u, v|y, = v fori = 1, 2. Also,
since

[[(ZO, e Zm)v ('LU(), cees wn)v (17 O)]v “;:]
= [[(ClZ(), MR ] azm)v (bw()’ R} bwn)a (17 0)]7 a_lé] )
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it follows that w|y, = —u. The same argument shows that w|y, = —v. Using the equalities
above, we see that

ccM)y=m+2u+ (n+2)v+ 2w,
and hence for 2 = xu + yv + zw it follows that

_m(m+2)yz+nn+2)xz+2xy

) (m-+n+ xyz

Let A, u, v be integers. Then 2 = At + v + vw coincides with the first Chern class
of the complex line bundle L defined by

L=p*H:®p*H'® ()"
The action (2) lifts to actions on p*H,,, p*H,, Jj; as follows:

gp [[(ZO, ey Zm)s (LU(), e wn)s (’707 ’71)]1 hmv hnv ‘i:]

= [[(Z()’ L} Zm)a (apra LA} (Xpwn)a (770, 771)], hn’h hn7 E] .

This action defines a lift of the action (2) to L and we can show that
gpl(P* Huln) =1, gpl(p*Haly) =, (=1,2)
gplUyIn) =1, gplUyIny) = ap,

and hence that
“) BlILIn) =y, gpl(Liny) = o™
Using the results above, we have

T; (k, e, ¢) = u™v"-coeff. of
1

_ ok
1ozp

m—+1 n+1
u v 1
(1 - e”) (1 - e“) 1-— a;k‘se*‘s(”*”) ’

where r, k, a, b, p, T, 6 are numbers determined by i as follows:

(aé(—£r+;‘f<)e—£(au+hv)+;‘(pu+ru) B 1)m+n+2

r K a b P T 1)
i=1|-1 — m n+2(r—v 7 -1
i=2 1 |—-u+v|m+2 n A nw—v

—_
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Then, using the substitution x = ¢ — 1, y = ¢¥ — 1, we have
Ti(k,e,¢) = u v~ coeff. of

! (
o
l—a

m+1 eV n+l 1
eV — 1 1— fké e—du by

(L) f % ( k(—er+¢k) u({p ea) v({r eb) )m+n+2
2 caw Jew 1—ak

(e")™ (e")" 1
(e — 1T (¥ — Iy 1 [ _ g R p-dughu

k(7€r+§K)eu({pfea)ev(grfeb) _ 1)m+n+2

k

“e’dvdu

(where C(u), C(v) are sufficiently small counterclockwise loops around the origin)

2
— (L) f f 1 - (ag(fé‘r‘f'fl()(l +X)§p7€a(l + y)é"[*é‘b _ 1)Wl+l’l+2
2mi Cx)JC®y) 1-— Olp

A4+ x)" 1+ )" 1
ym+l yntlop (x;ka(l +x)785(1 + y)?
(where C(x), C(y) are sufficiently small counterclockwise loops around the origin).

dydx

Here weset 8 =¢p —¢ea,y = ¢t —¢b and
®=(1+x)"(1+y)°—1=-8x+8y+ 0(x,y),
=0+ 14y —1=Bx+yy+R@x,y)),

where the total degrees of Q(x, y), R(x, y) are greater than 1. Then we have

Ti(k,¢,¢)
= x"y"-coeff. of

(O{l[c)(;‘fc—ar) —1 + O{l[c)(;‘/(—ar)lp)m+n+2(1 +x)ﬂl(1 + y)n(l _ a;k5 _ a;kaé)—l

1-— aé‘,
= x"y"-coeff. of
1 m+n
3 m+n+2 (ok(Erer) _ qymint2=s ghs@een s (1 4 xy™ (1 + y)"
1—ok
P s=0
m+n —k15

I
Jj=0 (- pka)]Jrl
= x"y"-coeff. of
m+nm+n—s
2 .
D (’"Jr;” )(—1)Aj(a’;,)(1+x)m(1+y)”q>/xpf,

s=0 j=0
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where A;(¢) is an element of Z[¢, +~1] defined by

tS({'K*é‘r)‘HS (tycfer _ 1)m+n+27s

Aj0) = t — D — 1)i+1

Here, since
p—1
Zaf;l =—1 (mod p)

for any integer /, we have

p—1
(DY Aj@h)=4;01) (mod p)

k=1

_ 0 if j<m+n-—s
- 5m+nfs+1({K_8r)m+n+2fs if ] =m+n—s

Therefore we have

= x"™y"-coeff. of

m+n
Z (m ~|—;’l + 2)8m+n—s+1(§.’c _ gr)m+n+2—S(_8(x _ y))m+n—s(‘3x + ),y)s
s=0

(mod p)

= xmy"-coeff of

(m +n+2 >8m+ns+1(§.’c _ gr)m+n+2fs (_S)ern*S

M‘ II

s h_ h vhvh m+n — q(__\,\mtn—s—q
h)ﬁxy Z( . )x(y)

q=0

S =
+ |
o

_ ni(m—kn—i—Z)( K )(m—i—n—s)(_l)q
0 s m—q q

q=0

©

8(/(; _ rg)m+n+27S(p§ _ ag)qu(_[{ _ bg)S*WH“q

and hence it follows that
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12 m4+n+2 s m4n— q
s =L L") (W ) (" )e

s=0 g=0

(=D (g — )" 27 (G = v)E — me)" I (g — (n+ 2)e)*
FH((—p A+ )8 = MO — (m o+ 2)e)" 7 (4 — V)¢ — ne) T
(mod Z)

1 1
= ;g(x, [, V)2 e;h(x, V" L 0(0),

where the degree of ¢(¢) is less thanm +n + 1.
Here for f(x) = (sinhx)* we have

k
1 : : k
fx) = 03 Z(—l)’ (?)e(k_z’)x . f)=xF+ gxk+2 + higher order terms
and hence it follows that
0 ifO0<l<korl=k+1
k (1) I <
200 = Z( 1)( )(k 2i) = {2’%! ok :

Therefore it follows from (3) that

AuvFr(gp)
=(m+n+2)Apv
m+n+1
Z (=1 <m~|—n+1>(S m+n+1-2i)— Sy ym+n+1-2i)
i=0
m+n+2 . 2
— (n(m + 2y + nn + 230+ 20g1) Y (—1)1(’“;1+ )So(m+n~|-2—2i)
i=0

_2m 2 (m 4 4 2)!

F(h,u,v) (mod Z).

Hence, for any odd prime number p, it follows from Theorem 1.2 that
1
;A(m, WAV G0 (X)) = A, MApuvfo o, ) (Xp)

22 4+ n+ 2\ F (A, w,v)  (mod Z),

S| =

where 2 (A, 1, v) = Ali + uv + v, which implies that
©) Am, M) uvfoi, un(X) = 2" 2 4+ 2)IF (A, i, v) -

Now, since Ay, = k1 A,,, it follows that Xyzfe(x,y,z)(X) is a homogeneous function in
x, y, zof degree m + n + 4 as well as F(x, y, z). Moreover, since the set

{(x,y,2) € R?: (rx, ry,rz) € Z? for some r > 0}
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is dense in R>, the equality (5) implies that for any (x, y, z) € R?
A(m, m)xyzfo(ey.(X) = 2" 2(m +n 4+ 2)!F (x, v, 2).

The result in Theorem 2.2 follows immediately from the equality above.

REMARK 3.2. Let G = (Um + 1) x U(n + 1))/U(1) be the maximal compact
subgroup of Aut(M) and g = [(z0, ..., Zm), (Wo, ..., Wy), (N0, n1)] a point in M. Then we
can see that the real dimension of the isotropy subgroup of G at ¢ is equal to m?>+n? if non; #
0 and is equal to m?+n?+1if non1 = 0, which implies that the real codimension of the
principal orbit of G in M is one. Hence it follows from Corollary 1.1 in [8] that each Kéhler
class of M contains an extremal metric, and therefore it follows from [2, Theorem 4] (see also
[5, Theorem 3.3.1]) that a Kéhler class contains a Kédhler metric of constant scalar curvature if
the character for the Kéhler class vanishes. Hence a Kéhler class £2 = xu + yv + zw contains
a Kihler metric of constant scalar curvature if and only if F(x, y, z) = 0. Moreover we can
see that the Aut(M)-orbit of g with non; # 0 coincides with the open subset M \ (N1 U N3)
of M. Hence M is an almost-homogeneous manifold (see [9]) and therefore it follows from
[8, Theorem 4] that M admits a Kihler metric of constant scalar curvature.

4. Examples. In this section, we consider the cases 1| < m < n < 10. Since
F(x,y,z) is a homogeneous polynomial, F(x, y, z) for x, y, z > 0 is determined by its
restriction to the face f of a regular octahedron defined by

f={,y,0;x+y+z=1, x, 9, 2> 0}.

Let C be a point in f defined by

C=—— 2, 2,2
m+n+6(m+ n )

andset A = (1,0,0), B = (0, 1, 0). Then, since C is homothetic to c; (M) > 0, C is a Kihler
class and hence the interior of the triangle ABC is contained in the set of Kéhler classes of M
(see Remark 2.1). Let [1, I be lines in f defined by

L) = 1), 1), 21(0) =1 -A +1C,
11
L(t) = (x2(0), y2(1), 22(1)) = (1 — t)<§, > 0) +1(0,0,1)

for 0 < t < 1. Then we have
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lim F (1 (0)/y1 ()"
t—+0

+
= lim mZ:"Zm: m+n+2 S m+n-—s (_1)m+n+5+q+1t‘1
1—>+0 s m—gq q

5=0 g=0
20 +2)7" P m+n+6)7
{(n+ s+ (n+2)g—m—mn—2n—n*)(n+2)"+*4
—((n+ Ds+ng—m—mn—2n— n? — 2)n" 1+

m+n )
_ Z (m ‘I‘;/l + )(:1>(_1)m+n+5+12(n _|_2)—n—2
s=0

{(n+1Ds—m—mn—2n—n>n+2)"
—((n+1Ds—m—mn—2n—n>-=2)n"t},

lim F((1))/z2(0)*
t—+0

m+n m
_ Z Z m+n+2 s m+n-—s (_1)m+n+s+q+12—m—n—2
N m—q q

s=0 g=0
(2(n —m)g> + Qn + Ds + (m> —4mn —n*> —Tm — 3n — 2))q
+(—mn+n2—m+2n+1)s+3m2+m2n—n3—mn—4n2—2m—4n}.

Direct computation using the equalities above shows that

lim F((1)/y1(0)" <0, lim F(a()/z2(t)* > 0,
t—+0 t—+0

which imply that there exist points Pj, P, in the interior of the triangle ABC such that
F(P;) < 0 and F(P) > 0. Therefore there exist infinitely many Kéhler classes £2 such
that f; vanishes and hence that §2 contains a Kéhler metric of constant scalar curvature (see
Remark 3.2).

On the other hand, direct computation also shows that

Fim+2,n+42,2)#0,

which implies that ¢ (M) does not contain any Kéhler metric of constant scalar curvature.
This result shows that M does not admit any Kihler-Einstein metric. (See [3].)
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