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Abstract. In this paper we are concerned with Sobolev type inequalities for Riesz
potentials of functions in Orlicz classes. As an application, we study continuity properties of
Riesz potentials.

1. Introduction and statement of results. For 0 < o < n and a locally integrable
function f on R", we define the Riesz potential U, f of order « by

Usf @) = [ 1w =317 f3)dy.

Here it is natural to assume that Uy | f| # oo, which is equivalent to

(1.1 fRn(l + D Dldy < o0.
In the present paper, we treat functions f satisfying an Orlicz condition:
(12) [ @pptrmdy < oo,

Here @, ,,(r) is a positive nondecreasing function on the interval (0, oo) of the form

Ppp(r) =rPo(r),

where p > 1 and ¢(r) is a positive monotone function on [0, co) which is of logarithmic
type; that is, there exists ¢; > 0 such that

(p1) cfltp(r) < @(r?) < cip(r) whenever r > 0.
We set
Pp(0) =0,
because we will see in the proof of Lemma 2.1 below that
VEI(I)I+ Dp () =0=2,,0).

For an open set G C R", we denote by L?7¢(G) the family of all locally integrable
functions g on G such that

/G¢p,<p(|g(X)|)dx <00,
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and define
lglle,, =lglle,,.c = inf{)» >0 ;/ Dy o (lg(x)/M)dx < 1}-
G

This is a quasi-norm in L®r¢(G).
Our first aim in the present paper is to establish integral inequalities for Riesz potentials
of functions in L®».¢. For this purpose, if 1 < p < n/a, then we set

r , 1/p'
@, (r) = [/ {tP (1)} P /ptldt:| for r >0,
0

where 1/p +1/p' = 1;if p =n/a > 1, then we set

r 1/p
grr) = [/ {(p(t)}_”,/”t_ldt:| for r > 2,
1

and extend it to be a (strictly) increasing continuous function on [0, co) such that <p}"7 ) =
(t /2)(,0}"7 (2) for t € [0, 2). Following Alberico and Cianchi [3], we consider the Sobolev
conjugate ¥, , of @, , defined by

Ypp(r) = (Yn o (w;)_l)(r) for r >0,

where V¥, (r) = r"* and ((p;‘,)_1 is the inverse of the function (p;‘,. Note that ¥, ,,(r) is continu-
ous on [0, 00) and ¥, ,(0) = 0.

As an extension of Alberico and Cianchi [3, Theorem 2.3], we state our first result in the
following.

THEOREM A. Let ap < n and G be a bounded open set in R". Then there exists
go > 0 such that

/ Yp.p(eoUal fI(x))dx < 1
G
whenever [ is a locally integrable function on G such that | f ||lo,, < 1.

Cianchi [2, Theorem 2] gave a necessary and sufficient condition that the operator f +—
Uy f is bounded from one Orlicz space L? to another Orlicz space L¥; but our statement
is straightforward and simple. Further Edmunds and Evans [4, Theorems 3.6.10, 3.6.16] dis-
cussed the boundedness of Bessel potentials in Lorenz-Karamata space setting.

Since our function @, , may not be convex, for the reader’s convenience, we give a proof
of Theorem A different from Cianchi [2] in the next section.

REMARK 1.1. Theorem A implies that
-1
e fllw,, <& Ifle,, whenever [ e L% (G),
where the quasi-norm | - ||y, , is defined in the same way as | - [lo, -

EXAMPLE 1.2. Consider @, ,(r) = r?(logr)? for large r > 0, where p = n/a > 1
andg <p—1.Ifg < p—1, then

W[)sq (r) Z C eXp(nrp/([’—l—q))
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andif g = p — 1, then
Wy q(r) > Cexp(nexp(r?))
for r > 1. Hence we have the exponential integrability obtained by Edmunds, Gurka and Opic

[5, Theorem 4.6], [6, Theorems 3.1 and 3.2] and the authors [12, Theorems A and B].

COROLLARY 1.3. Letap = n and G be a bounded open set in R". Let @, ,(r) =
rP(logr)? for large r > 0.
(1) Ifq < p — 1, then there exists gy > 0 such that

f {exp(eoUq| f1(x)P) — 1}dx < 1
G

whenever f is a locally integrable function on G such that || f |®,, < 1, where B = p/(p —

1—¢q).
(2) Ifq = p — 1, then there exists gy > 0 such that

f {exp(exp(eoUq| f1(x)P) — e}dx < 1
G

whenever f is a locally integrable function on G suchthat || f |®,, < 1, where p = p/(p—1).

Inthe case g > p — 1, Uy f is shown to be continuous in G; see Remark 1.5.
Denote by p” the Sobolev conjugate of p which is defined by

1 1 o
—ﬁz———>0.
p p n

We also obtain Sobolev’s type inequality for Riesz potentials in the following:

COROLLARY 1.4. Letap < n. Then

/R,,{U“|f|(x)‘p(Ua|f|(X))1/p}p:dx <c

whenever f is a locally integrable function on R" such that | f || 1, where C is a

<
Py —
positive constant independent of f.
For a measurable function u on R", we define the integral mean over a measurable set
E C R" of positive measure by

]iu(x)dxz %/Eu(x)dx.

As an application of Theorem A, we discuss continuity properties for Riesz potentials of
functions in L%»¢ (R™), as an extension of Adams and Hurri-Syrjénen [1, Theorem 1.6] and
the authors [14, Theorems A and B].

Our main result is now stated as follows:
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THEOREM B. Let f be alocally integrable function on R" satisfying (1.1) and (1.2).
Set

Eoo=1{x e R"; /R" lx —y|1*"If(O)dy = 00}1

E,=1{x € R":lim supro‘p_"(p(r_l)_lf D0 (I f Dy > 0} ,
B(x,r)

r—0

E*={x e R"; limsupro‘p_"/ Dyl f(MDdy > 0} .
B(x,r)

r—0

Ifxg € R" \ (Exo U E U E*), then

(1.3) lim Ypo(AlUqg f(x) — Ug f (x0)Ndx =0
r=0+JB(xo.r)

holds for all A > 0.

We discuss the size of the exceptional sets after proving this theorem, in the final section.

REMARK 1.5. Suppose
o0
(1.4) / (1P ")} PP dr < 0
1

and set

00 ) 1/p'
sop(r>=(f {t“pnfp(t)}p/ptldt> .

Then it is known (see [9, Theorem 1] and [10, Corollary 3.1]) that Uy f is continuous on R"
and

U f(x) = Ua f(x0)| = 0(@p(1/1x — x0)) as x — xo

for all xo € R", whenever f satisfies (1.1) and (1.2). On the contrary, if (1.4) does not hold,
then we can find an f satisfying (1.1) and (1.2) such that U, f is not continuous (see [13,
Remark 3.3]).

2. Proof of Theorem A. In spite of the fact that @, , may not be convex, Theorem
A must be a consequence of Cianchi [2] in spirit. But we here give a proof of Theorem A,
because our method is straightforward and several materials are also needed for a proof of our
main Theorem B. In fact, our proof is based on the boundedness of maximal functions, by use
of the methods in the paper by Hedberg [7].

Throughout this paper, let C, Cq, Ca, ... denote various constants independent of the
variables in question.

First we collect properties which follow from condition (¢1) (see [11] and [13]).

(p2) ¢ satisfies the doubling condition, that is, there exists ¢ > 1 such that

¢ lo(r) < ¢(2r) < co(r) whenever r > 0.
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(93) Foreach y > 0, there exists ¢ = c¢(y) > 1 such that
¢ o) < r?) < ce(r) whenever r > 0.
(p4) If y > 0, then there exists ¢ = ¢(y) > 1 such that
sY(s) < ct¥@(t) whenever 0 <s <1.
(p5) If y > 0, then there exists ¢ = c¢(y) > 1 such that

t7Vo(t) <cs Veo(s) whenever 0 <s <1.

LEMMA 2.1. Letl < p1 < p < pa. Then there exists C > 1 such that
C_lA’”(Dp,(p(r) <@, o(Ar) < CAP2®, (1)
wheneverr > 0 and A > 1.

PROOF. Let0 < ¢ < 1. In view of (p4) and (¢5), we can find C = C(g) such that if

0 < ry < rp, then
C1<r_z>‘5 _ o) _ c(’_2>£
r T T \n /)’

p—¢ p+e
C1<V_2> < Dpp(r2) < C<r_2> ’
ri Dy p(r1) ri

which proves the lemma. O

so that

COROLLARY 2.2. Letap <nand1 < p1 < p < pa. Let G be a bounded open set
in R". Then there exists a positive constant C such that

C I fllo,, 17 < /G%,(p(lf(y)l)dy = C{liflle,,}!

whenever fis a locally integrable function on G such that || flle,, < 1.

PROOF. LetO <u < |[flle,, < 1. Then we have by Lemma 2.1
1</ Ppo(Lf (¥)/1uhdy
G

=Cu? /G @, f Dy,
so that
/G‘Pp,w(lf(y)l)dy >C b,

This gives the left inequality in the present corollary. The right inequality can be proved
similarly. O
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LEMMA 2.3 (cf. [13, Lemma 2.5]). Let G be a bounded open set in R" and ¢ > 0.
Let po be given so that py = p if ¢ is nondecreasing, and 1 < po < p if ¢ is nonincreasing.
Ifx € G,8 > 0and f is a nonnegative measurable function on G, then

1/po
/ lx —y|*“7" f(y)dy < CQOZ(S_I){S +c(e) (/ (pp,(p(f(y))dy> } ,
G\B(x.5) G

where C and c(g) are positive constants such that C is independent of & but c(¢) may depend
one. In case ap < n,

1/po
/ lx — y[*7" f(ndy =< CwZ(S_l){l + (/ q’p,q)(f(y))dy) }
R"\B(x,8) R"

forall x € R" and nonnegative measurable functions f on R".

For a locally integrable function f on R", define the maximal function by

1
Mf(x) =sup ——— [fMldy,
r=0 1B, 1) JenB.r)

where | B(x, r)| denotes the n-dimensional Lebesgue measure of the ball B(x, r) centered at
x of radius r > 0.
We denote by c(¢) various constants which may depend on ¢.

LEMMA 2.4. Letap = n and G be a bounded open set in R". Then, for each n > 0,
there exist &g > 0 and c(g9) > 0 such that

(@) Ua f (X)) < c(e)(@pp (Mf D}/ 41
for all nonnegative measurable functions f on G satisfying fG Do (f(¥))dy < go.

PROOF. For a nonnegative measurable function f on G, set

1/po
F= <fG¢p,<p(f(y))dy> ,

where pg is given in Lemma 2.3. Let 0 < ¢ < 1. Then, noting that
[, el sy = Cor .
we have by Lemma 2.3
2.1 Upf(x) < C8°‘Mf(x)+C{e+c(s)F}<p1’§(8’1).
First consider the case when M f(x) > 1. Then, considering
§= e Mf ) k(M ()}
and noting that cp; (r?) < C(p;‘) (r) forr > 0, we see that
Uo f (x) < Ce@h(Mf(x)) + Cle + c(e) Floi (e~ /*Mf (x)/* @i (1)71/%)
<{Ce+c(e)Flp((s~ ' Mf(x)"/*)
<{Ce+ c(e)Flgj (e~ Mf(x))"/®?).
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Then (¢4) gives
e MfOO D < @M {pMf ()},

so that

Ua f(x) < {Ce + c(e) Flgi(c(e)Mf (x)/“o(Mf(x))'/").
If
2.2) Ce+c(e)F <1,

then we have
Ua f (x) < @3 (c@Mf ) *o(Mfx)'™),
which implies
(@) Ua f (X)) < c()MfOY {p(Mf(x))}" .
If Mf(x) <1, then we take § = ¢ in (2.1) to see that
U f(x) < Ce® 4 Cle + c(e)Flgi(e™")
<Ce% + ngo;‘,(s*l) +c(e)F.
For given n > 0, if
(2.3) Ce® + Cegl(e™) < 3(n)/2,
then we find
Ua f(x) < @5 ()
whenever
(2.4) c(e)F < ¢3(m)/2.
Now it follows that
(@) Ua f (X)) < cMf O (oM f )" +1

when (2.2), (2.3) and (2.4) are all satisfied, which completes the proof of the present
lemma. O

In case ap < n, we find from (¢4) and (¢5) that
(2.5) CTH e P} TP < @h(r) < CrOTe P P ()P
so that
@26)  CTIPm g < ()TN < CrP/ e () mer)
forr > 0.

LEMMA 2.5. Letap < n. Then

(@) Ua f (X)) < C{Pp o (M (X))}

for all nonnegative measurable functions f on R" satisfying fR,, Dy o(f()dy < 1.
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PROOF. Let f be a nonnegative measurable function on R" satisfying

/¢p,¢(f(y))dy <1I.
As in the proof of Lemma 2.4, we have by Lemma 2.3
Uy f(x) < CS*Mf(x) + Cp(87").
Hence it follows from (2.5) that
Ua f(x) < C8“Mf (x) + C8~ =P/ P {5~} 1/P
because ap < n by our assumption. Considering § = {M f (x)} P/ {@(Mf(x))}~'/", we see
that
U f (x) < C{Mf ()} /" (@M f (x))} /" .
Since
@7 (071 r) < CrP/ e o)/ O=eD) = C ()t Pyrn
by (2.6), we have by (¢3)
(@) WUa f (X)) < (03) " (CMF ) =PI (p(Mf (x))) /")

< C{Mf )P (M f (x)))~op/nrmepi+l/(=ap)

= C{Mf )Y ™ oM f )",
as required. O

Note that

1Ppe@® _
p =<
for all + > 0 by (¢p4) and (¢5).
The next lemma is an extension of Stein [15, Chapter 1], whose proof will be done along
the same lines as in Stein [15, Chapter 1].

Dpp()

t
(2.8) c~ /0 sTld®, ,(5) < ==

LEMMA 2.6. For a locally integrable function f on R",
/ Ppp(Mf(x))dx < C / Ppp(|f(x)))dx .
PROOF. Note that
/ B (Mf(x)dx = /0 T M0,
where A(f) = |{x € R"; Mf(x) > t}|. It follows from [15, Theorem 1, Chapter 1] that

A < Cr! / () ldx

{xeR":|f(x)|>1/2}
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for t+ > 0. Hence we obtain by Fubini’s Theorem and (2.8)
2lf (0l |
/dﬁp,(p(Mf(x))dst/ f(x)l{/ t dqﬁp,‘p(t)}dx
{xeR";| f(x)|>1/2} 0
=C [opp1fwhax.
Thus Lemma 2.6 is proved. a

PROOF OF THEOREM A. We give a proof of Theorem A only in case ap = n. With the
aid of Lemma 2.4, for n > 0 we find 1 > 0 such that

(@5) " Ua f(x)) < Ce)(®p o (Mf " 41

for all nonnegative measurable functions f on G satisfying fG D,.0(f(y))dy < €1. Hence,
in view of Lemma 2.6, we obtain

/G Yp.p(Ua f(x))dx < C(e1) /G Ppo(Mf(x))dx + Cn"|G]

<C(e1) /G Dp.o(f()dy + Cn"|G|

for all nonnegative measurable functions f on G satisfying fG Dpo(f(¥))dy < 1. Now,
letting Cn"|G| < 1/2 and using Corollary 2.2, we find 0 < g9 < &1 such that

/ YpoUa f(X))dx <1
G

for all nonnegative measurable functions f on G satisfying || f|l#,, < €o. This implies that

/ YpoleoUs f(x))dx <1
G
< 1. Now the proof is

for all nonnegative measurable functions f on G satisfying || f|le,, <
completed. O

PROOF OF COROLLARY 1.4. Letap < n. Lemma 2.5 and (2.6) imply that
(U f ()9 Ua f NPV < CPp o (MF ()

for all nonnegative measurable functions f on R" satisfying f D,.0(f(y))dy < 1. Hence we
obtain by Lemma 2.6,

/ (Ua f()p(Ua f(0))/P)P dx < C f Dpo(Mf(x))dx < C f @, o(f(y)dy <C

for all nonnegative measurable functions f on R" satisfying f D,.o(f(¥))dy < 1, which
proves the corollary. a
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3. Proof of Theorem B. For a proof of Theorem B, we prepare a series of lemmas.
LEMMA 3.1. Letap < n. Then there exist § > 1 and C > 0 such that
9 (Ar) < CAP @ (r)
forallr > 0and A > 2.

PROOF. First note that forr > 2and A > 2
A 1/p r 1/p
¢p(Ar) < C[ /1 {t""’—"go(n}—"’/l’r—ldt} + [ /1 {(Ar)“l’—”go(m)}"”/"r‘ldr}
=1L+ b.

Since p(Ar)~! < CA*p(t)~! with k = log, ¢, ¢ being the constant appearing in doubling
property (¢2), we have

I < CAY (1)

forr > 2 with y = (n —ap + k)/p. Similarly, since ¢(r)~' < CA¥p(1)"! when1 <1 < A,
we see that

I < CA” (log A)/7 p(1)~/P
so that
P(Ar) < CAY (log AP p(1)™V/7 + CAY (1) < CAY TP 4% (r)

forr > 2.
If0 <r <2/Awith A > 2, then

9(Ar) < CA Q% (r).

where § = (n —ap)/p whenap < n and § = 1 when ap = n. Finally, if 2/A < r < 2 with
A > 2, then

O3(Ar) < 524) < CAY TP p*(2) < CAY TP gr 2/ 4) < CAYH/PHog% (1)
Thus the proof is completed. O
With the aid of Lemma 3.1, we establish the following result.

LEMMA 3.2. Let G be a bounded open set in R". Then there exist C > 1 and 0 <
go < 1 such that

fG W) o (Ual F1()dy < C{l fllo,, 1P

< &0, where B is given in

whenever f is a locally integrable function on G such that || f ||o,, <

Lemma 3.1.

PROOF. By Theorem A we have

/G‘I’p,w(eoF*IUaIfI(y))dy <1
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when F = || f|l¢,,. Lemma 3.1 implies that
Wpp(eoF 1) = (eoF ~1/CY"/PW, (1)
when e F~!/C > 2P. Hence

/ Wp.oUal f1(0)dy < (e0F '/ C) P < Ceg"P P11
G

whenever F < g9/(28C). O
We further need the following result.

LEMMA 3.3. Letap < n. For a nonnegative measurable function f on R" satisfying
(1.2), set

E, = {x € R": lim supro‘p_”q)(r_l)_lf Dy (fOO)dy > 0}
r—0+ B(x,r)

and

E* = {x € R":lim supr“”_"/ Dy o(f(y)dy > 0} .
r—0+ B(x,r)

Ifxo € R" \ (E. U E¥), then

lim r =" / Dy o(r® f(y)dy =0.
B(xq,r)

r—0

PROOF. If ¢ is nondecreasing, then for0 <r < 1,

Dp(r* () = fFONPRr® f() = X FONPO(f () =r*P P o (f(¥))

so that
—~ / ). (r f(y))dy < rP / .o (f ().
B(xq,r) B(xq,r)

Now suppose ¢ is nonincreasing, and hence ¢ is bounded. If 7 f(y) < f(y)!/?, then
f(y) < r=2 so that
Pp o f() = f)P o f ()
SCE foN?
p(r=h

=CrPe(r~ 1@, o (f ()

and if % f(y) > f(y)!/?, then

Dy fON) =" FONPR® f(¥))
<CE*fONP(f()
<Cro(r™H7 @, ,(f(»)
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for 0 < r < 1. Hence it follows that

r" / @, (r*f(y)dy < CroP"p(r—1)~! / Dp o (f())dy.
B(xq,r) B

(x0,7)

Now the required result follows. O

For xop € R" and r > 0, set fy, ,(w) = r*f(xo + rw)xp(,1), where xg denotes the
characteristic function of E. Then note that

f I — ¥ () dy = / 12— w2 f (o + rw))dw
B(xq,r) B(0,1)

=Uy fxo,r(z)

3.1

forx = xo +rz.
We are now ready to prove our main Theorem B.

PROOF OF THEOREM B. For a nonnegative measurable function f on R" satisfying
(1.1) and (1.2), it suffices to show that (1.3) holds for xg € R" \ (Ecoc U E, U E*). Write

Ua f () — Ua f (x0) = / X — ¥ F () dy

B(x0.2lx—xo))
+/ lx = y|*7" f(¥)dy — Uq f (x0)
R™\B(x0,2/x—xo|)
=U1(x) + Ua(x).

If y € R" \ B(xg, 2|x — x¢|), then |xo — y| < 2|x — y|, so that, since U, f (xg) < 00, we can
apply Lebesgue’s dominated convergence theorem to obtain

3.2) lim Us(x) =0.
X—>Xq
Since ((p;‘,)_1 is nondecreasing, we have

@) (AlUa f (x) = Ua f (o)) < (@)™ (AUL(x) + A|U2(x)])
< (@) QAUI) + (93) ' QAU (X))

so that

Wy (AlUa f (X) = Ua f (x0)]) < CYn((9) " QAUIL(0))) + C¥u((93) ™ QAIU2(x)]))
=C¥,(2AU1(x)) + C¥)p o CA|U2(X)]) .

In view of (3.2), we have
lim ¥, ,(2A|U2(x)|) =0.
X—>X0
Note that

Ui(x) < / I — " F )y = Ua fy(x)
B(xg,r)
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for x € B(xo, r/2), where f, = f xp(x,,r)- Hence, we have only to show that

lim V), 0RAU, fr(x))dx = 0.
r—0+ B(x0,7)
Note that Uy (fr)(x) = Ug(fi)xy,r(2) for x = xo + rz and
/ @p,zp((fr)xo,r(w))dw = r—n/ q)p,(p(raf(y))dy
B(0,1) B(x0.r)
which tends to zero as r — 40 by Lemma 3.3. Hence we have by Lemma 3.2 and Corollary
22

][ Yp,o QAU (x))dx S][ Vp.o(Ua(2A(fr)xo.r)(2))dz
B(xq,r) B(0,1)

< C{U2A(f)xorllo, , )P

n/(p2B8)
< c<2A>"/ﬂ< / @F,w((fr)xo,r(z»dz)
B(0,1)

n/(p2h)
<CcQRA)P (r_” / CD,,,W(r“f(y))dy) .
B(xq,r)

Consequently it follows from Lemma 3.3 that the left-hand side tends to zero as r — 0+.
Thus the proof is completed. O

4. Size of exceptional sets. To evaluate the size of exceptional sets in Theorem B, we
introduce the notion of capacity. For a set E C R" and an open set G C R", we define

Curt, (B3 G) = inf /G .0 (f )y,

where the infimum is taken over all nonnegative measurable functions f on R" such that f
vanishes outside G and U, f(x) > 1 for every x € E (cf. Meyers [8] and the first author
[11]). When ¢ = 1, we write Cy,, for Co.0,,. We say that E is of Ca,Lppyw-capacity Zero,
written as Co. 0, , (E) = 0, if

Ca,q§p‘(p (ENG; G)=0 forevery bounded open set G.

The following can be obtained readily from the definition of Cy, ¢ s see [11, Theorem
1.1, Chapter 2].

LEMMA 4.1. For a nonnegative measurable function f on R" satisfying (1.1) and
(1.2), set

Ex = {x € R"; / lx = y[*" f(y)dy = OO}-

Then

Co0,,(Ecxc) =0.

Py

As in the proof of Lemma 7.3 and Corollary 7.2 in [10], we can prove the following
results.
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LEMMA 4.2. Letap < n. For a nonnegative measurable function f on R" satisfying
(1.2), set

E, = {x € R";lim supro‘p_”(p(r_l)_lf Dy (fO)dy > 0}.
B(x,r)

r—0

Then Caa¢p.(p (Ey) =0.
LEMMA 4.3. For a nonnegative measurable function f in LP (R"), set
E* = {xeR”;limsupr“”_"/ f(y)”dy>0}.
r—0 B(x,r)
Ifap < n, then Cy p(E*) = 0; and if ap = n, then E* is empty.

Finally, in view of Theorem B and Lemmas 4.1 through 4.3, we establish the following
result.

COROLLARY 4.4. Letap < n. If f is a locally integrable function on R" satisfying
(1.1) and (1.2), then

lim Uy o(AlUg f(x) — Uy f(x0))dx =0

r—0+ B(x0.7)
holds for all A > 0 and all xo € R" \ E, where Caa¢p.(p (E) = 0 whenap = norgis
nonincreasing and Cy, ,(E) = 0 when ap < n and ¢ is nondecreasing.

In fact, if ap = n or ¢ is nonincreasing, then E* C E,, so that one can take £ =
Ex U E,; if ap < n and ¢ is nondecreasing, then E, C E*, so that one can take £ =
Ex U E*.

COROLLARY 4.5. Letap = n and ¢(r) be of the form (logr)?! (loglogr)? for large
r > 0, where q1 and q are real numbers. Set @ (r) = @, ,(r) = rPo(r). Suppose [ is a
locally integrable function on R" satisfying (1.1) and (1.2).
() Ifqr < p—1,then
lim {exp(A|Uq f (x) — Ua f (x0)” (log(1 + Uy f (x) — Ua f (x0)))?) — 1}dx =0
r—0+ B(x0.7)
for every A > 0 and every xo € R" except in a set of Co. o
p/(p—1—=q)and B = q2/(p — 1 —q1).
2) Ifq1 > p—1,then U, f is continuous on R" and
|Ua f (x) — Ua f (x0)| = o((log(1/]x — x0]))'/#1 (loglog(1/|x — xo)) ¥/P) as x — xo

for every xo € R".

.o -Capacity zero, where By =

For the continuity of U, f (case (2)), see Remark 1.5. The case g = p — 1 is treated as
follows:

COROLLARY 4.6. Letap =n, ¢(r) = ¢p—1,4(r) = (log rP~1(loglogr)? for large
r > 0and @ »(r) = rPe(r). Suppose f is a locally integrable function on R" satisfying
(1.1) and (1.2).
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() Ifqg <p—1,then

lim {exp(exp(A|Uq f (x) — Uy f (x0)I#)) — e}dx = 0
=0+ JBxo.r)

for every A > 0 and every xo € R" except in a set of Co,0, ,-capacity zero, where 8 =

p/(p—=1=q).
) Ifq=p—1,then

lim {exp(exp(exp(A|Uq f (x) — Uy f (x0)|#))) — e“}dx =0
r—0+ B(xg,r)

for every A > 0 and every xo € R" except in a set of Co,0, ,-capacity zero, where 8 =

p/(p—1D.
(3) Ifq > p—1,then Uy f is continuous on R" and

U f (x) = Uy f (x0)| = o((log(log(1/]x — xo)) P~ 79/P) a5 x — xo

for every xo € R".
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