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Abstract. In this paper we are concerned with Sobolev type inequalities for Riesz
potentials of functions in Orlicz classes. As an application, we study continuity properties of
Riesz potentials.

1. Introduction and statement of results. For 0 < α < n and a locally integrable
function f on Rn, we define the Riesz potential Uαf of order α by

Uαf (x) =
∫

Rn
|x − y|α−nf (y)dy .

Here it is natural to assume that Uα|f | �≡ ∞, which is equivalent to∫
Rn
(1 + |y|)α−n|f (y)|dy < ∞ .(1.1)

In the present paper, we treat functions f satisfying an Orlicz condition:∫
Rn
Φp,ϕ(|f (y)|)dy < ∞ .(1.2)

Here Φp,ϕ(r) is a positive nondecreasing function on the interval (0,∞) of the form

Φp,ϕ(r) = rpϕ(r) ,

where p > 1 and ϕ(r) is a positive monotone function on [0,∞) which is of logarithmic
type; that is, there exists c1 > 0 such that

(ϕ1) c−1
1 ϕ(r) ≤ ϕ(r2) ≤ c1ϕ(r) whenever r > 0 .

We set

Φp,ϕ(0) = 0 ,

because we will see in the proof of Lemma 2.1 below that

lim
r→0+Φp,ϕ(r) = 0 = Φp,ϕ(0) .

For an open set G ⊂ Rn, we denote by LΦp,ϕ (G) the family of all locally integrable
functions g on G such that ∫

G

Φp,ϕ(|g(x)|)dx < ∞ ,
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and define

‖g‖Φp,ϕ = ‖g‖Φp,ϕ ,G = inf

{
λ > 0 ;

∫
G

Φp,ϕ(|g(x)|/λ)dx ≤ 1

}
.

This is a quasi-norm in LΦp,ϕ (G).
Our first aim in the present paper is to establish integral inequalities for Riesz potentials

of functions in LΦp,ϕ . For this purpose, if 1 < p < n/α, then we set

ϕ∗
p(r) =

[ ∫ r

0
{tαp−nϕ(t)}−p′/pt−1dt

]1/p′

for r ≥ 0 ,

where 1/p + 1/p′ = 1; if p = n/α > 1, then we set

ϕ∗
p(r) =

[ ∫ r

1
{ϕ(t)}−p′/pt−1dt

]1/p′

for r ≥ 2 ,

and extend it to be a (strictly) increasing continuous function on [0,∞) such that ϕ∗
p(t) =

(t/2)ϕ∗
p(2) for t ∈ [0, 2). Following Alberico and Cianchi [3], we consider the Sobolev

conjugate Ψp,ϕ of Φp,ϕ defined by

Ψp,ϕ(r) = (ψn ◦ (ϕ∗
p)

−1)(r) for r ≥ 0 ,

where ψn(r) = rn and (ϕ∗
p)

−1 is the inverse of the function ϕ∗
p. Note that Ψp,ϕ(r) is continu-

ous on [0,∞) and Ψp,ϕ(0) = 0.
As an extension of Alberico and Cianchi [3, Theorem 2.3], we state our first result in the

following.

THEOREM A. Let αp ≤ n and G be a bounded open set in Rn. Then there exists
ε0 > 0 such that ∫

G

Ψp,ϕ(ε0Uα|f |(x))dx ≤ 1

whenever f is a locally integrable function on G such that ‖f ‖Φp,ϕ ≤ 1.

Cianchi [2, Theorem 2] gave a necessary and sufficient condition that the operator f →
Uαf is bounded from one Orlicz space LΦ to another Orlicz space LΨ ; but our statement
is straightforward and simple. Further Edmunds and Evans [4, Theorems 3.6.10, 3.6.16] dis-
cussed the boundedness of Bessel potentials in Lorenz-Karamata space setting.

Since our functionΦp,ϕ may not be convex, for the reader’s convenience, we give a proof
of Theorem A different from Cianchi [2] in the next section.

REMARK 1.1. Theorem A implies that

‖Uαf ‖Ψp,ϕ ≤ ε−1
0 ‖f ‖Φp,ϕ whenever f ∈ LΦp,ϕ (G) ,

where the quasi-norm ‖ · ‖Ψp,ϕ is defined in the same way as ‖ · ‖Φp,ϕ .

EXAMPLE 1.2. Consider Φp,q(r) = rp(log r)q for large r > 0, where p = n/α > 1
and q ≤ p − 1. If q < p − 1, then

Ψp,q(r) ≥ C exp(nrp/(p−1−q))
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and if q = p − 1, then

Ψp,q(r) ≥ C exp(n exp(rp
′
))

for r ≥ 1. Hence we have the exponential integrability obtained by Edmunds, Gurka and Opic
[5, Theorem 4.6], [6, Theorems 3.1 and 3.2] and the authors [12, Theorems A and B].

COROLLARY 1.3. Let αp = n and G be a bounded open set in Rn. Let Φp,q(r) =
rp(log r)q for large r > 0.

(1) If q < p − 1, then there exists ε0 > 0 such that
∫
G

{exp(ε0Uα|f |(x)β)− 1}dx ≤ 1

whenever f is a locally integrable function on G such that ‖f ‖Φp,q ≤ 1, where β = p/(p −
1 − q).

(2) If q = p − 1, then there exists ε0 > 0 such that
∫
G

{exp(exp(ε0Uα|f |(x)β)− e}dx ≤ 1

whenever f is a locally integrable function onG such that ‖f ‖Φp,q ≤ 1, where β = p/(p−1).

In the case q > p − 1, Uαf is shown to be continuous in G; see Remark 1.5.
Denote by p	 the Sobolev conjugate of p which is defined by

1

p	
= 1

p
− α

n
> 0 .

We also obtain Sobolev’s type inequality for Riesz potentials in the following:

COROLLARY 1.4. Let αp < n. Then
∫

Rn
{Uα|f |(x)ϕ(Uα|f |(x))1/p}p	dx ≤ C

whenever f is a locally integrable function on Rn such that ‖f ‖Φp,ϕ ≤ 1, where C is a
positive constant independent of f .

For a measurable function u on Rn, we define the integral mean over a measurable set
E ⊂ Rn of positive measure by

−
∫
E

u(x)dx = 1

|E|
∫
E

u(x)dx .

As an application of Theorem A, we discuss continuity properties for Riesz potentials of
functions in LΦp,ϕ (Rn), as an extension of Adams and Hurri-Syrjänen [1, Theorem 1.6] and
the authors [14, Theorems A and B].

Our main result is now stated as follows:
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THEOREM B. Let f be a locally integrable function on Rn satisfying (1.1) and (1.2).
Set

E∞ =
{
x ∈ Rn ;

∫
Rn

|x − y|α−n|f (y)|dy = ∞
}
,

E∗ =
{
x ∈ Rn ; lim sup

r→0
rαp−nϕ(r−1)−1

∫
B(x,r)

Φp,ϕ(|f (y)|)dy > 0

}
,

E∗ =
{
x ∈ Rn ; lim sup

r→0
rαp−n

∫
B(x,r)

Φp,ϕ(|f (y)|)dy > 0

}
.

If x0 ∈ Rn \ (E∞ ∪E∗ ∪ E∗), then

lim
r→0+ −

∫
B(x0,r)

Ψp,ϕ(A|Uαf (x)− Uαf (x0)|)dx = 0(1.3)

holds for all A > 0.

We discuss the size of the exceptional sets after proving this theorem, in the final section.

REMARK 1.5. Suppose∫ ∞

1
{tαp−nϕ(t)}−p′/pt−1dt < ∞(1.4)

and set

ϕp(r) =
(∫ ∞

r

{tαp−nϕ(t)}−p′/pt−1dt

)1/p′

.

Then it is known (see [9, Theorem 1] and [10, Corollary 3.1]) that Uαf is continuous on Rn

and

|Uαf (x)− Uαf (x0)| = o(ϕp(1/|x − x0|)) as x → x0

for all x0 ∈ Rn, whenever f satisfies (1.1) and (1.2). On the contrary, if (1.4) does not hold,
then we can find an f satisfying (1.1) and (1.2) such that Uαf is not continuous (see [13,
Remark 3.3]).

2. Proof of Theorem A. In spite of the fact that Φp,ϕ may not be convex, Theorem
A must be a consequence of Cianchi [2] in spirit. But we here give a proof of Theorem A,
because our method is straightforward and several materials are also needed for a proof of our
main Theorem B. In fact, our proof is based on the boundedness of maximal functions, by use
of the methods in the paper by Hedberg [7].

Throughout this paper, let C, C1, C2, . . . denote various constants independent of the
variables in question.

First we collect properties which follow from condition (ϕ1) (see [11] and [13]).
(ϕ2) ϕ satisfies the doubling condition, that is, there exists c > 1 such that

c−1ϕ(r) ≤ ϕ(2r) ≤ cϕ(r) whenever r > 0 .
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(ϕ3) For each γ > 0, there exists c = c(γ ) ≥ 1 such that

c−1ϕ(r) ≤ ϕ(rγ ) ≤ cϕ(r) whenever r > 0 .

(ϕ4) If γ > 0, then there exists c = c(γ ) ≥ 1 such that

sγ ϕ(s) ≤ ctγ ϕ(t) whenever 0 < s < t .

(ϕ5) If γ > 0, then there exists c = c(γ ) ≥ 1 such that

t−γ ϕ(t) ≤ cs−γ ϕ(s) whenever 0 < s < t .

LEMMA 2.1. Let 1 < p1 < p < p2. Then there exists C > 1 such that

C−1Ap1Φp,ϕ(r) ≤ Φp,ϕ(Ar) ≤ CAp2Φp,ϕ(r)

whenever r > 0 and A > 1.

PROOF. Let 0 < ε < 1. In view of (ϕ4) and (ϕ5), we can find C = C(ε) such that if
0 < r1 < r2, then

C−1
(
r2

r1

)−ε
≤ ϕ(r2)

ϕ(r1)
≤ C

(
r2

r1

)ε
,

so that

C−1
(
r2

r1

)p−ε
≤ Φp,ϕ(r2)

Φp,ϕ(r1)
≤ C

(
r2

r1

)p+ε
,

which proves the lemma. �

COROLLARY 2.2. Let αp ≤ n and 1 < p1 < p < p2 . Let G be a bounded open set
in Rn. Then there exists a positive constant C such that

C−1{‖f ‖Φp,ϕ }p2 ≤
∫
G

Φp,ϕ(|f (y)|)dy ≤ C{‖f ‖Φp,ϕ }p1

whenever f is a locally integrable function on G such that ‖f ‖Φp,ϕ ≤ 1.

PROOF. Let 0 < µ < ‖f ‖Φp,ϕ ≤ 1. Then we have by Lemma 2.1

1<
∫
G

Φp,ϕ(|f (y)/µ|)dy

≤ Cµ−p2

∫
G

Φp,ϕ(|f (y)|)dy ,

so that ∫
G

Φp,ϕ(|f (y)|)dy ≥ C−1µp2 .

This gives the left inequality in the present corollary. The right inequality can be proved
similarly. �
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LEMMA 2.3 (cf. [13, Lemma 2.5]). Let G be a bounded open set in Rn and ε > 0.
Let p0 be given so that p0 = p if ϕ is nondecreasing, and 1 < p0 < p if ϕ is nonincreasing.
If x ∈ G, δ > 0 and f is a nonnegative measurable function on G, then∫

G\B(x,δ)
|x − y|α−nf (y)dy ≤ Cϕ∗

p(δ
−1)

{
ε + c(ε)

(∫
G

Φp,ϕ(f (y))dy

)1/p0
}
,

where C and c(ε) are positive constants such that C is independent of ε but c(ε) may depend
on ε. In case αp < n,∫

Rn\B(x,δ)
|x − y|α−nf (y)dy ≤ Cϕ∗

p(δ
−1)

{
1 +

( ∫
Rn
Φp,ϕ(f (y))dy

)1/p0}

for all x ∈ Rn and nonnegative measurable functions f on Rn.

For a locally integrable function f on Rn, define the maximal function by

Mf (x) = sup
r>0

1

|B(x, r)|
∫
G∩B(x,r)

|f (y)|dy ,
where |B(x, r)| denotes the n-dimensional Lebesgue measure of the ball B(x, r) centered at
x of radius r > 0.

We denote by c(ε) various constants which may depend on ε.

LEMMA 2.4. Let αp = n and G be a bounded open set in Rn. Then, for each η > 0,
there exist ε0 > 0 and c(ε0) > 0 such that

(ϕ∗
p)

−1(Uαf (x)) ≤ c(ε0){Φp,ϕ(Mf (x))}1/n + η

for all nonnegative measurable functions f on G satisfying
∫
G
Φp,ϕ(f (y))dy ≤ ε0.

PROOF. For a nonnegative measurable function f on G, set

F =
( ∫

G

Φp,ϕ(f (y))dy

)1/p0

,

where p0 is given in Lemma 2.3. Let 0 < ε < 1. Then, noting that∫
B(x,δ)

|x − y|α−nf (y)dy ≤ CδαMf (x) ,

we have by Lemma 2.3

Uαf (x) ≤ CδαMf (x)+ C{ε + c(ε)F }ϕ∗
p(δ

−1) .(2.1)

First consider the case when Mf(x) ≥ 1. Then, considering

δ = ε1/αMf (x)−1/α{ϕ∗
p(Mf (x))}1/α

and noting that ϕ∗
p(r

2) ≤ Cϕ∗
p(r) for r > 0, we see that

Uαf (x)≤Cεϕ∗
p(Mf (x))+ C{ε + c(ε)F }ϕ∗

p(ε
−1/αMf (x)1/αϕ∗

p(1)
−1/α)

≤ {Cε + c(ε)F }ϕ∗
p((ε

−1Mf (x))1/α)

≤ {Cε + c(ε)F }ϕ∗
p((ε

−1Mf (x))1/(2α)) .
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Then (ϕ4) gives

{ε−1Mf(x)}1/(2α) ≤ c(ε){Mf(x)}1/α{ϕ(Mf (x))}1/n ,

so that

Uαf (x) ≤ {Cε + c(ε)F }ϕ∗
p(c(ε)Mf (x)

1/αϕ(Mf (x))1/n) .

If

Cε + c(ε)F ≤ 1 ,(2.2)

then we have

Uαf (x) ≤ ϕ∗
p(c(ε)Mf (x)

1/αϕ(Mf (x))1/n) ,

which implies

(ϕ∗
p)

−1(Uαf (x)) ≤ c(ε){Mf(x)}p/n{ϕ(Mf (x))}1/n .

If Mf (x) ≤ 1, then we take δ = ε in (2.1) to see that

Uαf (x)≤Cεα + C{ε + c(ε)F }ϕ∗
p(ε

−1)

≤Cεα + Cεϕ∗
p(ε

−1)+ c(ε)F .

For given η > 0, if

Cεα + Cεϕ∗
p(ε

−1) < ϕ∗
p(η)/2 ,(2.3)

then we find

Uαf (x) < ϕ∗
p(η)

whenever

c(ε)F < ϕ∗
p(η)/2 .(2.4)

Now it follows that

(ϕ∗
p)

−1(Uαf (x)) ≤ c(ε){Mf(x)}p/n{ϕ(Mf (x))}1/n + η

when (2.2), (2.3) and (2.4) are all satisfied, which completes the proof of the present
lemma. �

In case αp < n, we find from (ϕ4) and (ϕ5) that

C−1r(n−αp)/p{ϕ(r)}−1/p ≤ ϕ∗
p(r) ≤ Cr(n−αp)/p{ϕ(r)}−1/p ,(2.5)

so that

C−1rp/(n−αp){ϕ(r)}1/(n−αp) ≤ (ϕ∗
p)

−1(r) ≤ Crp/(n−αp){ϕ(r)}1/(n−αp)(2.6)

for r > 0.

LEMMA 2.5. Let αp < n. Then

(ϕ∗
p)

−1(Uαf (x)) ≤ C{Φp,ϕ(Mf (x))}1/n

for all nonnegative measurable functions f on Rn satisfying
∫
Rn Φp,ϕ(f (y))dy ≤ 1.
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PROOF. Let f be a nonnegative measurable function on Rn satisfying∫
Φp,ϕ(f (y))dy ≤ 1 .

As in the proof of Lemma 2.4, we have by Lemma 2.3

Uαf (x) ≤ CδαMf (x)+ Cϕ∗
p(δ

−1) .

Hence it follows from (2.5) that

Uαf (x) ≤ CδαMf (x)+ Cδ−(n−αp)/p{ϕ(δ−1)}−1/p

because αp < n by our assumption. Considering δ = {Mf(x)}−p/n{ϕ(Mf (x))}−1/n, we see
that

Uαf (x) ≤ C{Mf(x)}1−αp/n{ϕ(Mf (x))}−α/n .
Since

(ϕ∗
p)

−1(r) ≤ Crp/(n−αp){ϕ(r)}1/(n−αp) = C{rϕ(r)1/p}p	/n(2.7)

by (2.6), we have by (ϕ3)

(ϕ∗
p)

−1(Uαf (x))≤ (ϕ∗
p)

−1(CMf (x)1−αp/n (ϕ(Mf (x)))−α/n)
≤ C{Mf(x)}p/n{ϕ(Mf (x))}−αp/{n(n−αp)}+1/(n−αp)

= C{Mf(x)}p/n{ϕ(Mf (x))}1/n ,

as required. �

Note that

C−1Φp,ϕ(t)

t
≤

∫ t

0
s−1dΦp,ϕ(s) ≤ C

Φp,ϕ(t)

t
(2.8)

for all t > 0 by (ϕ4) and (ϕ5).
The next lemma is an extension of Stein [15, Chapter 1], whose proof will be done along

the same lines as in Stein [15, Chapter 1].

LEMMA 2.6. For a locally integrable function f on Rn,∫
Φp,ϕ(Mf (x))dx ≤ C

∫
Φp,ϕ(|f (x)|)dx .

PROOF. Note that ∫
Φp,ϕ(Mf (x))dx =

∫ ∞

0
λ(t)dΦp,ϕ(t) ,

where λ(t) = |{x ∈ Rn ;Mf(x) > t}|. It follows from [15, Theorem 1, Chapter 1] that

λ(t) ≤ Ct−1
∫

{x∈Rn;|f (x)|>t/2}
|f (x)|dx
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for t > 0. Hence we obtain by Fubini’s Theorem and (2.8)∫
Φp,ϕ(Mf (x))dx ≤C

∫
{x∈Rn;|f (x)|>1/2}

|f (x)|
{∫ 2|f (x)|

0
t−1dΦp,ϕ(t)

}
dx

≤C
∫
Φp,ϕ(|f (x)|)dx.

Thus Lemma 2.6 is proved. �

PROOF OF THEOREM A. We give a proof of Theorem A only in case αp = n. With the
aid of Lemma 2.4, for η > 0 we find ε1 > 0 such that

(ϕ∗
p)

−1(Uαf (x)) ≤ C(ε1){Φp,ϕ(Mf (x))}1/n + η

for all nonnegative measurable functions f on G satisfying
∫
G Φp,ϕ(f (y))dy ≤ ε1. Hence,

in view of Lemma 2.6, we obtain∫
G

Ψp,ϕ(Uαf (x))dx ≤C(ε1)

∫
G

Φp,ϕ(Mf (x))dx + Cηn|G|

≤C(ε1)

∫
G

Φp,ϕ(f (y))dy + Cηn|G|
for all nonnegative measurable functions f on G satisfying

∫
G
Φp,ϕ(f (y))dy ≤ ε1. Now,

letting Cηn|G| ≤ 1/2 and using Corollary 2.2, we find 0 < ε0 < ε1 such that∫
G

Ψp,ϕ(Uαf (x))dx ≤ 1

for all nonnegative measurable functions f on G satisfying ‖f ‖Φp,ϕ ≤ ε0. This implies that∫
G

Ψp,ϕ(ε0Uαf (x))dx ≤ 1

for all nonnegative measurable functions f on G satisfying ‖f ‖Φp,ϕ ≤ 1. Now the proof is
completed. �

PROOF OF COROLLARY 1.4. Let αp < n. Lemma 2.5 and (2.6) imply that

{Uαf (x)ϕ(Uαf (x))1/p}p	 ≤ CΦp,ϕ(Mf (x))

for all nonnegative measurable functions f on Rn satisfying
∫
Φp,ϕ(f (y))dy ≤ 1. Hence we

obtain by Lemma 2.6,∫
{Uαf (x)ϕ(Uαf (x))1/p}p	dx ≤ C

∫
Φp,ϕ(Mf (x))dx ≤ C

∫
Φp,ϕ(f (y))dy ≤ C

for all nonnegative measurable functions f on Rn satisfying
∫
Φp,ϕ(f (y))dy ≤ 1, which

proves the corollary. �
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3. Proof of Theorem B. For a proof of Theorem B, we prepare a series of lemmas.

LEMMA 3.1. Let αp ≤ n. Then there exist β > 1 and C > 0 such that

ϕ∗
p(Ar) ≤ CAβϕ∗

p(r)

for all r > 0 and A > 2.

PROOF. First note that for r ≥ 2 and A > 2

ϕ∗
p(Ar)≤ C

[ ∫ A

1
{tαp−nϕ(t)}−p′/pt−1dt

]1/p′

+
[ ∫ r

1
{(At)αp−nϕ(At)}−p′/pt−1dt

]1/p′

= I1 + I2.

Since ϕ(At)−1 ≤ CAkϕ(t)−1 with k = log2 c, c being the constant appearing in doubling
property (ϕ2), we have

I2 ≤ CAγ ϕ∗
p(r)

for r ≥ 2 with γ = (n− αp+ k)/p. Similarly, since ϕ(t)−1 ≤ CAkϕ(1)−1 when 1 ≤ t ≤ A,
we see that

I1 ≤ CAγ (logA)1/p
′
ϕ(1)−1/p ,

so that

ϕ∗
p(Ar) ≤ CAγ (logA)1/p

′
ϕ(1)−1/p + CAγϕ∗

p(r) ≤ CAγ+1/p′
ϕ∗
p(r)

for r ≥ 2.
If 0 < r ≤ 2/A with A > 2, then

ϕ∗
p(Ar) ≤ CAδϕ∗

p(r) ,

where δ = (n− αp)/p when αp < n and δ = 1 when αp = n. Finally, if 2/A < r < 2 with
A > 2, then

ϕ∗
p(Ar) ≤ ϕ∗

p(2A) ≤ CAγ+1/p′
ϕ∗
p(2) ≤ CAγ+1/p′+δϕ∗

p(2/A) ≤ CAγ+1/p′+δϕ∗
p(r) .

Thus the proof is completed. �

With the aid of Lemma 3.1, we establish the following result.

LEMMA 3.2. Let G be a bounded open set in Rn. Then there exist C > 1 and 0 <
ε0 < 1 such that ∫

G

Ψp,ϕ(Uα|f |(y))dy ≤ C{‖f ‖Φp,ϕ }n/β

whenever f is a locally integrable function onG such that ‖f ‖Φp,ϕ ≤ ε0, where β is given in
Lemma 3.1.

PROOF. By Theorem A we have∫
G

Ψp,ϕ(ε0F
−1Uα|f |(y))dy ≤ 1
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when F = ‖f ‖Φp,ϕ . Lemma 3.1 implies that

Ψp,ϕ(ε0F
−1t) ≥ (ε0F

−1/C)n/βΨp,ϕ(t)

when ε0F
−1/C > 2β . Hence∫

G

Ψp,ϕ(Uα|f |(y))dy ≤ (ε0F
−1/C)−n/β ≤ Cε

−n/β
0 Fn/β

whenever F < ε0/(2βC). �

We further need the following result.

LEMMA 3.3. Let αp ≤ n. For a nonnegative measurable function f on Rn satisfying
(1.2), set

E∗ =
{
x ∈ Rn ; lim sup

r→0+
rαp−nϕ(r−1)−1

∫
B(x,r)

Φp,ϕ(f (y))dy > 0

}

and

E∗ =
{
x ∈ Rn ; lim sup

r→0+
rαp−n

∫
B(x,r)

Φp,ϕ(f (y))dy > 0

}
.

If x0 ∈ Rn \ (E∗ ∪ E∗), then

lim
r→0

r−n
∫
B(x0,r)

Φp,ϕ(r
αf (y))dy = 0 .

PROOF. If ϕ is nondecreasing, then for 0 < r < 1,

Φp,ϕ(r
αf (y)) = (rαf (y))pϕ(rαf (y)) ≤ (rαf (y))pϕ(f (y)) = rαpΦp,ϕ(f (y)) ,

so that

r−n
∫
B(x0,r)

Φp,ϕ(r
αf (y))dy ≤ rαp−n

∫
B(x0,r)

Φp,ϕ(f (y))dy .

Now suppose ϕ is nonincreasing, and hence ϕ is bounded. If rαf (y) ≤ f (y)1/2, then
f (y) ≤ r−2α , so that

Φp,ϕ(r
αf (y))= (rαf (y))pϕ(rαf (y))

≤ C(rαf (y))p

≤ C(rαf (y))p
ϕ(f (y))

ϕ(r−1)

=Crαpϕ(r−1)−1Φp,ϕ(f (y))

and if rαf (y) ≥ f (y)1/2, then

Φp,ϕ(r
αf (y))= (rαf (y))pϕ(rαf (y))

≤ C(rαf (y))pϕ(f (y))

≤ Crαpϕ(r−1)−1Φp,ϕ(f (y))
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for 0 < r < 1. Hence it follows that

r−n
∫
B(x0,r)

Φp,ϕ(r
αf (y))dy ≤ Crαp−nϕ(r−1)−1

∫
B(x0,r)

Φp,ϕ(f (y))dy .

Now the required result follows. �

For x0 ∈ Rn and r > 0, set fx0,r (w) = rαf (x0 + rw)χB(0,1), where χE denotes the
characteristic function of E. Then note that∫

B(x0,r)

|x − y|α−nf (y)dy =
∫
B(0,1)

|z− w|α−n(rαf (x0 + rw))dw

= Uαfx0,r (z)

(3.1)

for x = x0 + rz.
We are now ready to prove our main Theorem B.

PROOF OF THEOREM B. For a nonnegative measurable function f on Rn satisfying
(1.1) and (1.2), it suffices to show that (1.3) holds for x0 ∈ Rn \ (E∞ ∪ E∗ ∪ E∗). Write

Uαf (x)− Uαf (x0)=
∫
B(x0,2|x−x0|)

|x − y|α−nf (y)dy

+
∫

Rn\B(x0,2|x−x0|)
|x − y|α−nf (y)dy − Uαf (x0)

=U1(x)+ U2(x) .

If y ∈ Rn \ B(x0, 2|x − x0|), then |x0 − y| ≤ 2|x − y|, so that, since Uαf (x0) < ∞, we can
apply Lebesgue’s dominated convergence theorem to obtain

lim
x→x0

U2(x) = 0 .(3.2)

Since (ϕ∗
p)

−1 is nondecreasing, we have

(ϕ∗
p)

−1(A|Uαf (x)− Uαf (x0)|)≤ (ϕ∗
p)

−1(AU1(x)+ A|U2(x)|)
≤ (ϕ∗

p)
−1(2AU1(x))+ (ϕ∗

p)
−1(2A|U2(x)|) ,

so that

Ψp,ϕ(A|Uαf (x)− Uαf (x0)|)≤ Cψn((ϕ
∗
p)

−1(2AU1(x)))+ Cψn((ϕ
∗
p)

−1(2A|U2(x)|))
= CΨp,ϕ(2AU1(x))+ CΨp,ϕ(2A|U2(x)|) .

In view of (3.2), we have

lim
x→x0

Ψp,ϕ(2A|U2(x)|) = 0 .

Note that

U1(x) ≤
∫
B(x0,r)

|x − y|α−nf (y)dy = Uαfr(x)
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for x ∈ B(x0, r/2), where fr = fχB(x0,r). Hence, we have only to show that

lim
r→0+ −

∫
B(x0,r)

Ψp,ϕ(2AUαfr(x))dx = 0 .

Note that Uα(fr )(x) = Uα(fr)x0,r (z) for x = x0 + rz and∫
B(0,1)

Φp,ϕ((fr )x0,r (w))dw = r−n
∫
B(x0,r)

Φp,ϕ(r
αf (y))dy

which tends to zero as r → +0 by Lemma 3.3. Hence we have by Lemma 3.2 and Corollary
2.2

−
∫
B(x0,r)

Ψp,ϕ(2AU1(x))dx ≤ −
∫
B(0,1)

Ψp,ϕ(Uα(2A(fr)x0,r )(z))dz

≤ C{‖2A(fr)x0,r‖Φp,ϕ }n/β

≤ C(2A)n/β
( ∫

B(0,1)
Φp,ϕ((fr )x0,r (z))dz

)n/(p2β)

≤ C(2A)n/β
(
r−n

∫
B(x0,r)

Φp,ϕ(r
αf (y))dy

)n/(p2β)

.

Consequently it follows from Lemma 3.3 that the left-hand side tends to zero as r → 0+.
Thus the proof is completed. �

4. Size of exceptional sets. To evaluate the size of exceptional sets in Theorem B, we
introduce the notion of capacity. For a set E ⊂ Rn and an open set G ⊂ Rn, we define

Cα,Φp,ϕ (E;G) = inf
f

∫
G

Φp,ϕ(f (y))dy ,

where the infimum is taken over all nonnegative measurable functions f on Rn such that f
vanishes outside G and Uαf (x) ≥ 1 for every x ∈ E (cf. Meyers [8] and the first author
[11]). When ϕ ≡ 1, we write Cα,p for Cα,Φp,ϕ . We say that E is of Cα,Φp,ϕ -capacity zero,
written as Cα,Φp,ϕ (E) = 0, if

Cα,Φp,ϕ (E ∩G;G) = 0 for every bounded open set G.

The following can be obtained readily from the definition of Cα,Φp,ϕ ; see [11, Theorem
1.1, Chapter 2].

LEMMA 4.1. For a nonnegative measurable function f on Rn satisfying (1.1) and
(1.2), set

E∞ =
{
x ∈ Rn ;

∫
|x − y|α−nf (y)dy = ∞

}
.

Then
Cα,Φp,ϕ (E∞) = 0 .

As in the proof of Lemma 7.3 and Corollary 7.2 in [10], we can prove the following
results.
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LEMMA 4.2. Let αp ≤ n. For a nonnegative measurable function f on Rn satisfying
(1.2), set

E∗ =
{
x ∈ Rn ; lim sup

r→0
rαp−nϕ(r−1)−1

∫
B(x,r)

Φp,ϕ(f (y))dy > 0

}
.

Then Cα,Φp,ϕ (E∗) = 0.

LEMMA 4.3. For a nonnegative measurable function f in Lp(Rn), set

E∗ =
{
x ∈ Rn ; lim sup

r→0
rαp−n

∫
B(x,r)

f (y)pdy > 0

}
.

If αp < n, then Cα,p(E∗) = 0; and if αp = n, then E∗ is empty.

Finally, in view of Theorem B and Lemmas 4.1 through 4.3, we establish the following
result.

COROLLARY 4.4. Let αp ≤ n. If f is a locally integrable function on Rn satisfying
(1.1) and (1.2), then

lim
r→0+ −

∫
B(x0,r)

Ψp,ϕ(A|Uαf (x)− Uαf (x0)|)dx = 0

holds for all A > 0 and all x0 ∈ Rn \ E, where Cα,Φp,ϕ (E) = 0 when αp = n or ϕ is
nonincreasing and Cα,p(E) = 0 when αp < n and ϕ is nondecreasing.

In fact, if αp = n or ϕ is nonincreasing, then E∗ ⊂ E∗, so that one can take E =
E∞ ∪ E∗; if αp < n and ϕ is nondecreasing, then E∗ ⊂ E∗, so that one can take E =
E∞ ∪ E∗.

COROLLARY 4.5. Let αp = n and ϕ(r) be of the form (log r)q1(log log r)q2 for large
r > 0, where q1 and q2 are real numbers. Set Φ(r) = Φp,ϕ(r) = rpϕ(r). Suppose f is a
locally integrable function on Rn satisfying (1.1) and (1.2).

(1) If q1 < p − 1, then

lim
r→0+ −

∫
B(x0,r)

{exp(A|Uαf (x)− Uαf (x0)|β1(log(1 + |Uαf (x)− Uαf (x0)|))β2)− 1}dx = 0

for every A > 0 and every x0 ∈ Rn except in a set of Cα,Φp,ϕ -capacity zero, where β1 =
p/(p − 1 − q1) and β2 = q2/(p − 1 − q1).

(2) If q1 > p − 1, then Uαf is continuous on Rn and

|Uαf (x)− Uαf (x0)| = o((log(1/|x − x0|))1/β1(log log(1/|x − x0|))−q2/p) as x → x0

for every x0 ∈ Rn.

For the continuity of Uαf (case (2)), see Remark 1.5. The case q1 = p − 1 is treated as
follows:

COROLLARY 4.6. Let αp = n, ϕ(r) = ϕp−1,q(r) = (log r)p−1(log log r)q for large
r > 0 and Φp,ϕ(r) = rpϕ(r). Suppose f is a locally integrable function on Rn satisfying
(1.1) and (1.2).
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(1) If q < p − 1, then

lim
r→0+ −

∫
B(x0,r)

{exp(exp(A|Uαf (x)− Uαf (x0)|β))− e}dx = 0

for every A > 0 and every x0 ∈ Rn except in a set of Cα,Φp,ϕ -capacity zero, where β =
p/(p − 1 − q).

(2) If q = p − 1, then

lim
r→0+ −

∫
B(x0,r)

{exp(exp(exp(A|Uαf (x)− Uαf (x0)|β)))− ee}dx = 0

for every A > 0 and every x0 ∈ Rn except in a set of Cα,Φp,ϕ -capacity zero, where β =
p/(p − 1).

(3) If q > p − 1, then Uαf is continuous on Rn and

|Uαf (x)− Uαf (x0)| = o((log(log(1/|x − x0|)))(p−1−q)/p) as x → x0

for every x0 ∈ Rn.
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