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1. Introduction. Recently, Chow and Yorke [1] have extended
Vrkoc's result [2] on integrally asymptotic stability for ordinary differential
equations. They have given substantially simpler proofs of Vrkoc's
results based on the method used in [3] and shown that every integrally
asymptotically stable system behaves nicely not only for perturbations
integrable on [0, oo) but also for the larger class of interval bounded
functions, i.e., the class of functions p(t) such that

S ί+l
I p(u) I du <

t

On the other hand, Kato and Yoshizawa [4] have extended Chow
and Yorke's results to functional differential equations without using
Liapunov's method. Here, we show that the converse theorem holds for
integral stability of functional differential equations under suitable con-
ditions.

2. Preliminaries. Let I denote the interval 0 ^ t < oo and let \x\
be the Euclidean norm of x e Rm. For a given h > 0, C denotes the space
of continuous functions mapping the interval [—h, 0] into Rm and for
φ e C, || φ || = sup_Λ<^0 I Φ(β) l Let CH be the set of φ e C such that || φ || <, H.
Let CH(L)(0 < L < oo) be the set of φeCH such that \φ(θ^ - φ{θ2)\ ^
L I θ, - θ21 for all θu θ2 e [-h, 0] and C^(oo) be UL>O CH(L). For φ e C ^ O ) ,

let H^lli be the norm defined by H ^ U ^ | | ^ | | + Γ \Φ(θ)\dθ, where φ(θ)

denotes the right-hand derivative of φ(u) at u = θ if it exists and 0 if
it does not exist. For any continuous function x(u) defined on an interval
including [t — h, t], the symbol xt will denote the restriction of x(u) to
the interval [t — h, t], i.e., xt is an element of C defined by xt(θ) = x(t + θ),
—h ^ θ ^ 0. Let Bo be the set of measurable functions p: I—• Rm such
that ess supM 6 J |p(w)| < °° f ° r a n Y compact interval J in /. Let B be a
normed vector space in Bo, and we denote the norm of p by | | p | U

Consider the functional differential equation
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(1.1) 4(ί) = /(«, xt) ,

where f(t, φ) is an ra-vector functional which is defined on I x CH.
Corresponding to (1.1), consider a perturbed system

(1.2)

where p is an element of B. We make the following assumptions.
(HI) / : I x C# —• Rm is continuous in (t, ψ).
(H2) I /(ί, 0) I ̂  l(t) || ^ || on / x CH, where l(t) is continuous.

S ίH-Λ

l(u)du ^ 6 for all t ^ 0.

REMARK. (HI) can be replaced by the following more general
assumption:

(HI*) f(-,Φ) is measurable for each Φ, f(t, •) is continuous for
each t, and for any ε > 0, any compact set S in CH and any compact
interval J in /, there exists a 7(e, S, J) > 0 such that || φ — ψ || < 7(ε, S, J )
implies | /(s, ̂ ) — /(s, α/r) | < ε for all seJ,φeS and ψ e CH.

In the following, we shall denote by x(t, t0, φQ) a solution of (1.1)
through (tQ, φ0) and similarly by y(t, t0, φ0) a solution of (1.2).

Let 0<a<H,r>h and L > α/(r — h). For each (£, φ) in [r, oo) x
Cα(oo), Aα(ί, φ, L) will denote the set of Lipschitz continuous functions
ξ: [-h, t] —> Rm such that

ίo = 0, ξt = φ, ζ8 e Ca(L) for all s e [0, t - h] .

Let V(t, φ, L): [r, oo) x ^(oo)—> R1 be a functional and SllΛ)(t, Φ) be
the set of x(s, t, φ), and we define the functional

V{lΛ)(t, Φ, L)= sup ΠΞ i - {V(t + δ, ajί+l, L) - 7(t f 0, L)} .
x(s)eS(1Λ)(t,φ) δ->o+ 0

DEFINITION 1. The zero solution of (1.1) is stable under B pertur-
bations (hereafter called S under B), if for any ε > 0, there exists a
δ(ε) > 0 such that for any t0 ^ 0, any φ0 e CH and any pe B, \\φo\\ < S(e)
and | | p \\B < δ(e) imply | y(t, tOf φQ) \ < e for all t ^ t0.

DEFINITION 2. The zero solution of (1.1) is attracting under B pertur-
bations (A under B for brevity), if there exists a δ0 > 0 and for any
ε > 0, there exist a Γ(ε) > 0 and an η(ε) > 0 such that for any ί0 ^ 0,
a n y φQ e CH a n d a n y peB,\\ φ0 \\ < d0 a n d || p \\B < η(ε) i m p l y | y(t, ί0, ^ 0 ) I < ε
for all t > tQ + Γ(ε).

DEFINITION 3. The zero solution of (1.1) is asymptotically stable
under B perturbations (AS under B), if it is stable under B perturbations
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and is attracting under B perturbations.

DEFINITION 4. A function peB0 is said to be interval bounded if

S ί+lS
I p(u) I du < oo .

t

We shall denote the space of interval bounded functions in Bo by

S t+l
I p(u) I du. Especially, when B = Bι =

t
BoΠL^Q, oo) and the zero solution is S under B, we sometimes say the
zero solution of (1.1) is integrally stable (IS).

LEMMA 1. Let B be either BIB or B1. Then S under B is equiva-
lent to (|| Id, || Id) — S under B w.r.t. CH(°o) on [r, oo). A under
B, (|| Ik, || HO - A under B w.r.t. CH{™) on [r, oo) and (|| ||, | | . ||0 - A
under B w.r.t. CH(°°) on [r, oo) are equivalent. Moreover, if the zero
solution of (1.1) is A under B, it is S under B.

Here (|| |d, || Id) — S under B w.r.t. CH(oo) on [r, oo) means that
t0 ^ 0, ψo e CH, || φ01| and | y(t, ί0, φ0) \ are replaced by t0 ^ r, φoe CH(oo),
\\φ0|d and \\yt(to, Φo)\\i respectively in the above definition of S under B.

It is not difficult to prove this lemma. It is sufficient to show that
for any ε > 0, there exist a δ(ε) > 0 and an ^(ε) > 0 such that for any
ί0 ^ 0, any φoe CH and any p e BIB, \\φo\\ < <5(ε) and || p \\IB < ^(ε) imply
\\ytQ+r+h(t0, φo) |d < ε, and to show that for any ε > 0, there exist a
δ(ε) > 0 and an η(e) > 0 such that for any p e BIB and any y{t, t0, φ0),
I V(ί, ίo, Φo) I < S(e) for all t ^ ί0 and || p | | I B < ^(e) imply || yt(t0, Φo) |d < ε
for all t-^to + 2h. To show this, notice that a solution y(t, ί0, ^0) can
be written as follows

(Φo(t -t0) , t0 - h ^ t ^ t0 ,

From this it follows t h a t || yt(t0, φ0) \\ ̂  | | Φo II + I l{u) II 2/«(ί0, ^o) II du +

S i Jί0

I p(w) I dt6, and by GronwalΓs inequality we obtain

II yt(to, Φo) II ^ ( l l ^o II + JJΊ P M I d ^ ) e χ P { J | « N ^ J , U ^ t ^ t , .

Moreover for t0 + h ^ t ^ t19 we have 7/f(ί0, ^o)e CH(oo) and
o, φ0) Id ^ (ll ^ II + J 1 1 P(u) I dujfl +

x exp \ \ l(u)du \ + \ I p(u) \ du .
(Jin ) Jί-Λ
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for all t ^ ί0 + 2h.

3. Liapunov functionals. Let 0 < a < H, r>h and L > α/(r — h).
For each (ί, φ)e [r, oo) x Cα(oo), let V(t, φ, L) be defined by

(3.1) V(t, φ, L) = inf (V*'-> I ί(u) - / ( * , f.) | du ,
ξBAa(t,φ,L)JO

where λ ̂  0 is a constant. In case L2> Lλ> a/(r — h), we have 0 ̂

V(t, φ, L2) ̂  V(t, φ, Lx), because Aa(t, φ, LJ is contained in Aa(t, φ, L2).

Therefore W(t, φ) can be defined by

(3.2) W(t, φ) = inf V(t, Φ, L) = lim V(t, φ, L) .

On the other hand, Aa(t, φ, L) contains an element which attains the
value of V(t, φ, L) since Aa(t, φ, L) is compact. Moreover V(t, φ, L) has
the following properties.

LEMMA 2. Let t ^ r, φeCa(o°) and peB0. Then we have the ine-

qualities:

(3.3) O^V(t,φ,L)^(b + b'

ί
t+r-h

l(u)du 5j 6'. For t satisfying
t

1 Γ ί + δ

= limJL \p(u)\du,
δ-*0+ 0 Jt

(3.4) V[Ut, Φ, L) ̂  V'aΛ)(t, Φ,L)+\ p(t) I .

PROOF. Let ξe Aa(t, φ, L) be a function such that ξ{v) = 0 on [ — h,
t — h — a/L] and the graph of ξ on [t — h — a/L, t — h] is a straight
line between (t — h — α/L, 0) and (ί — fe, $>(—fe)). Then we have

0 ^ V(t, φ, L)

^ Γ β-*'-' I ί («) - /(it, f.) I dw ̂  (' I ί(«) - f(u, ξ.) I rfw
JO Jt-h-ajL

) - f(u, ξ.) \du+[ I ξ(u) - f(u, L) I du
it-ht-h-a/L

( ) ( I φ(θ) \dθ+\\φ\\ [ l(u)du
t-h-alL 1-h Jt-h

l(u)du) + [° \φ(θ)\
t-h—ajL / J-h

dθ

where V > 0 is a constant such that
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S t+a/L rt+r-h

l(u)du 5j sup 1 l(u)du ^ 6'.
t t^o )t

S t + δ
p(u) I du a.e.

t
in t. For such a t, we take x = #(s) e SilΛ)(t, φ) and 2/ = 2/(s) e S(1.2)(ί, 0),
and we choose 0 < <5 < h such that a? and y exist on [£, t + δ]. Let
£* 6 ilβ(ί + δ, xt+δ, L) be a function such that

δ, xt+δ, L) = Γ ' β-* +'-> I £'(i*) - f(u, Ά) I du .
Jo

Moreover, let rf be a function such that ^3 = ξδ on [ — Λ, t] and ̂ δ(w) =
2/(u) on [t, t + δ]. Then we obtain

ί
t+δ

e-w->\φ(u) - f(u,τf%)\du .
o

Now let U > max (L, M), where M = Hmax^^ί+λ ϊ(^). From the

assumption (HI) it follows that for any ε > 0, there exists a 7(e) > 0

such that for any 0 ̂  s ̂  ί + h, and ψ^ e ^ ( L ' ) and any ψ2 e Cs, \ f(s, ψx) —

fiβf Ψ2) I < ε if II f! - ψ2 II < 7(ε). Therefore, if δ l f 0 < ^ < h, satisfies

I p(u) I d% < τ(e)/2 and 0 < δ < δl9 we have xt+δ e

CH(L') and \\xt+8 — yt+δ\\ < ^(ε) Since we have

Vl(t, φ,L) = M±{V(t + δ, yt+δ, L) - V(t, Φ, L)}
δ 0 + 0

^ Π 5 1 {V(t + δ, a;ί+J, L) - F(ί, 56, L)}

+ HE ̂  {V(t + δ, yt+t, L) - V(t + δ, xt+!, L)}
δ->0+ 0

£ r.(t, φ,L) + Ml.\ Γ+ί

 β-^( +'-> I ή\u) - f(u, ηi) I du
3-̂ 0+ 0 Uθ

' I fs(w) - fiu, ξt)

^ V'χt, Φ, L) RHδ-o+ 0 Jt

1 rt+δ

+ lim i (I V(u) - x(u) I + I f(u, ηί) - fiu, ξί) |} du
δ-0+ 0 Jί

1 ct+δ

^ Vlit, φ, L) + lim 4\
5-»0+ 0 Jt

lit, φ,L) + \ pit) I + ε ̂  V[1Λ)it, φ , L ) + \ pit) \ + e,
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we see that V[1Λ)(t, ψ, L) ^ V[ίΛ)(t, φ, L) + \ p(t) |, because ε > 0 is arbi-
trary.

REMARK. If /(ί, φ) satisfies | /(ί, φ) - f(t, ψ) | ^ l(t) \\ φ - f ||, we can
prove I V(t, Φ, L) - V(t, ψ, L) | ^ (6 + 1) || φ - ψ \\, for φ and ψ such that

LEMMA 3. Let r > h, L > a/(r — h) and 0 < aγ < a. For t ^ r and

φ£ Cai(oo)f let x(s), t — h tί s tί t + A (A > 0), be a function such that
xt = φ and xs 6 Cai(L0) on [t, t + A], If L ^ Lo, v(s) — V(s, xs, L) is con-
tinuous on [t, t + A], Especially, if x(s) e S{lΛ)(t, φ), v(s) is non-increasing
and we have

(3.5) V'ιlΛ){s, x., L) S - λ V(8, x., L) .

PROOF. Let a — a — a1 and let β be a positive number such that
I x(s)\/s ^ L - β on [t - h, t + A]. For s e [t, t + A], we take ζ e Aa(s, x8, L).
Let η 6 Aa{s, x8, L) be a function such that the graph of η on [0, s — h]
is a straight line between (0, 0) and (s — h, x(s — h)). Then | η(u) | <̂
a — a = a, and | ή(u) \ ^ L — β for all u e [0, s]. For f, 07 and g (0 < q < 1),
let ζq = (1 — <?)£ + g)y. Then ζ9 e Aa_qa(s, xt, L — qβ) and consequently
ί9 e Aα(s, xs,L). Since /(u, α/r) is uniformly continuous on [0, ί + A] x Cα(L),
for any ε > 0 there exists a τ(ε) > 0 such that for any uu u2 e [0, t + A]
and any ψu ψ2 e Ca{L\ \ f(ulf ψ,) - f(u2, ψ2) \ < ε/(16(t + A)) if | ux - u2 \ +
ll^i — ^2II < 7 ( ε ) For this 7(ε), we choose a # such that 2aq < 7(ε),

+ A) < ε/16 and 0 < q < 1. Then for 0 ^ % <: β, we have

-ΆW^q sup I ξ(θ)
OS0S

7(ε) ,

and hence we obtain

(3.6)

For ί ^
ζ(u) by

e^'8-"' I ξ(u) - f(u, ξ%) I du - Jβ' e- i ( —' I f'(«) - /(it, ξί) I

^ Γ I ί( M ) - £•(«) I dtt + t* I f(u, ξ%) - f(u, « ) I dw
Jo Jo

* . + < + .

< s2 < ί + A, σ = (s, - h)/(s2 - h) and ξ e Aa(s2, x%2, L), define

0

ξg(σu)

x(u)

u
s1 — h

if -h ^ u ^ 0

Si — h) — x(s2 — h) if 0 ^ u gi s1 — h

if s1 — h ^ u -^ s1 .
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Let 0 < rx < q/L min (a, β(t — h)/2) and | s1 — s2 | < r lβ Then for 0 ^ u ^ slf

we have

I ζ(u) I ^ I ξ\σv) I
sγ — ti

et - h) - x(s2 - h)\ ^ a - qa

and

ζ(u)| ^ σ\ξ\σu)\
Si — h

^ (l + ^ Λ(L - qβ) +

l - A) - φ 2 - Λ)| ^ σ(L - qβ)
sι — h

Si — h

and hence ζ belongs to ilβ(βlf a?βl, L). On the other hand, let 0 < r2 <
1/L min (ε/16, 7(ε)), | sx - s2 \ < r2 and χ(u) = f9(αu). Then f or 0 ^ u ^ s, - fe,
we obtain

IIC - χ« II = sup I ζ(u + θ) - χ(u + θ) \ ^ L | s, - s21< Lr2

and

ζ(u) - χ(u)\ <^-l—\x(Sl - h)
Si — h 8^, — h

Thus we have

I du _

(3.7) ^ Γ1"* I tin) - χ(n) | du + f1"* | /(it, ζ.) - /(it, χ
JO JO

Now let M = a maxo s, ί t + i f l{u) and r3 > 0 be a number such that

' Lh
, Lr3 < ±

and

sup sup
σ 8(L + M)(t + A)

If | Si — s21 <: r3, then for 0 <.u <: sλ — h, we have
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- ξn || = sup I χ(u + θ) - ξ\σu + θ) \
-ίiS«S0

g sup I ξ<(σu + σθ) - ξ\σu + θ) \

< 7(6) ,^ Lh(σ - 1) ^ ZΛ
t - h

and hence we obtain the following inequality.

(3.8)

since

du
8 '

M) _ f(u,χn)\du

< »- ) I £«(M) _ / ( % , K ) I du

- /(M» #•) I

I /(«, χ.) - /(M, «.) I d« +

- ' I f9(tt) - /(%, fi) I d

J

+ Γ1"
Jo

I ξ\u) - fin, ίί) I
3ε
8
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s2-h

469

\ξ\u)- f{u,ξl)\du

Moreover, let 0 < r4 < ε/8(L + M) and | s,, — s21 < r4. Then we have

(3.9) ί'1"* β-^ i-> I ζ(w) - f(u, ζu)\du<±.
h

Finally, let 0 < 2Lrδ < 7(ε), (e^ - 1)(L + M)(t + A) < e/16 and | s, - s2 \ < rδ.
Then we obtain

= max (ojssup_j ζ(u) - ξq(u) |, ^ ^ s u p ^ \ ζ{u) - ξq(u) \)

^ max ( sup | ζ(u) - χ(u) | + sup | χ(%) - ξg(u) \ ,

sup I ζ(u) — x(s2 — A) I + sup I ζg(u) — x(s2 — h) \

^ max (I x(s2 — h) — x(s1 — h) \

^ max (Z/(s2 — sO + L(σ — l)(Si — h), 2Lrδ)

£ max (2Lr5, 2Lrδ) = 2Lrδ < 7(ε) .

From this it follows that

(3.10)

If i e-**->\t(u)-f(u,ζ%)\du
I Js2-h

- [ι

 β-* .-> i i'(%) - /(«, ξi) i

^ I Γ1

 e-ίt i—>{| ζ ( % ) - f(u, ζ.) I -
I J i-A

s2-h

I f(u, ζ.) - /(«, 5S) I

M)(t +

since ζ(u) = f?(u) on [Sj — /ι, s j . Now let r0 = min (r1( r2, r3, r4, r6) and let
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ξ e Aa(s2, xHy L) be a function such that

v(s2) = V(s2, x82, L) = f V * «-> I ξ(u) - f(u, ξu) I du ,
Jo

where 0 < s2 — st < r0 and s lf s2e [t, t + A], Then from (3.6) through
(3.10), we obtain

JO

^ f H
Jo

_ / ( M f χ.)

- /(%, £f) I d%

(tt) - f(u, f ) I dt* + ^

< fβ2 e-^ .-) I ξ(u) - f(u, ξu)\du + e = v(s2) + ε ,
Jo

that is, ^(sO — v(s8) < ε. On the other hand, let ζ e Aa{su x8ί, L) be a
function such that

v(sd = V(su x.ι9 L) = Γ1 β-^ i-) I ί( t t ) - f(u, f.) I du ,
Jo

and extend f so as to be ξ(u) = x(u) on [sίf s2]. Let 0 < (L + ikf)r' < ε
and I Si — «i I < r'. Then we have
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v(s2) rS TV'"*-" I ξ(u) - f(u, ξ.) I du
Jo

^ β-i(.i-i) ίH

 β-2( i—) I £(M) _ / ( M f f j I du
Jo

^ ΦO + (L + Λf )r' < φ x ) + ε ,

and thus v(s) is continuous on [t, t + A],
Especially, when x(s) = x(s, t, ψ), we extend £ e Ao(s, xa, L) so as to

be ζ(u) = x{u) on [s, s + δ] for some δ > 0. Then we obtain

Since this is true for all ζ e Aα(s, x8, L), v(s) is non-increasing. For
x1 = χ\n) e S{1Λ)(s, x8), we have

V(s + δ, x\+δ, L) ^ e-χδV(s, x8, L) ,

and hence

VU8,x.,L)£ -XV(s,xs,L),

which implies (3.5).

4. Theorems. We are ready to prove our theorems.

THEOREM 1. In order that the zero solution of (1.1) be integrally
stable, it is necessary and sufficient that for some a,0<a<H, and
r > h, there exists a family of Liapunov functionals {V(t, φ, L)}, L >
aftr — h), defined on [r, oo) x Cα(°o) which satisfies the following con-
ditions:

( i ) V(t, φ, L) is continuous along a curve which is L0-Lipschitz
continuous, where L Ξ> Lo.

(ii) 6(11*110^ VfoΦ,I<)£K\\Φ\\i on [r, oo) x Cα(oo) ,

where b(s) is continuous, increasing and positive definite.
rt+δ

(iii) V{ίΛ)(t, φ, L) ^ V[1Λ)(t, φ, L) + limδ_0 + 1/δ ^ | p(u) \ du on [r, oo) x
Ca(°°)f where peB0.

(iv) V{lΛ)(t, φ,L)^0 on [r, oo) x Ca(L).
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PROOF. Assume that there exists a family of Liapunov functionals
which satisfies the conditions in the theorem and the zero solution of
(1.1) is not integrally stable. Then, since IS is equivalent to (|| | | l f || HO —
IS w.r.t. CH(oo) on [r, oo) by Lemma 1, there exists an ε0 > 0 and
sequences {tn}, {τn}, {pn{t)} and {Φn} such t h a t

r ^ tn ^ τn , pneBι , ( | pn(u) \du< — ,
jt n

Φn£CH{oo), I I ^ H ^ J L and 11^(^,^)11^60,
lib

where yn = yn(s, tn, φn) is a solution of (1.2) with p(t) = pn(t). Choose an
n so large that 1/n < a and (K + ΐ)/n < b(ε0). Let φn e Ca(Ln), Mn =
α m a x M ί t ^ ί W and Pn = ess supi?i^tt^rTO | pn(u) |. For an L such that
L > max(Lw, Mn + Pn, a/(r — h)), consider V(t, φ, L). By (iii) and (iv), we

rt+δ

have Vyn(s, y", L) ̂  limδ_+0+ 1/δ \ |p(u)\ du, because V'yn{s, yn

s, L) <̂  V'a 2 )(s,

yn

s, L). Hence, for tn ^ s ^τnf we obtain

V(s, y:(tn, φn), L) ̂  V(tn, yΐβn, φn\ L)+\ \ pn(u) \ du .

Setting s = τn, we have

V(τn, y*rβU9 φu), L) £ K\\φn\l + ±- < * ± ± < b(ε0) .

On the other hand, by ||2/?w(in, Φn)\\i ^ ô and (i), we obtain

V(τn, y«βn, φn), L) ̂  δ(|| y*βnf φn) \l) ^ b(ε0) ,

which is a contradiction. Thus the zero solution of (1.1) is integrally
stable.

Now for an α, 0 < a < H, r > h and λ = 0, define V(t, φ, L) by (3.1),
where L > a/(r — h). By Lemma 3, V(t, φ, L) is continuous along a curve
which is Lo-Lipschitz continuous, where L ^ Lo, and V(t, φ, L) satisfies
(iv). From Lemma 2 it follows that V(t, φ, L) satisfies V(t, φ, L) ̂  K\\φ \\x

and (iii). Thus it is sufficient to prove that W(t, φ) is positive definite
if the zero solution of (1.1) is IS. Suppose not. Then there exists an
ε0 > 0, sequences {ίn} and {φn} such that tn ^ r, φne Ca(°°)f || ̂ » ||i ̂  ε0 and

φn)~+0 as n~+oo .

Let δ(e0) be the number in the definition of (|| ||i, II Hi) - IS w.r.t. CH(oo)m

Choose an n so large that W(tn, Φn) < δ(ε0). Then for sufficiently large
L > a/(r - h), we have V(tn, φnj L) < δ(ε0). Now let ξ e Aa(tn, φn, L) be a
function such that
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and define p{t) by

(ξ{t) - fit, ζt) for ί e [ 0 , ί J

10 for te(tn, oo).

Then f(ί) is a solution of 4(ί) = /(ί, a?,) + p(£) through (0, 0) on the
interval 0 <: ί ^ ίH, but | |&J | i = | |$Uli"^ e<>. This contradicts the defi-
nition of (|| ||i, || ||i) — IS w.r.t. Cff(oo). This proves the theorem.

THEOREM 2. 7w order that the zero solution of (1.1) be integrally
attracting, iί is necessary and sufficient that for some a, 0 < a < H, and
r>h, there exists a family of Liapunov functionals {V(t,φ,L)}, L>a/(r—h),
defined on [r, oo) x Cα(oo) which satisfies conditions (i), (ii) and (iii) in
Theorem 1, and

(iv); V'(1Λ)(t, φ,L)^- V{t, φ, L) on [r, oo) x Ca(™) .

PROOF. Assume that there exists a family of Liapunov functionals
which satisfies the conditions in the theorem and the zero solution of
(1.1) is not integrally attracting. Then, since IA is equivalent to
(II * lli» II 111) ~ IA w.r.t. CH(oo) on [r, oo) by Lemma 1, for any δ>0
such that δK < δ(α), there exists an ε0 > 0, sequences {tn}, {τn}, {pn(t)}

and {φn} such that tn^r,τn^tn + n, pne B\ ^ | pn(u)\ du<l/n, Φne CH(™),

\\φn\l < δ and \\yΐn(tn, φn)\\x ^ ε0, where yn(s]tnj φn) is a solution of (1.2)
with p(t) = pn{t). Now choose an n so that δK + 1/n < b(a) and δKe~n +
1/n < b(ε0). Let Φn e Ca{Ln), Mn = a m a x M ί t , Γ ί ι l(u) and

Pn = ess sup I pn(u) \ .

For an L such that L > max (Ln, Mn + Pn, a/(r — h)), consider V(t, φ, L).
From (iii) and (iv), it follows that for tn ^ s ^ τn,

V(8, y:(tn, φ%), L) ^ V(tn, yΐn(tn, φn), L)e^-^ + Γ | pn(u) \ du .

Setting s = τnf we have

V(τn, y*βU9 φn\ L) ^ 8KB-* + ± < b(e0) .

But, by ||i/?n(ί», Φn)\l ^ e0 and (i), we have

V(τn, yUtn, Φn), L) ^ b(\\ y«n{tn, φn) ||0 ^ δ(ε0) ,



474 T. FURUMOCHI

which is a contradiction. Thus the zero solution of (1.1) is IA.
Now assume that the zero solution of (1.1) is I A. Then by Lemma

1, the zero solution of (1.1) is IS and IA is equivalent to (|| ||, || HO —
IA w.r.t. CH(oo) on [r, oo). Let δ0 correspond to the d0 in the definition
of (|| ||, II Ik) - IA w.r.t. C^(oo) on [r, oo). For <50* such that 0 < δ0* < δQ,
let a = <50* and let r > h. For λ = 1, define V{t, φ, L) by (3.1), where
L > a/(r — h). It is sufficient to prove the positive definiteness of W(t, φ).
Suppose not. Then there exists an e0 > 0 and sequences {tn} and {φn}
such that ίn ^r,φne Cβ(°o), || φn \l ^ ε0 and

W(tn,φn)~+0 as n-> oo .

If {tn} is bounded, we have a contradiction in a similar way to the proof
of Theorem 1. Now we consider the case where

Choose an n such that

ί. > Γ(e0) + r + 1 ,

where Γ(ε0) and ^(ε0) are numbers corresponding to those in the defi-
nition of (|| ||, || HO - IA w.r.t. CH(oo) on [r, oo). Then for sufficiently
large L > α/(r - h), we have V(tn, φn, L) < 7](εo)e~{T^)+1). Moreover, let
ξ e Aa(tn, φny L) be a function such that

- fin, £„) I du < 57(εo)<τ<:

and set tn - (T(ε0) + 1) = ί0. Then ί0 ^ r and tn > t0 + Γ(e0). Then clearly

:.) I du

e lί» B> I ξ(u) - f(u, ξu) \du<η(

and hence, we have

Γ" I ξ(u) - f(u, £„) I ώw < 7}(ε0) .

Define p(t) by

- /(ί, £,) for t e [0, ί.]

(0 for ί e ( ί . , oo),

Then ξ(t) is a solution of x(t) = /(ί, a;,) + p(t) on ί0 ^ ί g ί» such that
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| | £ ί 0 | | < δ 0 . However | |£ f J | i ^ e0, which contradicts the definition of
(II Hi II * HO - I A w.r.t. CH(oo) on [r, oo) since tn > t0 + T(e0). This proves
the theorem.

Now we shall show the equivalence between I A and A under BIB.

THEOREM 3. If the zero solution of (1.1) is integrally attracting,
then it is attracting under BIB perturbations.

PROOF. Assume that the zero solution of (1.1) is integrally attracting.
First we prove that the zero solution of (1.1) is S under BIB. By
Theorem 2, there exists a family of Liapunov functionals {V(t, φ, L)},
L > a/(r — h), defined on [r, oo) x Cα(oo) which satisfies (i), (ii), (iii) and
(iv)\ Suppose that the zero solution of (1.1) is not S under BIB. Then
by Lemma 1, it is not (|| \\lf || ||0 — S under BIB w.r.t. CH(oo) on [r, oo).
Therefore there exists an ε0, 0 < ε0 < α, and for any δ > 0, there exist
P(t), to, ίi, Φo and y = y(s, t0, ψ0) such t h a t p e BIB1 \\ p \\IB < d, r ^ t0 ^ tlf

Φo e Cβ(oo), II φ0 \l < δ, II yh(t0, φ0) \l ^ ε0 and | y(t, t0, &) I ̂  α for t e [t0, t j .
We take a &, 0 < k < 1/K, such that Kb(kε0) < δ(ε0). We may assume δ
is so small that

^ b(kε0) , iΓ&(A:ε0) + δ < 6(ε0) .

Since || ^ Ik < ^ < b((b(keQ))/K) ̂  6(&ε0) ^ iΓfcε0 < ε0, there is some ta e (t0, tλ)
such that

, φt) \l > δ ( ^ ) for ί 6 (ί2, ίt) .

Let 2/t2(ί0, ô) 6 CXLO, Λf = α max, l S l l S ( ! Z(w) and P = ess sup ( l S a S t 21 p(u) |.
Consider F(ί, <4, L), where L > max (Lu M + P, a/(r - h)). From (ii), (iii)
and (iv)', it follows that

V'y(t, yt(to, Φo), L) S VaΛ(t, yiU, φo), L)

^ - V(t, yt{U, φ0), L) + q(t) ^ -b(\\yt(t0, φt)\\J + q(t)

g(jt) <-δ + q(t)

rt+δ

where q(t) = lim^0+ lβ \ I P(u) I du. Now integrating from t2 to t l f we

have

V{tu yh(tQ, φ0), L) - V(t2, yt2(t0, φ0), L) ^ -5(ίχ - Q + P | p(w) |

and thus
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δ(60) ^ 6(|| yh{U, Φo) 111) ̂  V{tu yh(t0, φ0), L)

^ V(t2, yt(t0, φ0), L) + δ^K\\yJt0, φ0)||, + δ

ψ + δ ^ Kb(kε0) + δ ,

which contradicts the choice of δ. Thus the zero solution of (1.1) is S
under BIB.

Next, we shall prove that the zero solution of (1.1) is A under BJB.
By Lemma 1, it is sufficient to prove the (|| ||i, || ||i) — Attraction under
BIB perturbations w.r.t. CH(oo) on [r, oo). By the above-mentioned, there
exist two increasing functions δ = δ(e) and Ύ] = f]{e) on [0, a] such that

(4.1) || p \\IB < Ύ] i m p l i e s || yt(t0, φ0) \l < e

f o r a l l p e BIB, φ0eCa(oo), \\ φ0 \l <δ a n d t ^ t o ^ τ . L e t δQ = δ(a). L e t

ε > 0 be given. We claim that

Ka + —
1 2

Ύ](e) = min (^(ε), -wb(δ(ε))) and T(ε) =

are the required numbers in the definition of (|| \\lt || HO — A under BIB

w.r.t. CH(oo) on [r, ™). All we have to show is that there exists t* e
(to, to + T(ε)) s u c h t h a t \\yt,(t0, φo)\l < δ ( ε ) , w h e r e φoeCa(°°) a n d H ^ l k <

δ0 = δ(a), because we have

II VtiU, Φo) Hi < ε for all t ^ ίβ + Γ(ε) ^ ί*

by (4.1) since η(ε) ^ η{ε).
Now suppose that there does not exist such a t * . Then

δ(ε) ^ || vlU, φo) \l£a for all ί e [ίβ, ί, + Γ(ε)] .

In a way similar to the previous proof, we obtain

0 < b(8(ε)) ̂  V(t0 + T, ytΰ+S0, φ«), L)

^ V(ί., yto(to, Φo), L) - b(δ(ε))T +(T+l)v

^Ka- (b(δ(ε)) - λb(δ(ε)))τ + —b(δ(ε)) = Ka - Ka = 0 .
\ 2 / 2

This contradiction shows that the zero solution of (1.1) is A under BIB.

REMARK. If the zero solution of (1.1) is IA, then it is totally
asymptotically stable (TAS), too. Here, the zero solution of (1.1) is TAS
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if it is S under Bτ and A under Bτ.
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