
NOTES ON FOURIER ANALYSIS (XXXVII):

ON THE CONVERGENCE FACTOR OF THE FOURIER SERIES

AT A POINT*>

B Y

NOBORU MATSUYAMA

1. Letf(χ) be an L-integrable function, and denote its Fourier series by

(1) /(AT) — o a0 + Σ (an cos nx 4- £M sin nx) = *Σ> An (x)-

Hardy1) has proved the following theorem,

( i . i ) //

2)

then the series Σ An (x)/log n converges at the point x, where

<p(t) -=γ{f(x + t) + f(x -t)-

On the other hand Wang-> has proved the following theorems.

(1. 2) If

(3)
0

then the series Σ ^4w(x)/«12 converges at the point x.

(l 3) Conversely if for 0 < p <1 the serier

converges, then

*) Received August 10, 1949.
1) G.H Hardy, Proc. London Math. Soc, 1 3 (1912).
2) F T.Wang, Tδhoku Science Report, 24 (1935).
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t u

(t) = £ du f φ (P) ώ> =

The object of this paper is to prove the following theorems concerning (1. 2)

and (1. 3),

THEOREM L There exists a function such that

(4)

exists by the Cauchy seme, but ΣAn(x)!n8 is not convergent, where r > 0,

0 < δ < 1/(2 + r).

THEOREM 2. If for any r > 0

(5) j
- o .

then the series Σ ^4n (ΛΓ)///1^8"1"^ converges.

THEΌREM 3. There exists a function f(x) such that
00

(6) Σ A ( V)'>

converges, and

(7) Φ2(/)

0 ̂  ^ < p.

2. In Theorem 2 if r = 0 then we have Wang's result (1. 2).

LEMMA. There exists an even function φ(x) such that for any δ, (2 -f

δ > 0, lim sn (0, φ)/«δ = co, and

converges by the Cauchy sense, where r > 0*

PROOF. Let {ρk}> {qk} and {̂ Λ} be three increasing sequences and

PQ = go = h pk = ft f̂t

Then the even function ψ(t) is defined by
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Φ (/) = ck sin pk t,

if / is a point of the interval Jk = (TT/^, πfqk-i), where {ch} is some positive
sequence determined later.

1°. The condition for which ψ (t) is integrable.

ί \φ(t)\ dt^^ck [ \smpkt\ dtίk πΣck'qk-i.
J k=i J k=i
0 / *

Hence if this last series is convergent, then ψ (t) is integrable.

2°. The condition for which the condition (5) is satisfied. Let τr/qι^ ε < π/qι-i,

π/qk ̂  δ < πjqn-i and k < L

I 4-

Hence if this last series is 0 (1) as £ -> 00, then the condition (4) is satisfied.

3°. The condition for which

l im sn (0, φ)/n6 =. 00 •

If we consider especially the sequence {spk (0, <p)fp8

k},

[ Ψ (t) (sin pk t/t) dt = f f +\ +\ )^i5*i+X2+ ̂ s>
0 0 */ί& */?fc~ 1

say.

[ίiI = j V ~i [ Γ/ cos (pi - pk)t - cos (/>* -f pk) t\ It] dt\

' ^ + i 2 i / « u j J '
CO CO CO

^ = "~n ' ' C Cl: &pz \Pi Pb) ^b x ' C: C1'• ί9 : : : = ^ ^ C:JfX{*
A i— , 1 - 1 * - * ' 4 * Λ t * t « # a X . 1 1 * • * « ' * • » 1, . 1 *

= f log (**'?*->) - f j * * [cos 2/>* /// ] dt.

Hence
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^ - O - cklμ.k.
is

By the similar way as [ jy,

k-x

}S3\ ^Σ«,W

Consequently

I J Φ (/) sin/)* /// it j > J"2 - \Sy \ - |S3]
Ό

That is, it is sufficient to prove that

»-i -" °° (0 < δ < 1/(2

(ί) Σί*ί;«*<

If we put

p» = 1 3 5 ... (2k + 1), uh =

ί* = />; i - S ) / ( 1 + r ) k~\ and ί jk =

then the left hand side of (̂ >) is

1 (1-8
τ ^ 4 l o g (2/^+1}+log —k—

Thus the condition (£) is satisfied.

Now, we have

PI

This is the condition {ή* Lastly the left hand side of (a)
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(lθg(2k+ ! ) ) - « ( * - 7)

Since

Σ(lθg(2yfe+ l ) ) ^ p l-Cr+2

l - ( r + 2 ) δ > 1 _ r + 2 1 = 0

r + 1 r + 1 r + 1 ' r + 2

and the inequality

2+ r - δ < χ 1 - ( r + 2 ) δ

has a solution, that is

r- -4V) > 1 + ̂  > 0,
1 - ( Γ + 2 ) δ \ r + 2 ,

the condition {a) is satisfied, and thus the Lemma is proved.

3 We prove Theorem 1.

If φ(t) satisfies (4) we can easily prove σn = 0(1),

Σ Ak (0)/# = Έ(k+l)σk (0) Δ* (1/ifeβ) + n σn-1 (0) Δ (l/(*

Since there exists a function satisfying (4) such as

Πm sn (0)/»« = oo
Λ->oo

for 0 < δ < l/(r+ 2), our theorem is proved.
Proof of Theorem 2 is similar as that of Wang's.

4. We will pass to the proof of Theorem 3. Without loss of generality

we can suppose that f(t) is even and x = 0. As the theorem is proved by

the same way as the following theorem, we prove only

THEOREM 3'. There exists an even and integrable function f (x) such that the

series
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if convergent for 0 < p < 1, and

t u

0 0

Let/(AT) be an even, periodic and integrable function with ao = 0. Generally

Σ Ak (<>)/*• = 1 ( /(/) ( j ; cos

0 κ * 0

say. If sn (0) --= 0 (»ε) for p > ε > 0, then Q = o (1), and

Σ 'Λ (0) Δ (1/ΛP)| ^ Σ A-^l+« < oo.

Thus the series Σ J * ( 0 ) Δ ('/&*) is absolutely convergent, and

Λ - l

P - Σ Λ (0) Δ {1/kή = O (1) (»
Λ = 1

Consequently it is sufficient to prove Theorem 3' that there exists an even

function/(ΛT) such that,

(8) /.(/)*O(* )
and for any ε > 0

(9) *. (0,/) = *(*•)•

Let {̂ fc} and {qu} be two increasing sequences such as pk > qk, {uik} be de-
creasing tending to 1, and if / e Jk =(τr/qk, τtμk!qh)

f (/) = 2ck sin pht + ±ck pk t cos pht- ck pi t2 sinpk t, t e Jk,
= 0, elsewhere.

1° The condition that f (x) β L. 7/ ck ^ 0,

) { 2 I
*tqk
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^const. Έck(μk-l)pl q-ς'K

If the last series converges then/(χ)eL.
2° The condition for which (8) is satisfied*
We consider the integral of f(χ) in Jk.

f *
3 /(*) Λ = 2 ck tsinpk t+ ckph t2cospk t
Jk «
3
Jk

where we suppose that ^ is a common divisor of pk and uk pk> and

(10) pk'qk = even, />Λ μΛ/̂ Λ = even.

Consequentίy if /^/Λ, then

Λ(/) - (/(«) A = Σ f /(«) A + ( /(») A

= . Σ ^i pi {n\ - 1) τrV?5 - *h pk **lq\ + Pen t sinpk t+ ckpk f cospk t)

= Λk-Bh + (?ck tsϊn pkt+ ck pk f- cospk /), say.

J /i (u) du = (Ai - Bi) {uii - 1) rtfa.
Ji

Hence if / ejk, then

ι= f/i(«)A=.Σ (Λί«)A+f Mu)du
Ji *l<ik

f- sinpk f.

t~*f* it) = τ/- 2 . Σ χ («« - 1) ( ^ - Bi) qji + r 2 (/ - 7cq^) (A¥ - Bk) + ch sinpk t

-nq?) \Ak- Bh\
oo

Σ ^ pt !?f2 (w* - 1) + ckpk q

«+l
00

S ck pk (μk - l)/f* + ^r-1 ̂  (A** - 1) . Σ + i ̂ ί pi (a* - 1)/%
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(**) I t~"~ Σ (* - 1) (At - Bdlίi j

00 00

-\Σ+i(«* - 1 ) ( . Σ ^ pj qf (M? - 1) + d p, qΓ>) q^

H e r e if we p u t

pi = q% (2/)2> qι = 2 i a , ui = 1 + ί-1, and r t = O (1),

00

( * ) " "~ ^ ^ ( ^ ~~ ^ ί f e ^ 1 ) ^Λ P * tfk2 ~^~ t~2 \ t ~~ rf Q k > ̂ J ^i P i 4 ϊ 2 ( A 6 ? ~"

oό'

* = ft+l * *
oo

*= — t~" \t — n qk

 λ) Ckpk qk i" C/ \£R v

= - / ~ 2 (t - 7t q~λ) ck pk qk

2 + ° 0)*

Σ /2

Σ 2

Consequently

lim ^- 2 / 2 (/) = Inn {0 (1) - /-* (/ - -rt qk) ck pk q~* + ck sinpk A

= O (1) - lim 0 (/-2 (/- * ?ft-
1) ^ 2-*2) = - 00.

3° TZ'̂  condition by which (9) /j satisfied*

We must prove that

(11) »-* J [/(/) sin »///] dt = o (1).
0

If « = pk, then

f iy(/)sin*,ί//]<// = f . Σ \ + Σ
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say.

CO -

I Jil ^ . Σ a \ (pi pkt + pi ρkt + P\ρk z
3} it

CO

^ .Σ+ iΛ A {2A («i - 1) βi {τtqΊ*r- + p* »J

g pk . Σ χ

= \ ck{\- cos "ρΛ^)'/dt + ) 2r f t/>*sin2ρΛ/J/ - ] chp
t

ktsin2pktdt
Jk Jk Jk

= ck log,** + O(ckqk μ-1)+ O(^) + Ofa/5) ( (/+ tcos2pkt)dt
Jk

= ck log μjfc + O (1) 4-

Hence

and

lί n^F pk then for some k, pk < n < pk±i.

+ J
0

and by the similar calculation we have

sn = o (nή.

Thus Theorem 3' is proved.
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