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1. Introduction. The object of this paper is to generalize Young’s
convergence criterion for Fourier series. To simplify the writing, we
shall suppose that the Fourier series

Pt ~ ~%~ ay+ > a,cosnt

=1
in question is that of an even periodic function which is integrable in the
Lebesgue sense. Then Pollard [4] generalizes Young's .test as follows.
THEOREM. The Fourier series of ¥(t) converges at the point t =0 to
the value zero, provided that

t
(1) [ P(u)du = o(t), ast->0
o
and
13
(2) [ ld{up(u)}| = OCt), 0<t=<9.
D

On the other hand Hardy and Littlewood [1] proposed the problem,
whether we can replace (1) and (2) by

13

(3) f ?’(u)du:o(t//log—%—), as >0
0

and
1

(4) f |d{wp(w)}| = 0w), 0<t =y,

0
for some A >1. Later Randels [5] proved that this is impossible. Concern-

ing this problem we shall prove the following theorem.
THEOREM. The Fourier sevies of P(t) converges at the point t = 0 to the
value zero, provided that there is a A =1 such that

13
(5) f P(u) du = o(t*), as t->0,
0
and
t
(6 f |} = Ot),  0=<t=n.
0

w

Proof of Theorem. It is sufficient to prove that
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lim w(t) 5‘“ @l g = 0.
W
0

Since ®(t) is Lebesgue integrab]e we have
tim [ ey et SO 4y = g,
w-co

n

for any fixed n > 0. Let us now put
a = (‘k/(‘))UA
where k is a constant taken sufficiently large and put

12
d(t) = f P(u)du = o(t*), as t->0.

Then we have
@ . . ] ] .
f(p(t) smtwt df — [(I)(’t) 311;th ~f o) wtcoswtt:smwtdt
“o
0

= 5L+ 1,

say, where
| 4] = o(a*~1) = o{(k/w)A-DI3} = o(1), as w > o
and

111 = 0 (o[ £272) = o@a) = ofwih/w)*2)

0
= 0(1), as @ - oo.

Hence it is sufficient to prove that

b Sm wt
P(t) dt| =0,

@

l}jm lim
where a = (kjlw)>.
t
Let us put (%) = *¥(#) and (L) = f |dO(u)|, then @(t) = O(¢t) and

6(t) = O(), since 6(0) = 0 is an easy consequence of (5) and (6).
Our concerning integral is therefore

7 f o(t) O gy - f o) SIOE g

2

7
- f oct dACL),

Il

Il

where

At = f St g



218 GEN-ICHIRO SUNOUCHI

From the second mean value theorem, we get

A(t) = °tAle sin wt dt = O{ew-1t-(3+D},
t

Then
n n
—J= f 6Ct)aACt) = (AT + f AHddct)

=i+ ],
say. We have now
Ji = O(w 'aa=) = O{w~'(k/w)~2/2}
= O(k~Y = o(D), as k> oo,
and

n n
]2=f LA | 1ot = w—fO{t—<A+1>}fde<'t>

7
=0 {(u"l[t“(“‘)@(t)]a;} + 0 {w“‘f OIS dt,( '

= K, + K,
say, where
K; = Ow=1) 4+ Olw~'aa=2) = 01) + O{w~{k/w)"'} = Ok) = o1}, ask->
and

v
K, = o{arl[ t-(a+0 dt} = Ow-1[t-3T") = o(1).
@

Thus we get the theorem.

ReMARK 1. The condition (5) does not imply the convergence of the
Fourier series of ®(#). See Hsiang [2] or Izumi and Sunouchi [3].

ReEmArk 2. If (5) and (6) is valid for 0 <¢=<9, then the analogous
estimation gives

7T
a, = [ @) cosntdt = O(n~12),
0

provided that A >1. Hence our test is closely connected with the test of
Wang[ 6.

LITERATURE

1. G.H.Harpy axp J. E. LirrLeEwoop, Some new convergence criteria for Fourier series,
Annali di Pisa, 3 (1934), 43-62.

2. F. C. Hsrang, The summability (C, 1—&) of Fourier series, Duke Math. Journ., 13
(1946), 43-50. \

3. 8. Izumr and G. Suxovcui, Theorems concerning Cesaro summability, Tohoku Math.
Journ., 1 (2) (1950), 313-326.



NOTES ON FOURIER ANALYSIS 219

4. 8. PoLragrp, Criteria for convergence of a Fourier series, Journ. London Math.
Soc., 2 (1527), 255-262.

5. W. C. RanpeLs, Three examples in the theory of Fourier series, Annals of Math.,36
(1935), 835-858.

6. F.T. Waxg, On Riesz summability ot Fourier series, (II), Journ. London Math.
Soc., 17 (1942), 98-107.

MATHEMATICAL INSTITUTE, TOHOKU UNIVERSITY, SENDAIL





