CERTAIN FOURIER TRANSFORMS OF DISTRIBUTIONS

KiNsAKU TAKANO

(Received June 25, 1951)

1. Introduction and summary
Recently E. Lukacs and O.Szisz [3] gave a necessary condition which
the reciprocal of a polynomial without multiple roots must satisfy in order
to be a charcteristic function. The assumption that the polynomial has no
multiple roots is, however, unnecessary, and moreover, if the degree of
the polynomial is less than 4, the condition is not only necessary but also
sufficient. The condition is not sufficient in case when the degree of the
polynomial is equal to 5. The proof and example will be given in §3. The
principle of the proof is the same as one given by E. Lukacs and O. Szisz.
Let L be the probability law defined by the density function
ae -, if x=90,
1) = {0, it x< 0,

where « is positive, then the characteristic function of L is given by
_ it \~!
pity=(1- 2]

The probability law L has a curious property; starting from the law L,
one obtains the same symmetric law by X = X; — X,, where X; and X, are
independent random variables with the law L, or by X = &X, where & and
X, are independent random variables, & taking on # 1 with equal probabili-
ties, the law of X, being L. The identity of the two laws, which are in
general different, is expressed by the formula

a.1 -;— o) + P(— 8] = PEIP( — 1),

Under the condition that ®@(¢) is a non-vanishing characteristic function, the
solution of (1.1) is given by

_ 1
2 PO =14 sat)
where o(t) is a real valued function of ¢ such that
(1.3) o —t) = —ow(t).

A question arises, if there is another characteristic function of this form
than those obtained by putting w(2) = cf. P.Lévy [2] expressed himself that
this question did not seem to have been solved. We will give an answer to
this problem in the affirmative in §4.

Professor T. Kawata has informed me the result of E. Lukacs and O. Szisz
3], which has not been published as yet, and I have greatly profited from
his valuable remarks. I wish to express my sincere thanks to him.
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2. Auxiliary formulas and lemmas

ForMuLAs. (See [3] §3).

If R(a) >0, that is, a is a real positive number or a complex number
with positive real part, and )\ is a positive integer,

gmite T‘a—)x““e"”, if x>0,
2.1) o f g dt =
. 1 - 0, if x< 0,
and
” -RTHilT, zt
2.2) f meﬂewetdx (1—7
0
If R(B) >0 and )\ is a positive integer,
A
1 - e-itz j-ﬁ%ﬁ ("‘ x))\-—leﬂz’ if x< 0:
(2.3) e I
_m(l + 73—) 0, if x>0,
and
0
_ BI\A o — —1,B% gttt — _ii -
2.4) fI‘(x)( x Y —legf%e dx——<1+'8,>.

T

In (2.1) and (2.3), if A =1, means Hm
- TS0
LEMMA 1. (well-known). If a non-negative real valued almost periodic
Junction g(x) satisfies

M(g(x))=1lim *21“ f o()dx =0
TS0 &T
then g(x)=0
LeMMA 2. Let

(2.5) 9(x) = 2 (Bje~# + B,eP?)

J=1
where 0< b, < b, < - < bm, B;£0(G=1,2, ----m), and B expresses the
conjugate complex number of a complex number B, then

lim_)inf 9(x) <0, liminf g(x)<0.
2->oo

L=y =co
Proor. It is evident that
(2.6) 9(x) is a real valued almost periodic function,
(2.7) M(g(x)) = 0, and

2.8) M(lg(x)]?) =22 | By}* > 0.

J=1
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If g(x) is non-negative, from Lemma 1 and (2.7), it follows that ¢(x) =@
which contradicts (2.8). Therefore there exists at least one value x, such
that g(x) < 0. Using (2.6), we have

liminf g(x) < 0, liminf g(x) < 0.
TS0

3. TueoreM 3.1. (Eugene Lukacs and Otto Szisz). In order that the
complex valued function of a real variable t
(3.1) P)={co+ cr(it) + co(it) + -+ - +erit)"} Y, G=a/—1 , cx=0),
be the characteristic function of a probability distribution, it is necessary that
43.2) ¢o=1 and all c; are real,
(3.3) the polynomial with real coefficients

Qz)=1+cz+c22+ ---- + cwrY

has no pure imaginary roots, and that
3.4) ifax+ib(a=x0, b=x0) is a pair of complex roots of the polynomial Q(z)
thert it has at least one real root ¢ such that signc = signa and |c| < |al.

Proor. If the function ®(¢) is the characteristic function of a destri-
bution then :

(3.5) P(0) =1,
(3.6) )] =1,
3.7 P — t) = PE).

From (3.5), we have ¢, =1. From (3.7), we have
1+c(—at)+ce(—ity+ ---- +cnl —ait)?
=1+c —it) el — it + -+ + cal — )"
for all real . Therefore all c; must be real. (3.3) is derived from (3.6).
In the sequel (3.2) and (3.3) are considered to be satisfied.
Let the zeros of the polynomial Q(z) be
z=a;(j=12,----,m) and 2z2=-—-F3 (k=12 ----,n)
where R(a;) >0, R(B;) >0. and let their multiplicities be p; and q;. If a;
is not real, there exists a;,, which is conjugate complex with a; and p; = p;..
The same is true for 3;’s and g;’s.
The function (3.1) can then be written

m -1

(3.8) go(t):[g(l—w) I]( 4 ) J

If ®(t) is decomposed into partial fractions, it is seen that

m Py n g

_A_ =

where

(3.10) if a; is real then A;, is real, and if «; = a;, then A;, = A;, and
the same is true for B’s and B’s.
If m=0, i.e, if there are no roots with posﬂ:lve real part the first term
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of (3.9) is omitted, and if » = 0, the second term.

Let
1 [

3.11) 2) = o f e~ p(t)dt,
then, we have from (2.1)—(2.4),

m  py

>3 el woreen, x>0,
(3.12) S =4 B.g

gx ,21: -1*"77:1)" (— x) P, (x<0),
and ‘
(3.13) P(t) = f e=f(x) dx f fdx = #(0) = 1.

Using (3.10), f(x) is seen to be real.

Since

| P@B)] ~ lext?| 7, (> £ o),

it follows that {®(¢)] is integrable over ( — oo, o), assuming that N = 2.
Therefore, if ®(¢) is a characteristic function, then f(x) must be the proba-
bility density corresponding to ¢(¢#) (Cramér [1], p. 94). Since f(x) is con-
tinuous, it is necessary that f(x)=0 for every x in order that f(x) is a
probability density.

Conversely, if f(x)=0, from (3.13) it follows that ®(f) is a characte-
ristic function (This fact is used for the proof of Theorem 3.2).

To derive the condition (3.4), it is sufficient to prove that if none of
a; corresponding to the smallest f(a;) are real, then there exists at least
one value x such that f(x) < 0.

Let
&y =a;+ib; (a;,b; real) (j=1,2,----,m).
We may assume that
a1§az g gam.
We can find m, such that either
(3.14) G= W= T g < Qo S0 S Gy OT
my=mand @, =a,= ---- = Q.
Let )
max (P, bz, -+, Pme) =5,
max Pugsy, *- -+, Pm) =1,
then the function (3.12) can be written
(3.15) f(x) = x°~le~g(x) + O(x°~*¢~"%) + O(x*~'e~mo+17)

as x> + oo, where
(3 16) a= a; < Gue+1,
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(3.17) =3 AnX i,

1SjSme, v =5 P(S)

1f s =1 the second term of (3.15) is omitted, and if m, = m, the third term.
Because of (3.15) and (3.16), we have
(3.18) f(x) = x°~le~"(g(x) + o(1)), (x> o).
We may assume that b/s which appear in the right hand side of (3.17) and
are positive are arranged as ‘
0< b, <by< - < by

(3.17) can then be written

my

g0 =2 (B e~ %+ B ,ei"ﬂ’)
J=1
with B;0(G=1,----m,). From Lemma 2, it follows that

(3.19) lim inf g(x) < 0.

P
From (3.18) and (3.19), it follows that there exists at least one value x such
that f(x)< 0. . Q.E.D.

COROLLARY. If the polynomial with real coefficients ‘

Q2)=1+az+ a2+ - + @G-s2""% + 2"

of degree n without term of degree n—1 has only one value of real roots, then
1/Q(it) cannot be a characteristic function.

Proor. If Q(2) is decomposed into real factors it is seen that

Q@) = ai(z — ayll = — 2Bz + ), (k+21=m).

As the coefficient of z”-! in the right hand side is equal to zero,
¢ 14
228 —ka=0, or,  22af;= —ka*<0.
i=1 et

Therefore, there exists at least one j such that
However, 3; is the real part of a complex root of Q(z2) and & is the
only one value of real roots of Q(z). Therefore Q(z) does not satisfy (3.4).
Q. E. D.
THEOREM 3.2. If the polynomial of third degree with real coefficients
Q) =1+ a2z + a;2* + a;2®
has a real root & and complex roots B * iy, and if
signa = sign 8 and |a| < [B],
then
P(t) = L
Qi)
is a characteristic function.

Proor. Since, if ®(¢) is a characteristic function, ®( — #) is also one,
we may assume that 0 < a <8 and v > 0. If f(x) is defined by (3.11), then
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we have (3.13). Therefore, it is sufficient to prove that f{x) = 0.

P(t) = [(1 - “) <1 - ﬁ‘fh) (1 T B—i ltw )]_l

is decomposed into partial fractions it is-seen that

¢(t)=a/(1—%>+b/<1— /8+l'7 +b/ )
where .

o= [(1-5%%) (- 52%)] (”B‘gj&i)‘jﬁ?>0

and
(1 B+iv\({_ B+iy }"
[ LR-20)
We have
D Y A
)= 5 f P(t)e~“*dt
1 [ it \ it N\
— 11 . —igt —_ - —_— z,,f#,
"1,1_522”‘/.[08 <1 a) + be ‘(1 B+i')'>
it N\
+ be—=t <1 - m) ] dt
3 {aae““” + B(B + iy) em B+ 4 BB — dy) e~ Bz (x> 0),
(] (x<0),
If x>0,

f(x) = aae=* + 2R{b(B + iy) e~ 8+z)-

= aae** lLl — g~ (B-a)w {cos vx + B—a sin vyx}—l
Y a
=0
where we have used that
. ax g —a
b(B + l'}’) = —*7{1 + 14—‘77——*} .
CoROLLARY 1. If a polynomial of degree of 3n +m (n=1,2,----; m =0,
2,---.) with real coefficients
' Q(Z) =144 a2 + azzz + -+ ?g1z+m33"+m
has n + m real roots a; (j=1,2,----,n + m)and n pairs of conjugate complex
roots B;xiy; (j=1,2,---.,m) (multiple roots being enumerated by its multi-
Dlicity) and if
a;B; >0, lay| =181 G=12,----,n),
then,1/Q (it) is a characteristic function.
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COROLLARY 2. Under the condition that
n=4,
in order that (3.1) be a characteristic function, it is necessary and sufficient
that (3.2)—(3.4) holds.

Notice: If » =5, (3.2)—(3.4) is not sufficient in order that (3.1) be a
characteristic function.
Example. Let

P = [(1 - iz_t)(l N Bfi% )(1 - Biti'yxxl - Bfm )<l - B-il;'v:’)]—

where 0<a<p, fyl=<2n+%—>7z—-0, ')’2=<2ﬂ+——;—>7z‘+3,

5 and nns";" >1. 1 =1,2,3,---).

If B — « is sufficiently small, then ®(f) cannot be a characteristic function.
In this case, (3.12) can be written

0< o<

_ [Aae ¥ [1 —go(x; B —a)], (x >0),
@ = { 0, (x< 0),
where
-2
=(1—- . % V(1—- 2%
A_Kl ,3+i'yl><1 §+ifyz)\ >0,
[ . . E .
g(x; €)= Py {(E-+ v3) (cos vix+ o sin fylx)
— (& + 1) (cos ¥aX + —e—sin «y.,x)}.
1 2 72 | 2
Since

YICOSY: — YiCOSYy -, ,, SO o 1
vi— i 0

if B — a is sufficiently small, then

g1;B—a)>1

limg(l; & = g(1,0)=
>0

and we have
A1) <O0.
Therefore, #(t) cannot be a characteristic function.

4. In this §, we shall consider characteristic functions which satisfy
(1.1). Assuming @(?) in (1.2) to be a polynomial of t, from (1.3), w(f) con-
tains only terms of odd degree. Let

o) = ait — at’ + -+ + (— D'amt™,

then .
P(t) = (1 + iw(t)™r = [1 + ay(it) + ay(it)’ + - -+ + Gumer(@8)™+']7],

that is
. 1
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where Q(2) is a polynomial of degree 2z + 1 of real coefficients, without

terms of 2% 2%, ---., 2™,

4.2) Qz)=14@az+ a2’ + -+ + @2+, .

As (4.1) satisfies (1.1), we will consider if (4. 1) be a characteristic function.
If 2n+1 roots a,,a,, ----, Qi of the polynomial Q(z) are all real,

then ®(¢) is rewritten
2m+1 -1

4.3) o= 11 (1- g}—) ,

J=1
which proves that ®(f) is a characteristic function, for the product of
characteristic functions is a characteristic function. Conversely, in order

that (4.3) satisfies (1.1), it is necessary that a,;, a,, ----, @4, are roots
of a polynomial of the form (4.2). We have proved the following
THEOREM 4.1. For any n real numbers «;, &y, ----, &, such that &; == 0
(G=1,----,m), in order that the characteristic function
n -1
11
P(t) = (1 -2
® =11 =)
satisfies (1.1), it is necessary and sufficient that n is odd and all the elementary
symmetric functions of even degree of a,, L, ----, &, vanish.

It seems to be interesting, if there is a characteristic function (4.1)
such that (4.2) has complex roots. If #» <2, however, there is no such
characteristic functions. Indeed, we have the following

THEOREM 4.2. In order that
4.5) P(t) = [1 + a(it) + b(t)y® + c(ity°’1!
where a, b, c are real numbers, be a characteristic function, it is necessary
and sufficient that the polynomial

Q(z) =1+ az + bz*> + c2°

has no complex roots.

PrOOF. Sufficiency : evident. Necessity: we shall prove that ®(¢) cannot
be characteristic functions if @ (z) has complex roots. From Theorem 2.1
and its Corollary, it is sufficient to prove in case when ¢ =0 and Q(2) has
three real roots and a pair of complex roots which are not pure imaginary.
If ®(¢) is a characteristic function, @ being real number, #(at) is also a
characteristic function. This shows that we can suppose that ¢ = 1. Q(z2)
has then the following form

Q@)= (z—a)(z—B)(z -y {2+ (@+ B+ y)z— (@By)'}
Write
ssi=a+B+y, s;=aB+ay+ By, s;=aBy.

a, B and y must satisfy the following conditions
4.6) aBy(a + B+ v) %0, a, 3, are real,
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4.7) $1 = 83(53 — 5182),
(4.8) 2L —4s51,
(4.7) 1is derived from the condition that the coefficient of 2* vanishes. From
(4.8), we have s; = afry < 0. We may suppose that e <8 <1.

(a) Case when &« < B <y < 0. The real part — (@ + 8 + v)/2 of comp-
lex roots is positive. Q(z) does not satisfy (3.4).

(b) Case when

4.9) a<(0<B=q.
In this case we have
(4.10) s > 0.

In fact, f a+ 83=0thens;,=a +8+y >0, and if « + B< 0 then s,=
(@+ By +aB<0, s3<0 and so s, = sz/(1 + s;55) >0. From (4.7) x (4.8),
we have

(4.11) S L —4(s; — 51 8).
From (4.9),(4.10) and (4.11), we will prove that
(4.12) a< —(a+B+v))2<0

which completes the proof. These relations are invariant when we devide
a, B and y by a same positive number, hence we can suppose that
§;=a+ B + Y= 1.
Substituting 1 for s; in (4.11)
1< — 4(53 - Sz).
We have
1/4< s, —ss=a(B+v) + By —aBy
= a(l — a) + By(1 —a)
Sal—a)+ (1—ayp/s
= (1/49)1 + a — at — a?).
a’+ at—a<o,
at+a—1 >0.
« being negative, we have

1 a+B+y
a< 5 = 2 <0.

Since (3.4) is not satisfied, ®(¢) cannot be a characteristic function.

COROLLARY. In order that )

P(t) = [1 + a(it) + b(it)*1?, (a, b real, b =% 0)
is a characteristic function, it is necessary and sufficient thatl there exists a
real number & such that
a 1 .

(4.13) m— = q —@
(4.14) a= V4 or a<.
If there is such «, P(t) satisfies (1.1).
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