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Theorem B.
2. THEOREM 1. / /

(2.1) fit)-At) = o(lj log j y ^ T , ) , (t -» *, ί' ->*)

*&£W //te Fourier series of f(t) converges uniformly at t = #.

PROOF. We can suppose, without loss of generality, that x = 0 and /( ί )
is even. Let (xn) be an arbitrary sequence of positive number tending to
zero and sn(t) be the n-th partial sum of the Fourier series of f(t). Supposing
/(0) = 0, it is sufficient to prove that

(2.2) lim $,(*,) = 0.

For a given £ > 0, we can take δ > 0 such that if

(2. 3) \xn ± (t + Λ) I < δ, and |Λ:Λ =t / | < δ,
then
(2. 4) I /{*, it (t + A)} - /(*„ ± /) | < 6/log Q/A).

If we put

<2. 5) ίrn(ί) = /(Λ:, +

then we have
11

+ 0(1)

say.
Since the point ί = 0 is the Lebesgue point, ll% = o(l) by the well known

method and Kn = o (1) by the generalized Riemann-Lebesgue theorem (see
Zygmund [5H, P 22). If we put πj n = h and using

+h

i
δ δ

/
/Jtv sinwί ,. Γ ... sin

flrn(ί)—γ—dt^ \ gn{t)—

then we get

say. On the first term Ln, by (2.4) we have
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- 1 f

n - -g-j /

= To^l/FJ ~T -ε'

It is therefore sufficient to prove that
δ

M» = jrhj T(F+Ίι)
h

or equivalently

Now

h

say. Here by the second mean value theorem
T

Pi = ~~j- Γ ̂ p-sinnt dt {h < r < 2h)

Also

(f + Λ) (ί + 2/2)

we obtain
δ

J W+h)

Vl" f " - •» *

h h

say. Here
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h

and since ί = 0 is the Lebesgue point, we have
|P,I = Φ*).

Thus we can completes the proof of the theorem.

3. THEOREM 2. //,

(3.1) f(t) - fit') = o(l/log2\t -t'\-1) {t->x, f-ϊx),
and the n-th Fourier coefficients of fit) is of order (log n)Λl?ι, (oί > 0), then
the Fourier series of fit) converges uniformly at t = x.

PROOF. We shall adopt the simplification in the proof of Theorem 1,
Then we have

, v I f * ,Λ\ sin nt
Sn(Xn) =

 π I 9n(t) f

dt

rein τcβn

say, where
(3.2) ft, = (log nfjn, (a + 1 < β).

By the condition (3.1) we have easily ίn = o(l).
After R. Salem, we write, putting m = E(logw)β],

Jn=fgΛ(t)-^γ^dt + /IN0(1)

m-i rein

, . x sin we
{t) Γ

sin

where 0 < θ S Ww I f w e replace nθ + 2kπ and w0 + (2Λ + 1) TΓ by (2Λ + l)τr
in the last sum, the error is o(l). Thus
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±l>r. - θ) -

Finaly, by the second mean value theorem and the order of an, we get

τr oW ^ f cos mt sin nt .Kn = 22^am cos mxn I at
m=l J

^ (log w)

*+• nft ~

n)β \fn — n\m
n-i co

where ' denotes that the term m = n is omitted. Now

since /3 > <% 4-1. Analogously we get K2 = o(l), and this completes the
proof.

4. THEOREM 3. For any x, there is an integrable function f(t) such that

(4.1) f(x + t) -f{x) = O(t) (t -> 0),

and the n-th Fourier coefficients of fit) are of order n~δ (0 < &< 1), but the
Fourier series of f(t) does not converge uniformly at t = x.

PROOF. Let {nk) be a sequence of integers such that

(4.2) nb+l>ein* (£=1,2, ••••)
and let (Δfc) and (Δi) be sequences of intervals such that

Λ = ( ^ [^> * \
fc V l o g ^ f c % } l o g n f c /

( 4 . 3 ; (£ = 1,2, ••-•)

Λ . = f 7T ^ _ C ^ " δ >
& V log nk ' log njc nk

Then they are disjoint systems.
Let us define an even function fit) by

/(/) = ( - 1ft sin n* (t - τr/log nk) in Δfc

= ( — lf+ι t sin nk (t — τr/log nk) in Δ^

and f(t) = 0 in (0; TΓ) - V(Δfc UΔί). Then we can easily see that fit) satisfies
fe l
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the condition (4.1) and that the Fourier coefficients of fit) are of order n~δ.
Let us now consider the n-th partial sum of the Fourier series of f(t)

at t = xn where {xn} will be determined later. Then, as in the proof of
Theorem 1,

+/ + / j
i / δ / 2in

S m ^ Γ dt + 0(1)

rt\n

. Taking n=nk, m ~ [nl δ/2]and xnk ~ π/lognjc, we have
m-l (\+l)τtlnk

r = y [ \ f ( * + t ) + f ( * t ) \ ~
jtok *mt j ]^ WogΠjc / v l o g w ^ /J

0

[ ( ^ t)

m 2 ) / 2

const.

0

(m-2)/2

Thus (Jnk) does not converge to zero. Hence sn (ττ/log ») does not converge.
Thus the theorem is proved.

5. THEOREM 4. If

(5.1) <P(t) = fix+ t) +f{x - t) - 2f(x) -» 0; as t -> 0,
(5.2) / ^ function θ(t) = f^(0 is o/ bounded variation in an interval (0,77),

(5.3) f
0

#, where A is a constant, then the Fourier series of f(x) converges
uniformly at the point x to the value fix).

PROOF. We have

s»(tn) = 4 / W » + *) S m < n t dt + °0 )
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= \ (f+ f + f) ψ(tn + t) ̂ ψ
fc/

at

where ^ is a fixed number and tn -> 0.
For any £ > 0, we shall take δ and £ such that if \tn\ < δ and | ί | < k/n,

then |9»(fn + 0 | < <?.
fc/λl tί

Then | P n | ^ 6 Γw dt = o(l), and |/?w| g Γ ^^~^sin ntdt =

o T?

uniformly for 4 by the generalized Riemann-Lebesgue theorem.
Put

f»«; = ^(ί» + 0/t for k/n^tS v
= 0, otherwise,

and if we prove that the total variation of ξn(t) in [0, n~\ is Sn, then we
shall have

Since ξjk/n) - (n/k) <P(tn + k/ri) = o(^;; it is enough to prove the same
thing for the variation of ξjt) in \_k\n, rfλ.

Let us write the total variation of fix) in \ja, b~] by VI [/J, then

kin. kjn

- S+T,

say. Since

we have

1 Γ |

'kin

kin

for large k Now

Γ VlΓθdn + *)] T , Γ̂  VoCgtfn + ffl (fc. + :

= L _ — - — ^ α. /̂
and

Jfc/n

 + J ίa(ί» + tf
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|S! 2S ASn + 2 f 4 ? * * ^ - dt = ASn + f
J I \ln ~r I) J
kj i

^ AAen.
Thus we get the theorem.

£ dt
J i

kjn kin
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