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Theorem B.
2. THEOREM 1. If
N — PP Ly
@1 S =)= o(1flogy 24), ¢>x D)

then the Fourier series of f(t) converges uniformly at t = x.

Proor. We can suppose, without loss of generality, that x = 0 and f(¢)
is even. Let (x,) be an arbitrary sequence of positive number tending to
zero and s,(t) be the #n-th partial sum of the Fourier series of f(#). Supposing
f(0) =0, it is sufficient to prove that

(2.2) lim s,(x,) = 0.
n-yoo

For a given & >0, we can take & >0 such that if
2.3) =@+ )| <8 and |m 2] <3,
then
2.4) | f{%: = (& + h)} — fx. = t)| < E/log (1/h).

If we put
(2 5) ‘(/n.(t) = f(xn -+ t) +f(xn - t))

then we have
sa(%) = % f ga(t) 2B Sm "3t + o(1)

2in

:Lf f+f Joutty S at 4 01)

= ;. (In + Ju + Ku) + o(1),

say.

Since the point # = 0 is the Lebesgue point, /, = o(1) by the well known
method and K, =o0(1) by the generalized Riemann-Lebesgue theorem (see
Zygmund [5], p. 22). If we put =/» = k and using

f ga(t) SD7E smnt dt—f ..(t) smnt SInnt a0,

h 2h
then we get
1 (gdt) gt + )
T2t
h

By }s1nntdt+o(1)

3
- 1 [ gn(t) - g (t + h) sin nt dt + %hf t(;/n_(:)h) sin ¢ dt + o(1)

= Ln + Mn + 0(1);
say. On the first term L,, by (2.4) we have
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. =_;_f|{f(xn+ )= fite = O} = Yk £+ )= flm = =B g

dt
logl/k f =&

It is therefore sufﬁc1ent to prove that

§
_ 1 gn(t) : =
M,= hf 5Dy sinnt dt = oD

or equivalently

— ’ galt) —
Pn—f ) sin nt dt = o(n).

1
Now

}1 _sinntdt = P, + P,

say. Here by the second mean value theorem

P, = ‘2%{ 90 sinmtdr (h< < 2h)

= O(’)’l).
Also
]
_ _ ga(t) i
P, = f HE -+ b) sin »nt dt
20
>t (¢ + h)
_ It TR
_ f CES N nt dt
h
¥ _*I”;E’; (_;-i;-“Zh) sin nt dt + o(1),
h
we obtain

1 g® gt h) .
= Zf Ht + h) (t+h)(t+2h)}sm"td‘+"(1)
h

)
g”(t) - gn(t -+ h) . g”(t) .
) G+ my (v om SmEdE hf T I (7 2y St
h

+ o(1)
= Py 4+ hP, + o(1),
say. Here
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5
[Pl < 6]’~l_f | gn(2) —;hs(t + A dt<e- %l_ = o(n)

and since # = 0 is the Lebesgue point, we have

| Pi| = o(n?).
Thus we can completes the proof of the theorem.
3. THEOREM 2. If,
3.1) &) - i) = o(1/log:|t —¢t'|") (E>x t>2),
and the n-th Fourier coefficients of f(t) is of order (log n)*/n, (& >0), then
the Fourier series of f(t) converges uniformly at t = x.

Proor. We shall adopt the simplification in the proof of Theorem 1.
Then we have

Sn(xn) = 1 f n(t) *S}n‘llt— dt + (1)

/e  wBy

_%(f f f Jon(t) 22" gt + o(1)

Jn By

= ?(ln +]n + Kn) + 0(1)7

say, where

(3.2) Ba = (log n)t/n, (@ +1<B).
By the condition (3.1) we have easily 7, = o(1).
After R.Salem, we write, putting m = [(log n)*],

ML |1
Jo= f 0at) S at 4 o(1)

N

m-1 (k+l)m|n Sin nt
=2 o) S dr 4 o)

kx|

m-1 _m/n .
= 2[( — 1) (w4 B S o o i+ 0(1)
m-1
(— 1) o (o4 F7

where 0 <0 < 7/n. If we replace nl + 2k 7w and n0 + (2k + 1) = by 2k + )7

in the last sum, the error is o(1). Thus
n-1

I+ =22 g Y ) S 0o
R S SV 3 VN S F5 L !

k=0
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(e - 2D ) o D ) s
(m—-2)/2

= o togin 2 wrr1) =0 (Fogs) =o®

Finaly, by the second mean value theorem and the order of a,, we get

S " cos mt sin nt
K, = Zzam cos mxnf Sngl———— dt

m=1

wBn

oo L4

= Za,,. cos mxnf {sin (m + n)t — sin (m — n)t} %t
n=1
By

- 1 n(logmy
=o(1) + T 2 (log n)f |m — n|m

m=1

n-1

=ol)+ > + > =ol)+ K, + K,

m=1 m=n+1

where ’ denotes that the term m = # is omitted. Now

7K, = o(%) = o(1),
since 83 > a +1. Analogously we get K, =o0(1), and this completes the
proof. :
4. THEOREM 3. For any x, there is an integrable function f(t) such that
(4.1) flx+t)—fx)=0@) &->0),
and the n-th Fourier coefficients of f(t) are of order n=®(0< 8§< 1), but the
Fourier series of f(t) does not converge uniformly at t = x.

Proor. Let (n,) be a sequence of integers such that

4.2) Bpar > € (B=1,2,----)
and let (A;) and (A;) be sequences of intervals such that
— T [ni—sjﬂ 4 )
Ay = < logm, 7 ’ Togmn
(4.3) (k=1,2,----)
(. = tur)
Qe = < log#n, ° logn, + 7, :

Then they are disjoint systems.
Let us define an even function f(¢) by
/@) = ( — 1)t sin n, (¢ — 7 /log ny) in Ay
= (— 1+ ¢tsinn, (t — z/logm,) in A,

and f({) =0 in (0, ) —;\O/ (Ar UA,;). Then we can easily see that f(#) satisfies
=1
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the condition (4.1) and that the Fourier coefficients of f({) are of order z-%.

Let us now consider the #-th partial sum of the Fourier series of f(¢)
at £ = x, where {x,} will be determined later. Then, as in the proof of
Theorem 1,

7| x[nd/2 7!
Sult) = = f + f f Cf o+ 8) + flz — 051 87 ap 4 o(1)
w/ndl2
1 oy sin nt
= L (ot + 0+ — 67 % at+ o)
zn
=1 7.+0q),

say. Taking n=m, m = [#i"**]and x,, = x/log n, we have
m=1 (M-l)ulnkl:

> 7 (o + 1) + 7 (o — 1)) SR g,

7z, m—1

(= 1P+, = logn f 2( — 1 [sm n,c<L + t)

I

A

AT )] sin nt

T ttoam/m B

—sin nk( —

[Ny (n—-2)[2

= 27 f > e sintmt dt + o (1)

log ;. S oA+l
(m-2)/2
_ const. 1
= logn = w¥T ToO

Thus (Ja,) does not converge to zero. Hence s, (z/log n) does not converge.
Thus the theorem is proved.

5. THEOREM 4. If

(5.1) Pt)=fx+t)+fx—t)—2f(x) >0, as t >0,
(5.2) the function 6(t) = tP(l) is of bounded variation in an interval (0,7), and

h
.3) f |dot)| < Ah,
0

for small h, where A is a constant, then the Fourier series of f(x) converges
uniformly at the point x to the value f(x).

Proor. We have

sm nt

Sultn) = - f Pty + t) ———dt + o(1)
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k|n

-1 f+f f(/)(tn+t)smntdt+0(1)

T ox

= 7;(Pn+Qn+Rn)+0(l)7

where k is a fixed number and ¢, > 0.
For any & > 0, we shall take & and % such that if |£,] < & and || < &/n,
then |®(¢, + ?)| < &
kn

Then [P <6fn dt = o(1), and |R,| <f Msin nt dt = o(1)
0
uniformly for ¢, by the generalized Rlemann-Lebesgue theorem.
Put
Et)= @@, + D)]t, for Bjn<t=<yp
=0, - otherwise,
and if we prove that the total variation of &.(z) in [0, 7] is €n, then we
shall have

Pl + 1) . &n
t

| @nl gf sin nt dt = e =&

kln
Since Ek/n) = (n/k) ®(t, + k/n) = o(n), it is enough to prove the same
thing for the variation of E,(t) in [&/n, n].
Let us write the total variation of f(x) in [a, b] by V? [f7], then

o0y o) <[ o
Vi [e(tn+ P t(tn g A0t + D]+ |0(tn tOlld s 5
kin kln
=S+ T
say. Since

[0t + t)| = |8t + 1) — 6(0)] < Vi [A)] < Aty + 1),
we have

Yl
- t. + 2t by + 2t
'T'é.[le(t+tﬂ)l 2(t, + 17 dt<Af t(tn+t)

"t _ nAn _
Y

<24 f
kin
for large k. Now

Vol 6(tn + l)] ViLO(tn + 1)1 (ts + 21)
5= [ ttn+t) 1, +_[ ti(t, + 1) at,

Kin

and
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7 Yl
Alta+1) o, 2A

kln kln
< 4Aén.
Thus we get the theorem.
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