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Actual determination of cohomology groups is very difficult owing to
complicated definition of cohomology. Qur aim here is to reduce the condition
to conditions on the generators, which corresponds in 2-dimensional case
to the work of O.Schreier [4] on group extensions. OQur method of proof
is not constructive as in Schreier but uses axiomatic cohomology theory
recently developed by H.Cartan [1] and S. Eilenberg [27. As applications
we insert a section on galois cohomology and a short proof of R. C. Lyndon’s
formula [37 for trivial coefficient groups.

1. From axiomatic cohomology theory. We shall summalize here
some results due to H. Cartan and S. Eilenberg which are necessary in the

sequel.
Let G be a group. By a G-complex we shall mean an exact sequence :
8 d] dz dl
0 Z Co C]"—’ Cz et Cq

of free G-modules C,, here Z is the additive group of rational integers and
to which G operates trivially. For any G-module A we shall consider the
module of all G-homomorphisms of C, into A :

ZHomG (C, A).
q

This is a group, under addition, with differential operator &:

6f(cq) = f(d,cq) (¢, € Cy).
We shall finally put

HY(G, A) = H'(3 Homi(Cy, A4) )

and call the cohomology group of G with coefficients in A defined by the
G-complex C.

It may be true that G has many G-complexes; but Cartan-Eilenberg’s
fundamental result is that any of such G-complexes gives the same
cohomology group. Therefore, we can omit the adjective word “defined by
the G-complex C” in the definition of cohomology group.

As an existence proof, they gave the usual non-homogeneous G-complex
defind as follows. Let C(G) be the free G-module with

[, ... ,%0, x,-..,%€GCG
as a G-basis (for Cy(G) the symbol [ 7J) and define
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-1
A, oy B3 = 5Ty ooy 2+ S (= D1, o) T, o 2]
i=1
+ ( “l)quh c. "qu—]]

as the G-homomorphism Cy(G)>C,-1(G) (for ¢:Cy(G)>Z by & 1= 1).

They also remarked that for special groups one can finds more simple
G-complexes. For example, let G be a finite cyclic group with a generator
s;:sm =1, 4 the group-ring of G over Z, then

. C, = A
i @yCoq= L+ s+ ... + 81 )ey
A1 Cagr1 = (1 — $1)Ca041
&l =1
is a G-complex. If G and G’ have G-complex C and G'-complex C' then the
tensor product complex:

q
(CROC),=33CQC,,
@ |

( dler®c,)=de, ® ¢, + (— 1), Q de,
L &(cy ®06) = &g ~ &,

is a G x G'-complex.

@

2. Incidence matrices for a finite groups. Let G be a finite group
and {C,} be a G-complex such that each C, is a free G-module with finite
basis, We now fix one of its basis as

C,=de.+ ... + Ade?
where 4 is the group-ring of G over Z, Then the G-homomorphism d,.; is
represented by a matrix with elements in 4 :
d e(l,.,.l =7, e.], + ...+ "th?
. . . (5 € A).
di1ef,=Mme + ...+ npge?

We shall call this matrix (¢ + 1) an incidence matrix of G. Then Cartan-
Eilenberg’s results can be translated into the

THEOREM 1. Let G be a finite group, =(q), q=1,2,...., one of ils
incidence matrices and A any G-module, then

HYG,A) = a/n(g)b

where 'a = (a,..-.,ar) are vectors with elements in A such
7g+1a=0
while b = (b, .. ..,bq) are arbitrary vectors in A.

The proof is immediate and merely put
a; = f(e,) f € Homa(Cys1, A) i=1,....,R,
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b;j=g(e)) g € Homg(C,, A) j=1,---,Q.
Let G' be another finite group with incidence matrices »(g), then a
system of incidence matrices of G x G’ is given by

n'(q+1) ‘ K
7'(q - 1); % ;
i — (@) i
WL 0
} — 7@ |
| n@—1)
0 @@L
 9(g—1
B)n'lg+1)= |- - L ! 77({1 I - .
} | |
‘ |
| | |
}( — 1)
| @® 5
‘ | (= D)
| 0 g+ 1O,
| |

where 1, is the unit matrix of degree equal to the rank of C,.

This is immediate from the definition (2) of tensor product complex, if
we arrange for columns

CG®C, CRCLy, - --,CRC
and rows
d(C:®C,,.), dC:RC,, -+, dCor1 ® Cp)

conveniently.

3. Incidence matrices of finite abelian groups. Actual computation

of incidence matrices for a finite group is in general very tedious; but for
abelian groups this is very systematically done by the formula (3).

Let G be a finite abelian group with m-generators si,....,s,, st=1
(i=1,....,m) and put for simplicity’s sake
Ai=1—s A
i=1,....,m.

Ni=1+s4 ...+ sn?
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We now define a system of incidence matrices, common to all abelian
groups with same number of generators, which we shall write in the sequel
as

7(q;m) a=1.2,.....
For m = 1 we can take by (1)
—-1:1)=(A
) { n(2n ) = (A1) n=1.2 ...
n(2n:1) = (N1)
For m = 2, using the formula (3), we define
. 5 )
A N )
N A
A LZn
n(2n—1;2) = e,
------------- "N,
N1 A;
Al
on — 1
(5) ! e n = 1,2, el
‘ }171 o
A —A:
N; N,
Ar e
e 2 1
 ens2) = . n -+
| AL —A,
| A
i %
And inductively, if we know n(g;m —1), ¢ =1,2,...., we put
am |0 |0
Am—l - Nm | o
A —-Ne L
Am
0 (2;m — 1) "
. ,Iri R By V'O R
n2n — 1im) = R
] n2n — 2; Ao
P N S 1,,’2,,,_ R B ¥
(6) ‘ n@2n — 1:
0 m—1
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Na | 0 | 0 |
_Am—l’ - Am N |
| . o | 0
i AI - Am .

n(2n;m) =

I
|
2
INg |
| S |
|
=
|
b

|
\ B ,

: ] ; \ n(2n;m — 1)

For the computation of g-cohomology group it is necessary to consider
vectors in A with length equal to the column number +#x(g+ 1;m) of
u(g + 1;m). Now, for any ¢ =1,2,....

#9qg+1;1)=1

and # (g + 1:m) is defined inductively, in virtue of formula (6), by

# (g +1;m)= ﬁ#n(ﬁ;m—l),

p=1
hence

@ # (g + 1;m) =(—1)q( "qm) g=012 ...

4. A generalization of Schreier’s condition. We shall now want to
write incidence matrices of the preceding section explicitly at least for low
dimensional cases.

For this purpose we shall use for g-dimensional vector a the following
arrangement of indices:

a=(aiq""il)y aiq"'-ileA

where 4, = ... = i;aretakenfrom1,2, -..., m. The total number of elements
is in fact

1y —m

=)

i.e., by (7), the column number of 5(g+ 1;m).
It is convenient to write

da=n(g-+1;ma.

Then, from table (6), we have the following recurrence formula:
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0 88y, = E(q, O)a;(,_l....fl
ifig=.... =14,
®) 8@y iy = iy iy O o+ E(Q, 7By,
Wi, = e = >0 e 2y,
Here we use the notations
E(q,r)=(—-1yA, if ¢ — 7 is odd
=(—1y N, if ¢ — 7 is even,

and ¢,--++; 4, iS an operator on aj --- 2 withéw1 27, = ---- = 7, com-
mutative with A;, N;, such that

g * "t ajs. el = By i FREERER

For example

g=1:

da; = Aa,
q = 2

da;:= Na,

8 ai; = A — Aa; i@ >7),
qg=3

S @i = A

8 ai; = Ajay; — Niay, (Z>7)

daiy; = Nyai; + Niay; i >7

S @iy = M@y — As@y + Aiagy (Z>7>k).

The equation da = 0 for the case of ¢ = 3 is precisely the Schreier’s
condition ([47]; Satz III), under which the module A can be extended to a

group B with B/A=G.
Schreier’s condition.

Therefore, above formulas give a generalization of

5. Application to galois cchcmolegy. Let K/k be an abelian extension
with galois group G which has two generators s;, s,. The invariant subfields of

s, S; be K;, K.
K

S \ S,
K/\/ \Kz
\/
k

n=1,2,...., and

&)

We want to determine the cohomology groups
of G with coefficients in K* the multiplicative
group of non-zero elements of K.

But this seems very difficult and we have
only the following

THEOREM 2.  Odd-dimensional cohomology
group H™G,K*) contains HG,K*) for any

HG,K*) = (N:K 1 N.K7)/N:.N,K*.

ReMARK. The structure of H? was also obtained by Prof. T. Tannaka.
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Proor. We shall write additively. Let ‘a = (aj, a,, ....) be a vector in
K* with length # n(2n + 2;2) such that @, =a,=a;= ...- =0. In order
that a be a cocycle:
n@n+2;2)a=0
it is necessary and sufficient that
a = N,a, = — Nwa; € N,K; N N,K;.
If it is cohomologous to 0: a~0, then
a = N,a* = — N,a; € N:N,K*.
Conversely, if a = N;N,b, with b, € K* we put
al = N1b,, al = — N;b..
Then N,a, = N.a}, N.a; = N.a}, therefore by Hilbert's lemma, there exist
b1, b, € K* such that
a, = Nib, + Ashy, Aib =0,
a; = —Nyb, + Asbs, Asb; =0
i.e., a~0.

We have thus proved, that H?*+}G, K*) contains a subgroup consists of
cocycles

(10) ta = (0, @y, @;,0,0, ..-.)

isomorphic to (N,K; N N,K;)/N,N.K*. But if » =1, by Hilbert's lemma,

each cohomology class contains an element of the form (10). Therefore
H¥G,K*) = (N:K;, N N,K})/N.N.K*.

THEOREM 3. For any n=1,2, ...., we have
(11) H" (G, K*)2 H¥G,K*) + --.. + H(G,K*),
n
(12) H"Y(G,K*) 2 HG,K*) + H(G,K*) + .... + HXG, K*).
n—1

The proof of (11) is based upon (9). For the proof of (12), it is necessary
to write HG,K*) in similar but somewhat complicated form. These
verifications are however easy, therefore we omit the proof.

Remarks. If K is a p-adic field, then the right hand side of (9) is 1.
On the other hand, Mr. H. Kuniyoshi has remarked that for algebraic number
fields this is identical with

total norm-residues/norms.

Therefore, it is always a finite group and not necessarily 1.

Combined with (11), (12) it follows that, for algebraic number fields,
odd-dimensional cohomology groups of dimension =7 are not necessarily
isomorphic to 3-dimensional one.

6. Application to Liyndon’s formula. Let G be a finite abelian group
with m-generators each of which has order #; such that
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Ny 2 i=1.....m—1,

We now compute cohomology groups H!(G, Z) of G with coefficients in

the additive group of rational integers Z considered as a trivial G-module.
We treat only the even-dimensional case:g = 2n; odd-dimensional case
can be treated similarly. Leta be a vector of length # 7(2» + 1;m) and write

it as
ax
=[]
Azn+1

where each a; is a vector of length ## (; m —1). Then the condition
7n2n +1;m)a =0
decomposes into

13) { 7= 15— D)2 = fn 2 =0 A sisn),
n(2i;m —1)ay =0
(14) 72n +1;:m — 1)azmsu = 0.
The conditions (13) are equivalent to
Qi1 arbitrary 1=<i<n)

Q. = *nl—n(Zi —1;m —1ay-.

While condition (14) is that a,,.. be acocycle for the subgroup G, generated
in G by first m — 1 generators.
Similarly, if we write the general vector b of length # 5(2n:m) as

b
bzn

eachb; is of length # #(i,m— 1), the condition a =#(2n;m)b can be written as
j Ay = 52 — 2;m — 1)byi—: + #mbai-)

(15) . l=si=smn),
l a; =92i—1;m— Dbys-1
(16) Auns1 = n(2n; m — Dbyn.
From #n,|n; G=1,....,m —1) it follows that

77(2i - 2;m —_ l)b;,,;__; g V(o bgi_].
Therefore, the factor groups of (13) by (15) are

Qo1 "l // 2
{ \: jl%’#n(Zi —Lim—1)e7/(ns)
/

72 —1;m — Day, J/ n@2i — 1;m — 1)by,
i: 1’ ceee, 12,

where Z/(n,) denotes the cyclic group of order #,, and multiplication by
natural number # %(2¢ —1;m — 1) means repeated direct sum.
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Since the factor group of (14) by (16) is

H™G,,Z)
we have

H*(G,Z)= H*™G\, Z)+ (zn: # (2 — Lm — 1))-2/(11.,,}).
For odd-dimensional cases we <1:=aln show

H»(G, Z) = H™Y(G,, Z) + <§; # (@i — 1))+ Z/ ().
If we insert the value of -

#n(i;m——l)=(__1)t—1(—in_1—1—1)

into these equations, we get immediately the following formula of Lyndon
(C31; Theorem 6)

(17) H/(G,2)= z(qz (-1 7)) zIm) @=2).
J=1 “i=0

In paticular:
m=1

H“(G, Z) ~ Z/(nl), H""’“(G, Z) /_\__JO,
m =2

H™"G,Z) = Z[(m) + neZ[(n), H"*NG,Z) = neZ|(ny).
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