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1. F.T. Wang [3], [4] has proved that, if <Px{t) = \[f(x + t) + Ax " /)

— 2s] and
t

J φx{u)du = oίtjlogj \ as t -» 0,

o

then the Fourier series of f(t) is summable (C, 1) at t = # and if 0 < a < 1
and

/ Φ izι)du — o(t^^a) as if —̂  0
o

then the Fourier series of /#) is summable (C, α) at t .= Λ:. In this note, we
generalize these results to the double Fourier series.

THEOREM 1. Suppose that the function f(u, v) is integrable in the Lebesgue
sense, over the square ( — π,π; — τr,π) and is periodic with period 2π in each
variable. Let

φ{u, v) = Φx^iu, v) = -τ~\ f{x -f u,y + v) 4- fix 4- u,y — v)

+ fix — ύ,y + )̂ +/(# — w,̂  — ̂ ) ~ 4sΊ.

Φ(u, v)^ [ ds] <Pis,t)dt = oίuvllog— log—"Y
J J \ I U V /
ϋ 0

/ rff / <P(s,t)ds - Oίuilog--Λ, •
•/ J ' \ I u J
0 0

Γ* Γυ / / i \
/ ds / ψ(js-,t)dt = Or v/log—-I,

«/ »/ \ / V /
0 0

ihen the double Fourier series of fiu,v) is summable iC, 1,1) to sum s at u~x,

THEOREM 2. / / 0 < a < 1,0 < β < 1 «/fc/ ^5 // -> + 0, »-> + 0,

Φ(u, v) — o(w« ί β ),

* The author is indebted to Prof. H.C. Chow for many helpful suggestions.
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f«\!<P(s,t)ds = φ « ),
J

o o

\ ds \ φ(s,t)dt

0 0

then the double Fourier series of/(u, v) is summable (C, a, β) to sum s at u = xr

v = y.

2. To prove these theorems we need the following lemmas.

LEMMA 1. ΛLet KJf) be the Fejer kernel of order 1 and 0 < r < -g-. Thenι>

0 ^ KJf) = 0{m-1+*% (nrτ St<π),

-—j~Km(t) == /ζ;//) = Oimt'1), (0 < t<L m~ι),

Km(t) = O(ί~2), C^"1 S ί ^ 7τ).

LEMMA 2. // 0 < a < 1 and K?n(f) is the Fejer kernel of order α, theri>
Kjt) = O(nr«t-ι-«), (rn-i S ί < τr);

1
Lemma 1 is obvious, for /ζΛ(f) = —

is known [2j.

3. PROOF OF THEOREM 1.

tn-\- 1

I and Lemma t

o o

/
0 0

/

say. By Lemma 1,

74 - ofm-wn-w j f \<p(u,v)\dudv\ = o(l)

2> O is independent of tym and n.
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for 0 < r < ~H-. By partial integration, we have

/3 = f Km(u)duJ <P(u, v)Kn{v)dv
0

= ί Km{u)du\ Φ^u, n-r)Kn(n~r) - f Φ^u, v)K'n(v)dv J '

where Φi(w, v) = I 9>Cw, /)i/ provided this integral exists, and is oo otherwise.
o

Since, by Lemma 1,

J KJtu)Φύu, n-r)Kn(n-r)du = O^m-1+2)' | «;(«-*•) | Γ | Φ^u, n^) \ du}

and

J Km(u)duJ φ1(u,v)K;

-̂ +^ [ J + J λκ&o)dΌJ IΦiO*,.»

n~ι rn~r

+ J

= 0(1) + o(l) = o(l).
we have 73 = o(l). Similarly lλ = o(l). By partial integration for the double
integral [1J, we have

h = J J 9<u, v)Kιn{u)Kn(υ) du dv
0 0

= Φ(rn~r, n"r)Knh(m-r)Kn(n"r) — Ku(n-r) I Φ(u, n"r)Km(u)du

0

n-r f""V"Γ

- Km(t}i-')J Φ(m-r, v}Kή(v) dv + I J Φ(«, v)K'Ju)K£v)du dv0 0
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= III + /l2 H~ In + Zu,

say. Now,

In =

J _-

and

= θ(n^+**[ J + j ] I φ(«, M-OίΓ WI ΛI)

+ J ] l*(»-r. v)Kn(v)dυ | ) = o(l),

= 0(1),.

r Γ
/

" 0 0 „-! m - l 0 m - l J- l

\Φ(u,v)K'Ju)K'n(v)\dudv

ί_, « l o g ί : log

= 0(1) + o(l; + o(l) + o(l) = 0(1).

Hence /j = o(l) and this completes the proof.

4. PROOF OF THE THEOREM 2.

J f Φίu,v)K?n(u)K?n(v) dn dv
0 0

00 OB A 0

at __β_

say, where Λ = ψm- m X*Λ, B = ψnn
 1 + β and 0 < ψ Λ -> oo sufficiently slowly
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By Lemma 2,

A B

it it

A B

•i-*ψn-i-P) = o(l).

By partial integration,

it it

fi I j \<P(u, υ)\du dυ\

A 5

A

Since

= j f 9Kutv)KΆμ)Kί(ϋ) du dυ
A 0

= J Kt(u)du {φi(«, B) K%B) - f Φ,(«, υ)[Ki

f Kχu)Φ1(
Ά

-«A-i-*\ K%B)\ f \φ1(μ,B)\du

-i-«ψ:i-P[ f Iφju, B)\du)=o(l),

J ΛSί«)rf« f Φi(», »)[«g(»)]' dυ
A 0

it B

= θ(m-«A-i-«\ j iΦ^vJKfJiv)}' \du dv \
A 0

^ η du[] f ] ~j\Φi(u,v)[Kn(υ)]'
4 0 l

il~Ί 1 B J_

-1~ani J' vβ dv\+ θ(4e£-*n1-* j vβ '* dυ\
ϋ '

0(1) =

ψn -> oo sufficiently slowly. We have 7S = o(l).
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Similarly, we can show that I2 = o(l). Integrating by parts [1], we have

h = J J φ(u, v)K?n(u)KP(v)du dv
0 0

= Φ(A, B)K^(A)Kξ(B) - Kξ(B)J Φ{u, B)[K {u)Ydu
0

B A B

-K&A)] Φ(A, v)[K%v)]' dv+ f J Φ(u,v)[K -(«)]' [K%v)Ydud»f J
0 0 0

= In - uTg(B)/,2 - K*(A)I19 + In, say.

Obviously, Iu = o(l). Now

m"1 J_

= θ(nϊ' I u du\ -f o(l)θ(mλ-« J

•= 0(m * Ho(l) - O

for ψm -> oo sufficiently slowly, and similarly, Il3 = o(l).

Since
A n~l

 Λ 4 ^B

J + J J + J J +] J )\Φ{u,v)[K«m{u)nKn(vF\'du dυ>

/

m~l n~ι J_ J_

I u* v du dv\
0 0

-P J u du\ v dv\

0 n-1

^ dv \ u du)

m" 1

4- ol mι-*nι-P I u du I v dv J

for ψ-»» -> °° sufficiently slowly, we have h = o(l). The proof is thus completed-
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