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1. F.T.Wang [3], [4] has proved that, if ®u(f) = 5 [f(x+ )+ flx — 1)
— 2s] and

i

T
f Po(26)dre = o<t/log—}-) as >0,
0

then the Fourier series of f(¢) is summable (C,1) at t=x; and if 0<a <1
and

1
f Po(2t)du = o(t/®) as t=>0,
0
then the Fourier series of f(¢) is summable (C,«) at ¢ = x. In this note, we

generalize these results to the double Fourier series.

THEOREM 1. Suppose that the function f(u,v) is integrable in the Lebesgue
sense, over the square ( — m,w; — =, ) and is periodic with period 2= in each
variable. Let

P, 0) = Putt, ) = 4| S+ w3+ 0) + /(x4 0,3~ )

+f(x—uy+ v)+f(x—u,y—v)—~4S]-
If,as u-> +0,v> + 0,

d(u,v) = f dsj P(s,t)dt = o(uv/logl logl),
0 0 ! “ v

fidtlfu‘ﬁ(sﬂf)ds
(flds Ofv?)(s,t)dt‘ = 0(”//1.°gf11)')’

then the double Fourier series of f(u,v) is summable (C,1,1)t0 sum s at u = x,

v =35,
THEOREM 2. If0<a<1,0<B<1andasu->+0,v->+0,

1 T
D(u,v) = o(u=v"),

* The author is indebted to Prof. H.C. Chow for many helpful suggestions.
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f dllf <P(s,t)ds} =0(ut17),
0 0

v »

f ds(f gp(s,t)dti =0(v;—),

0 0
then the double Fourier series of f(u,v) is summable (C,a,3) to sum s at u = x,
v=3.

2. To prove these theorems we need the following lemmas.

LemMa 1. _Let K.(t) be the Fejér kernel of order 1 and 0 < r < —5-. Then'>

0 = Kul(t) = O(m~1t~3), (milst=s 7r),
0= K.(t) = O(m~1+), mr"=t= ),
-G En) = KL(0) = Ome), O <t=m),
K, (1) = O(t~%), (mrst=wn).
LEMMA 2. If 0< a <1 and K%t) is the Fejéer kernel of order o, then'
K(2) = O(m~*t~1-%), (mi=st=wn),
-—‘-K“(t) [Kx#)) = On®), O=st=n),
[Ke(B)) = O(mi-%¢t-1-%), (m'=<t=n).
1 ./ Sin ——;‘ t\2
Lemma 1 is obvious, for K ()= —~ | ——=—— ] and Lemma 2
2n+1) .1
sm7t ’

is known [2].
3. Proor oF THEOREM 1.

3
T°Om,n

= f " f " P(u, V)Kn(1)K,(v)dudv

(f f f f f f f f w(é, ) Kn(1)K,\(v)dudv

m=" "

=L+ L+ L+1,
say. By Lemma 1,

I, = O(m‘1+z:-n-1';2;f f |¢(u, v)ldudv) = 0(1)
0 0

1 O is.independent of ¢,7 and 7.
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for 0<r< %— By partial integration, we have

I = f K, (u)du f P(u, v)K (v)dv
0

m="

-

- f K,,.(u)du[ Di(u,n" ") K (n~") — . [ & (u, v)K,(v)dv ]
m=T 0 -

where @ (z, v) = f @(u, 1)4t provided this integral exists, and is co otherwise
0

Since, by Lemma 1,

Ly

f B0, w= V=" = O(m=4+3 | Kol f | s, n“’)ldu)

m-

= O(m—l+zrn—1+z1 '7(logn’) 1) = 0(1),

f K, (u)du f Di(u, v)K,(v)dv |
= O(m‘“" [f f ,’L(v)az'ijt | ®i(u, v)ldu)
=o{ f +f | K, (v)lv log = ) ldv}
=o(n6[ (log dv +o(;/:]

v log
= 0(1) + o(1) = o(1).
we have I, = o(1). Similarly Z, = o(1). By partial integration for the double
integral [1], we have

I = f f P(u, v)K,(u)Ka(v) du dv
0 0

-

= ®O(m~7, n”")Kn(m™") Kn(n™") — K.(n"") f D(u, n"")K, (u)du

— m(m")f d(m~", V)K (v) dv + f f D(u, v)K, (u)K (v)du dv
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=Ih+ L,+ Iy + Ly,

say. Now,

= / —1+2r —1+'M'_ﬂ:r1’:_r_ = )
In = O\m n r?log m log n) = o(l),

Ig = 0<n-.1+w[ f a + f m_r]@(u, n")K;n(u)ldu)
L

m=7

- (mf ¥>+o(f_1 “1)=“o(1)+o(1)=o<1),
u

ulog—

n—1 -7

O(rn‘”” [ f + ] chb(m-r, v)lc,;(v)du|)= o(1),

I

I]3
V n

and

m~1 =l m~1 7 w7 a~l m~" a7
mi=([ [ [ [ +[ [ +[])
0 0 0 1 m-1 0 I

| ®(u, v)K, (#)K,(v)|du dv

—r

mn[ f a'udv 1) +o(m[m_l a’ul f" dv_l_ )

log— st v log
+ 0<nf

o ] e
ulocr}-— 1 gl
m~t X °u w1 v

uv lov
=6(1) + o(1) + o(1) + 0o(1) = 0(1).
Hence I = o(1) and this completes the proof.

-

4. PROOF OF THE THEOREM 2.

ok f f P(u, v)K 2(w)KE(v) dee dv

f [ [ f f f f f P(u; v)Ku)KE(v) du dv

=L+ I+ 13+I4,
®

% _B_
say, where A = ¥r,- m %, B =Y, n *# and 0 < ¥, - o sufficiently slowly

2
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By Lemma 2,
|2, v)|
O(m op- ﬂff iragirh du dv)
- 0( m-sn-BA-1-% B-1- ﬁ[f |22, )| due dv)

= 0(‘1' “1r,~17F) = o(1).

By partial integration,

x B
= f f P(u, v)Kn(u) Ki(v) du dv
4 0

2 B
- f Ko du {(In(u, B) K¥(B) — f @, RO do |
A 0

Since
[ K3(u)Dy(u, BYK2(v)d = ( '“[I{B(B)[f [0 B, )
= O(M‘“A'l“‘”l Kﬁ(B)lfﬂ | ®i(u, B)| du )
= o( Yooy f |, B)ldu) = o(1),
:and o

7 B
f K(u)dn [ Di(u, v)[KE(V)] dv
4 0

7T B
=0<m‘“A‘1“’ f f | Di(t, N KB(0)] | due dv)
A 0

- o(xu;;-a f tdu[ f n_l'f f B]]@;(u, )[K(0)] dv )
v b Y

-1

n B 1
—_g-1
B8

= 0(\[;,,,—1“”"" f v; dv) + 0(«14;,}-%-6 f v dv)-o(l)

n

12
= 0(‘/’;.1"”)+0(ﬂ"""“‘lfn P >'0(1) = o(1) + o(1) = o(1),
since Y, -» oo sufficiently slowly. We have 7, = o(1).
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Similarly, we can show that I, = o(1). Integrating by parts [1], we have

4 B
I = f f P(u, v)K2(u)KE(v)du dv
0

0

A
= (A, B)Ks(A)KHB) — K8(B) f D, BKS )] du
0

B A B
— K%A) f DA, v)[KE(v)] dv + f f O(u, V)IK 2(w)] [KE)] du dv
0 1} 0

= I — K&B)I,, — K%A)I; + I, say.
Obviously, I;; = o(1). Now

m-

1 4
[ 5] = (f ' +f )l(b(d, B)YK3(u)]'|du
0 1

. m B ‘1 .
= O( m“f uw du) -+ o(1) O(ml‘“f u” du)
0 1

-1
L 1-a? "
=0m “)101)-0 (¥m * )=0(1) + o(1) = o(1)
for v, > oo sufficiently slowly, and similarly, I;; = o(1).
Since

m1 n=1 m~! B A 71 A B
VLl < ( f f + f f + f f + f f )|<I>(u, DK () [K(0) T du do-
0 1] (1] n—l m-—lO ,m—ln—l
Lo T
= o(m‘-"nzf f u” vﬁdu dv)
0 0
m~1 ai B %‘—B-l
+ o(m‘*nl‘lB f u du f v dv)
0 1

n

-1

n S )
o
+ o(nzml'“f vB dvf u du)
0

m—1

B 1

A L =1
«a ~%” [
-+ o<ml“"n1-3f u duf ¥

m~1 nt

-B-1
dv)

= 0o(1) + o(1) + o(1) + o(1) = o(1)
for Y-, > oo sufficiently slowly, we have I, = o(1). The proof is thus completed.
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