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oo

1. The series Za,, is said (R,)-summable to zero if the series

v=1
o

1) Fit)= > i sin v,

n
where s, = zav, converges in some interval 0 < #< {;, and if F(f) tends

v=1
to zero as ¢ tends to zero.

o

The series > a, is said (R, 1)-summable to zero if the series

v=1
co

_ sin vt
@ G = X o, S0

v=1
converges in some interval 0 < < #, and if G(¢) tends to zero as ¢ tends
to zero.
Recently, one of the present authors [2] proves the following theorem ;

THEOREM A. Suppose that

n
s = o(n%),
v=1

> el - o),

v=n

where 0 < a < 1. Then the seriesz a, is (Ry)-summable to zero.

v=1

THEOREM B. Under the assumptions of Theorem A, the series > a, is

v=1
(R, 1)-summable to zero.
The object of this paper is to generaliza the above theorems.

TueoreM 1. Let s% be the (C, B)-sum on an. Then, if

n=1
(3) sa = o(nf®),
and
w S lal ~ opr-s)

ven
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where 0 < a < 1,0< B, the seriesz a, is (R)-summable to zero.

n=1
o

THEOREM 2. Under the assumptions of Theorem 1, the seriesz a, ts (R1)

n=1
summable to zero.

2. Proof of Theorem 1.
Firstly, we shall show that the series (1) is convergent for all . If we

put Y = 2 —‘%"—L s then [a’tl = 71(7’n—7‘n+1).
Since, by (4),
2 la,| = 2 Yy — N pyy = 0(2 v’“) + O(n'~%) = O(n'~%),
v=1 y=1 =1

we have

() Sn = O(n'=%).
Hence
®) > 15l = o),

Furthermore, by (4), _(6),
m‘ i _ Sv+1 ]‘ . -, Sy — S ( 1 . 1 )
™ Eju s e e R T s

< ay 5 Sy -
=2 l,,l + 3 ,,*2" = O(n~%).
v="n v=n

Using the Abel’s lemma, we have

m

® X rsinpt= Z(s—” -~ S )Tv(t) + 8 Tplt) = 2 Taa (B),

e\v v+1
where
_ _ ‘ 1 .1
Tu(t) = {cost cos(n + ?)t}/Z sin 5-2.
Since
[ m s
S - Se . Sysr ](I_s_l ,_lil,)
!gﬂvsmvt}<2t’§ . ”+1i—l—2t ” + p»

if t0, by (), (7), the series (1) is convergent. If ¢ = 0, this fact is evident..
Thus the series (1) is convergent for all Z.
Given a positive number & put M = [(1€)~1/=], and
n

1 M+1

say. Then we have
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S AP L}
VOl s 23 | S - ey e L
9) =01 M%)+ O@t-* M) = O(t~1t€)
= 0(€),

by (5), (7), (8).
Nextly, we show that U(t) = o(1). Putting [3] = ry, by repeated use of
Abel’s transformation v times, we have
M-y

Uty =3 SIAYE) + sh-yr1 ANy @) + ...

v=1

(10) e S A () + ShAUD)
Y
= W)+ > UL,
v=1
say, where
Ax(t) = sinnt/n, An() = Av7 () — ANF(E),
and
UAt) = Sy-var A‘;l_—}vn ().
Since

12
(11,a) AF () = (—1)p+12% f (sin %)”'ﬂ cos(n + k)t dt,
0

(11, b) A‘;’.kd-l (t} = ( — 1)k+122&’+1f (Sin ,,tzA )zk+1 Sin(n + lk?_l__l)tdt’
0

for k=0, 1,2, ...., we have

(12) An(t) = O(t/n)
by the second mean value theorem. From (3), (5), using the Riesz convexity
theorem [1], we have

(13) sk = O{(nx—-)l-vlﬂ (nﬁuylﬂ} = O(n((l—u)(ﬁ—v)uﬁv)lﬂ)’

r=123,..... )
Hence by (11, a), (12),
Ui(t) = O(MGQ-8)B-+aBMby=1] M)
= O(t—(ﬂ—wﬂ—v+ay+uﬂv)/(n,3)+v—-l+l/a)

= O(tr1-o)/(aB))
= o(1)

for v=1,2, 3,....yv. Thus
Y
(14) 2 ULt) = o(1).

vel

Nextly; we shall prove that W(¢) = o(1). By the well-known formula
5) g=2-0(fTNe  w=0,
n=0
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where <:’:> = mm=—1).. (m>n+]1) and(o

n' 0) =1, we have
M-y
W) = > sIAY(t)
M=—'ly v
=2 {2(— 1)"-“(5 _ Z)sﬁ}Az @
‘)/ll—l'y n:[)-

= 2 "2( 1)v-“<f - Z)Az,(t).

Here, we consider the two case, that is, i) v is even; ii) y is odd.
i). By (11,a), we have

M-y M-y 0 ;
W) = 2 3112( 1)"'”(5:;:’)] (— 1)%*" ZY(sin ; ) cos(u + 2 >t dt

M-~

1.6) = 2 sf’{ —1)3 +12v 2 (— 1)v—n(§ :1;">cos (v +% t(sin ;)th}

v=n

M- M-y-n B ’
= 2 ‘ { - 1)2+12vf 1)7 ry>cos(y +n+ %«)t(sin—z )ydt.
n=0

Since

oo

2( — 1y (’3 V)COS(D + 7+ g )t

2]

an = m{g( - 1)v<3 - 'y)e““el(u +
B v }

R

= Zﬁ—i(siné; )5‘7008 {( g + n>t

we write W(t) in the form

+

M-r

W(t) = >, 32{( —1) %2-9ft<sm—> cos[('8 + n)t +'8 Y Idt

n=0

—(—1)7 2° fc 2( 1) ('3 7)cos<v +n+ )t(sm—~)

0 v=M—-y-n+l
=Wi(t) + W),
say. By second mean value theorem

fz(sin%_)" cos{("lzi +nlt+ '[izz-ln}dt = O(t8/n),
0 ‘

If y=0,we pnt U@)=W().



TWO THEOREMS ON THE RIEMAN SUMMABILITY 265

and then
M-y 5
= o(Mﬁ“tB)
(18) = o(E-BL—BB)
= 0(1).

Now we have
M-y

Wit = oS e 3, oo 1)

=M—-y-n+1

M-y
M B -
"(1&4 vy+ 1 Z, (M=yn+1) 5+y"‘y>

MH—-y+1

(19) = o(tapes 3 o)

n=1
= o(2YMP-B+)
= o2Vt (Bu-B+a)/a)
= o(1).
Thus, from (14), (18), (19)
U@) = o(1).
Thergfore, given arbitrarily fixed € >0, from (9)
IFOI S |UD+ V)| <& (E0).
Since & is arbitrarily small, .
Ft)>0 as 0.
Thus, if y is even, the proof is complete..
ii) Nextly, we consider the 2nd case, i.e., v is odd. The proof is
similar to the former case. In this case, if we replace (11,a) by (11,b), we
get

W) = %: st {( —-% :zvoft M:E:;:"( —1y (3 - “’)sin(y +n+ %)t dt}

and similar as (17)

g (=1 (B”— '7>sin<u +n+ gi')t,

o

=7 {2 (— (B 7) ertpt Y/

= 28-Y (siné—)ﬂ—y sin {(»’g— + n)t + g%yfr}

‘Therefore, we can proceed the proof similarly as in former -case.
“Thus, the proof of theorem is complete.
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. 3. Proof of Theorem 2,
The method of proof is similar to the former section. We first show the

series (2) is convergent for all positive ¢ < f,.
Since, by (4),

lowl < - el < 4o
n=1

the series (2) is convergent for all such .
1

Nextly, choose M= [( 718_)“] and write

oo

Gt =S a, 500 "’ (2 + 2) =U®) + V@),

n=1 M4l
say. Then, by (4),
Ve st S, lal —ogireyse.

M+1
Putting [B] = v, by repeated use of Abel’s transformation (y + 1) times,
we have

s L
Ur) = t-! (2 an su;znt)

n=1

MN-y-1
= ¢-1 { 2 sZAY-:l t) + sﬂty A)rty @&+ ....

v=1
s A 0+ 4,0 0)

=1 (W) + UR)),
say, where A;(#) is same in §2.
In the same method in §2 we obtain, by (12), (13),

tv

(7 = -a)(B-v 8vy

Uv(t) = OM{G-3X ?*‘" M
= o(t) r=1,2,3....,7)

and
Uy(#) = 0(Mx—~3—> = O(M-%) = O(t€) < &t.
Now, we shall prove that W(¢) = o(f). Using (15),

M-y-1 M-y-1

wo= X 4 X (-1 BN,

Dividing the method into two case as in §2, we shall prove the case im
which v is odd:_ Using (17)

w(@t) = v% .lsn{ — 1)a+n/gv+1 f GM_%M( - 1)."(3 ”— 7)cos(v +n+ %l)t}

n=0 bt y=0
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= M;Eyé_]sg {( — 1)(y+x)/22ﬁab[z (sin—;—).e“coS [(»? + n)t + §;g;1 n]dt
_(—1)—zaf > (=17 (57" )eos (o4 nt P e(sind ),

v= M—'y n
therefore, similarly as (18), (19), we obtain
W(t) = o(2).
If we use the same method as in §2, we obtain
Gt)>0 as 50

The case in which v is even is similar.
Thus, the theorem is proved.
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