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Introduction. Concerning the representation of functions by the gener-
alized Fourier integrals, H. Hahn [4] proved the following theorem (cf. Titch-
marsh [7, p.14]):

Let f(x)/(1 + |x|) belong to L( — oo, oo) and wrile

®i(v) = f f(y)sm Y a

V(o) = f f(y)l—l‘;i’s—-’f”» av—( fw 4 f w) 1) <% dy.

Let f(t) satisfy a condition of convergence of Fourier series in the neighbour-
hood of t = x. Then

>0 .
(%) = %f {cos vx d ®i(v) + sinvxd V:(v)},

=0

where the integral is defined appropfiately.
Another Hahn’s generalization [3] is of the following form:
Let f(x)/(1 + |x|?) belong to L( — o, ) and write

Q(v)‘ff(y)—cwd

V.(v) = f fy) Q’-—‘—}%Mdy — <f + f)f(y) Slr;zvy dy,
~1 Y Y

for v=0, and
P(v) = Vy(v) =0,
for v< 0. Then

f(x)y= = (C l)f {cos vxd (b‘(v) + si nvxdz\l,v'(v)}

Jor almost all x, where

oo A
1| () means limlim (1—1)( ).
-0

P ] A
—-€
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Professor S.Izumi [6] further generalized these theorems for the case
7(x)/(1 + |x]|*) € L( — 0,), where 1< a <2, or a=2,3,4,..... Although
Professor Izumi used the mean convergence for a = 3,4, .. .., this is seemingly
unnatural. The object of this paper is to generalize these theorems for the
arbitrary «. Since the equivalence of Bessel summation and Cesaro sum-
mation is well known (cf. Hardy-Littlewood [5]), we shall use Bessel sum-
mation. This is suitable for the behaviour of f(x) at the infinity. In§1, we
summalize some results of Bessel summation. The generalized Stieltjes inte-
gral of Hahn-Izumi type is defined in§2. The main theorem is proved in
§3. In §4 we extend Burkill's theorem. Our theorems are refinement and
generalization of Izumi’s. In the last paragraph we shall treat the case
where

Ax))?/(1 + |x]*) belongs to L(—co,0) for p >1 and & > 1.

1. Bessel summation. K.Chandrasekharan and 0.Szasz [2] derived
many valuable results concerning Bessel summability. For the use of the
following articles, we present some results of this summability.

Let J.(¢) denote the Ressel function of order u:

co

- P~y Uit _1
Jut) = 2»2)( Y Tt r D) p>=
and let
a,(t) = 2T (p + DJu(8)/t+,
then we have
a,.(O) =1
and
a,t) = 0¢-+3), as t > + oo.
Since
. 1 _ 1—t-3 0<st<1
2"'I‘< +—)x'* xcosxtdt={ =5
Df I0(k + 5 ) 2D o o1
we have
” 1— 23, 0<t<1
Ci f a tdx= {( U=t =
(1) 0 (%) cos x o t>1
where

=T+ 5 )/ (v/w T + D).
Putting ¢ = 0, we get

C(;L)f a,(x)dx = 1.
0
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From the inversion formula we get
1
2 2\ —
= (1 — #2)e-% cos a2 dt = C(p)a ().
0

Under these preparations we can prove

LemMma 1. If f(x)/(1 + | x|%) belongs to L( — o, ) for a >1, then we
have

fx) = %}_i)glfmf(y)dyfk {1 — (%)2}w_lcosv(y—x)dv, a.e.
—co 0

Proor. From the above formula,

oo A 1
2 oa [fi- ()} cosetr - maw
—co 0

_ ,,C(g)x, f 1) a, Ny — x)}dy

f () K My — 1)}dy,

say. Since a,(t) is bounded in the neighbourhood of ¢ = 0,

K, {A(y — 9} = OV), for |y —x] < -

A
and
K ANy — 0 = O+*3|y — x| -+-}), for |y — x| > 71;

Further,

[ [T

lim f KNy — 2)}dy = lim f - {_;5)__ a.{\My — x)}dy

_cw [ _ 1
0

and

N[

li;n f KMy — x)}dy =

Tt f)/(1 + |2]#*8) € L( — 0, 00), and g+ 5 >1, then we have
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lim f FOIEAN Y — 2))dy = £(%), a.e.
A->oo J

by the general convergence theorem (cf. Titchmarsh [7, p.28]). Let u + %

= «, we get the desired results.

2. Generalized Stieltjes integral. H.Hahn [3] defined the following
Stieltjes integral. Let f(x) and g(x) be defined in (a, b), and suppose that g(x)
is absolutely continuous and f(x) is bounded and continuous in (a.b). Then
g (x)f(x) is integrable in (@, b), and we define the integral of g(x) with
respect to f(x) by the equation:

b h
[ sward = 016) - s ~ [ gwreoas

It is easily seen that this integral coincides with 'the ordinary Lebesgue-

Stieltjes integral when f(x) is of bounded variation. Prof. Izumi [6] generalized

this definition. Further we generalize it in the following manner. Let «

be any positive real number, then there is an interger % such that
E—-1<a=<k,

and let
h=Fk—a.

Put the integral

o f (& — 31/ ()dy, if b >0

I'f(x) =
. S(x), ifh=90
and denote
k
AF Iif(x) = 2 ASE-DIY(x + vE),
€ v=0
k
AEIMf(x) = > AR DIU(x — pE),
€ v=0
where

A = (™",

Suppose that g(x) is everywhere differentiable (¢ — 1) times and g%-D(x)
is absolutely continuous in (@, b), and that f(x) is continuous and bounded
in (e, b). If the limits

lig‘} g(r){a + (k —_— — 1)8} AF-T-1 I"’f(a)/E"""l,
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Hnol 9Nb — (B — r — 1)E} Ak--1 I'f(b)) &k-r-1
€ €

(r=012.....k—1)
exist and are finite, we define

f o0 ELD. = yo)n=1e) ~ @) Pf(a)

a

h
- f g'(x)I*-*f(x) dx,

if 0< @ <1, and for any positive a, we define by induction

0
f o0 LLD.  im o6 — (k — 1) I/ (B)/ 6

a

tim oto+ = Doy g~ [ D

22

Then we have

LemMA 2. If f(x) is differentiable (o — 1) times at x = a and x = b, then

b Ul
df(5) _ . opyfa-ip) — w1 f ey A2 (1)
! 0@ LR = g e — g (@) 1) 7@

Proof. Immediate,

LEMMA 3. If f(x) is everywhere differentiable (o — 1) times, and f*-(x)
is absolutely continuous in (a,b), then

f o0 8T f 9@ fO(x)dx.

Proor. This is proved by the repeated use of integration by parts.

LEmMA 4. Let{f.(x)} be a uniformly bounded sequence of continuous
functions, such that
lgm Falx) = (%)
uniformly in (a,b) and further
lim hrgl 9 {a+ (k—7r— l)é,’}A’r =1 J* fo(@)] EF-T-1
nyoo €
= hm 9{a + (k —7r —1)&} A" =1 fla) [ €5,

lim lim g@Xb — (k —7 — I)G}A‘"’ -1 P f (b)) EF-7

Yo €20
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= li—gl g(r) {b _(k —_ — l)e}A*k—r—l Ih.f(b)/en;_r_l
r=012.....,k—2),

df o) _ f )

]
then we have Lm | g(x)~ et

N>oo d %~ 1
a

Proor. This is proved by the definition of the integral and Lebesgue’s
convergence theorem. (See Izumi [6]).

3. Main theorem and its proof.

THEOREM 1. If f(x)/(1 + | x|%) is absolutely integrable in ( — oo, + o) for
a >1, then

1 : d*Duv) | . d*VHD) )
f(x) = ;(B,a—l)f {coswc~d1 -~ +sinox Wf
-0

for almost all x, where (B, a — 1) f ( ) means

A
lim lim {1 - (1)2‘“_1(
ASeo 850 R A j
and if k is an integer such that
and if k is even, that is k = 2m, ‘

1 -1 oo
Co(vy) (= D"Cy_n(vy)
Dav) = f = dy + f + f a2 gy,
(v) J fo) o 'y (_“ 1 )f(y) e dy

1 -1 oo
-1 y —co 1 y

w=0)
and
Do(v) = Wa(v) =0, w<0)
if kis odd, that is k= 2m + 1,

1 -1 oo
(I)a(v) = f f(’v)CL"'liv_‘,)dy + (f + f )f(y)( - l)mgl—h(vy) dy
Y Y Y d Y

[ o Calay) - _f’ (= 1)"Co-n(vy)
V(o) _flf(y) @) gy 4+ ( f + Yt =Dy,
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and
Do(v) = Vo(v) =0 (v<0),
Cou) being Young's function.

Proor. We shall prove for 2= 2m. The case k£ =2m 4 1 is treated
similarly. The following properties of Young’s function are well known.

They are
(f ) cosuydu\ = C,,(vy)

a” {( 1)m- C,- »(Uy)

dv® 7% } = cos vy

and

:vw { (— 1)"”971%@)7} = — sin'yy.

From Lemma 1,
A

1 v \?]*! s
fm=lim L | Fody { 1— <v) } cos oy — 1) dv = lim I\(x),
Ad>oo 7T J J A Adeo

say. Then

.1 " ’ v \?¥} ¢!
L(x)=1lim— | Ay)dy 1-— <~> } cosv(y — x)dv
oo 7T ’ y A
A 7
.1 v \?)%!
= hmﬁ[f {1 - (X) } cos vx dvf f(»)cosvydy
e 0 -n
A 2 \%2}%-1 . g .
+ 1-— (7\— sin vxdv | f(y)sinvydy
0 -n
If we put

_ [ ey Colon) f‘l "N oo — iGN g (o
Do, (v) _flf(y) v dy+(_n +1f )f(y)( 1) s dy, (v=0)

J S—

=0 (v < 0);
and
V(o) = f 73)Cen®) gy ( f + f Yy =0 gy, w2 0)
-1 ¥ -n 1 y
=0 ¥<0),

then, from Lemma 3 and by the properties of Young's function, we have

A
I(x) = llim[ {f {1 — (ﬂy }w_lcos V% —d“—d’:ﬂ
e | L, A dy*-1
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A
v\2)%! . d*Da (V)
+j; {1—-—(—{)} sin vx -1 },
where 8§ > 0.

On the other hand, since

Qi;g}l =0Q1), for [y| <1

and
Cootl09) — oy, S22 — o(y-=) for 1y] > 1,
®un(v) and Vanu(v) are uniformly bounded in any finite interval of », and
tend uniformly to ®(v) and W(v) in that interval.
In order to verify the condition of remainder terms, for =0 we put
AL II,L(I)w n(h)

) [1 i {ix_-—_(’%:ﬁ}zr_l cos {n — l)é}x{f f(x)c.,(xw dy

87::1

+ ( f T f n)f(y) “”";C;-”(”) dy} =N+

]15[1 - { 7&_—(1;__11)*5_}2]::—1 cos {\ —6(!:— 1)&}x :i( _ 1),(k;-1>

* T f (O =76 — )1 dus f 7 S 4,
= —n k—1 . L Ca{(X — jEuy}
O(é- )[ 1)’( ) f f(ydy—— O f (1 — u) (A — 18)"my du }

=0<61-“>{k§< (¥ %) f F)iy— o f (1 — up-[ SXCRIN] g}

J=0 A=N—je
A—ESA <),

= O(El -h ) .
Similarly

J. = 0" ")( f f i@dyZ( 1)’( i 1—3@ f 1 1 —uy'=(n — jor
.>;L](32_1L{()\ — jEuy}du
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() E—2\ 1
= o™ f f "yz‘ ("5 )
x f A — u)y-! [ A =G+ 1)EVCo-sl{in — G+ DE uy) — (A — 7€)
0

XCorn{(X —JE) uy} ]du

[2(—1y ?)oce- "){f f $=

% CoS[{A — (7 + D)€}yl — cos{(x — 7€)y} dy
» ‘

- S(— 1y ("’] Z)Kf,

J=0

say.

-1 7
Ko=oen{[ 4 [ fesdr=inl0mttay s s
-n 1

lim M, = o(e—h) "/(9) cos Ay = cos{(n — &)y} d
n-Seo n o yn
= O(E") f f f )f(y) cosy = cos{(A - &}
»
= Nl + Nz + Ng,

say, where n, is determined for given 5 >0 such that

f —liy(—fndy < g, for all n=n,.
Then

"o .
4l = oy [ LDIEIAI g,

y 13

= 0(&1-") f I;%)' dy = O(&*-"),

where A — <A < A
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1
JI(TJ') Ey[sn}lx'y] dy
y y

L] = O

1/e
= 0(81-n)f |f;3’) Iyx—h dy

1/e
= 0(51-ngn—1)f I,f(y“))l dy
J

Mo

= O(n)
| L] = O~ n)f If(y)l 2 dy<0(8"'8")f |f(J’)|d

1/e

= o) f %(i’)—' dy.

i/e

Thus we get
lim lim M,| = lim {O(ex-h) + O(») + O1) f mdy} = O(y).
>0 7N>oco e>0 Ve ym

Since 7 is any small number, we have
lim lim M, = 0.

€S0 7ndoe

Consequently the required formula

lim lim I'"(&, n) = hm hm I%(&, ) =
nyoo €0

is derived easily. Similarly we obtam

lim hm I'®(€,7) = lim lim I'(Y, (§,7) =
Ny e>0 e>0 nHoo

We can treat the case r = 1,2,3, , k=2 analogously and then we get
the theorem from Lemma 1 and Lemma 3.

4. Burkill’s generalization of Fourier integrsl.

LemmA 5. Suppose that, (1°) F0) = 0, (2°) F(x) is continuous in any finite
interval, (3°) F(x) = o(|x]|%) as |x]| > o and (4°) F(x)/(1+ |x|%) € L( — o,
o), fora >1, then we have

Ao

tim L f - dF () f KMy — w)du = F(x),
-—co 0

where

Kow=2¥a0n, p+ ;=a
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Proor. We have
L[ e [ Kary - pau=timL [ apo) [ Btry — wpau
—oo0 0 -n 0
= lim I(x), say.
N>oo

s =[Lro [ Kow-ow] -1 Fo) (4 [ Koty ~ wnau}ay
0 -n 0

= F) f K — wdu — B=2) f K\n — )}ydu
(4 Y ” 0

n AY—x)
1 a. M}d
+.”_f F(y){dy J 20 4 gy

= E) f K\ — wdu — =2 f KudMn = w))du
4 . z 0

+ 1 f FOXEOG — 2} — Ky

=h—J:+], say.
Then

Ji= %F(n)-o(f A-+E (n —u‘)"“i‘rdu)
0

= O(F(n)/\+—% n++3) = O(F(w)/ 2>~ n*)
= 0(1), as n-> o,
and J; = o(1) is proved similarly. Concerning J;, we get from Lemma 1,
lim lim J; = F(x) — F(0) = F(x),

ASo Ndeo

for F0) = 0.

THEOREM 2. Suppose that (1°) F(0)= 0, (2°) F(x) be continuous in any
Jinite interval of ( — o0, ), (3°) F(x) = o(|x]|?) as |x| > o for a >1 and (4°)
F(x)/(1 + |x|®) be absalutely integrable in ( — oo, 4 ). Let k be an integer
suchask —1<a =k k—a=h Ifk—2=2m (m=0,1,2....), we put

_ [ Cuww, f "N (= DCoaoy)
P4(0) f L) ap(y) + (_,, +f) "Ce®ar(y)

Vu(o) = f Cealariy) + ( f.,, i f ”)bll"y————?-”“’”mw,
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and if k—2=2m+1(m=0,1,2,....), we put

1 -1 o
Pa(v) = f Casr(v3)dF(y) — ( f + f )H#’M)dﬂy),
-1 J"' —c 1 >

o= [ G0 amy ([ [ 1) G gy,

Then

_ 1 ’ sin vx d*®4(v) 1 — cosvx d\ra(v)
0

Proor. From Lemma 5,

I,

1

1 f dF () f Ka y (N5 — w)du
~f dF(y)f duf I1—(——)} cos v(y — u) dv

;T[af {1 _ ({) }“ ! Silnvﬂdyf cos vy dF(y)

-n

A
+f {1—(1)‘}’ '1—cosvx dvf sinvde(y)].
y A v J

The proof is almost identical with that of Theorem 1, But the lower
limit of integral is not — 0, but it.is exactly 0. This is an essentially
different point. To clarify this circumstance, we prove the case k= 2 for
the sake of simplicity.

Let us put

Penv) = f 1= cosmapy),

Il

Il

+1 -1 n
Vun(t) = f W;yf“‘—”y dR(y) — ( f + f )Sﬂ;;’y dF (y).
-1 -n 1
Then integrating by parts we get
f (1 sm vx d*Py (V)

v dv

+ f (1 _ ﬁ_)l,—- cos vx d*Vry o(v)
A

v dv

0
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We shall show that
lim lim I'y(&,n) = lim lim T'y(&, n),

neo €50
lim lim I'y(€, n) = hm hm I'y(&. n),

n-yeco €50
where

€ \ sin &x nl—cos Ey
L€, n)= (1 R‘ Tf R dF(y),

1
1 — cosé&x {f Ey —J:m &y dF(y)

Ty(&,n) = (1— —i—) &«
([ [y aro}

Now
A _ _ €\, sinéx ([1—cos&y ]n
rue, m= (1- )27, || e FO) |

_-fn_}_ ];__—,Epsey ) F(y)dyj

=Ji—J, say.
n
sm Ex 1 — cos &y 1
11m L= hm<1— —) 8[_"9—23;—»‘F(y)_, =0,
sinéx 1 {v‘e sin€y — 2y(1 — cos &y) } F()dy

lim J, = —_ = f
m = (15 )< &) ”

=0,

On the other hand,
A = o(LEGLEIEC=MN) _ 1), a5 > o
For a given 5 > 0, we take a large N for a fixed € such that

f f)| (5222 F(y)[dy<n,

and
N
lim
>0
-N

Therefore

1 y*—sin€éy —2y(1 —cos &
1 y*—sinéy y4y( os &y) F(y)ldy=0
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lim lim /] <,
€50 NSeo

that is,
lim lim J, = 0.
0 n>e

Thus we get

lim lim Ty(n, &) = lim lim Ty(%, &).
Ndeo >0 €50 n-deo

The remaining part is analogous. Burkill [1] proved the case « = 1, and
the summability is replaced by ordinary convergence. S.Izumi [6] proved
the case & = 2, but he has put — 0 at the lower limit of integral.

§5. The L, (p >1) case.

LeEMMA 6. Let
" 1wl

f de< o for p>1and a >0.
Ir 1°) f K(x) dx =1,

@) K@ =M for |x] =1,
and

Co) |41+ K(x)] <M as |x] >, for B> %,
then

lim A f FOMK{\y — x)}dy = f(x), a.e.
Adoo

Proor. We may assume without loss of generality that x = 0 is the
Lebesgue point of f(x) and f(0) = 0. Therefore it is sufficient to prove

lim f 7(3) Kup)dy = 0.
0

Let us put
/A

Oad 7 oo
I=7Lf f(x)K(hx)dx=f +f +f =L+ L+ L,
0

0 1A 7
say. Since x = 0 is the Lebesgue point,
172N
L= O(Xf | F(x)] dx) = o(1), as A > oo,

(1)
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If we write

13
[ irwiaz=ra,
0
then |[F(2)/t] < &€, for all ¢ such as 0 < £ <. Therefore

111|<7\f L F()] | KQ2)| dx < MA- ﬁf [ ()] xpﬂ

/A /A

= Mx-ﬁ[Fg’ﬂ ] + MAHB + 1) F:ﬁ dt
A /A
= 14 + 15.
Then
= F(n) -8 FA/N)
Ll= AP s FA/N)
= e S [

< ’F(,,)] |F 1/x)l <2

n
&
15l = B+ 1>>v'*f o =¥
/A

On the other hand, putting 1/p + 1/q= 1, we have

f | xCe= D@+ DK (x;)| dx ng | %] @=D@-D-(B+Dagy

=M f 2~ 0+9dx < oo,

where 6 = @ — a/p >0. Therefore

S@1? - q(a+1) q(w+1)
5] = f LLDIE 4 fm | K()] du
(ﬂ ) )"
< f de Ve f u(q-l)(a+1)l K(u)l."du Yo
- a+] g
(v %] ) (M )

>0, as A > oo,
Thus we get the lemma.,
LeMMmA 7. Let
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" Ul
f T lxlwdx< o for p >1 and « 21,

- 00

then

oo A -1

. 1 gy 5 +0

}\ng;f f(y)dyf {1 - (%) } *cos vy — x)dv = f(x),a.e.
—00 0

PrOOF. Substituting

s as g0, where, = —— LD o g €2L g,
2J/x I'(B+ )

in the place of K(x) in Lemma 6, we can prove the lemma similarly as
Lemma 1.

LeMMA 8. The inverse difference

k
ScMcos A x) = EA,;_“;‘ cos {n — (n — v)E}x
v=0

satisfies
8)) S,;'*{S,;" (cosxx)} =Afcosny, k= p+ v,
2) S-#(cos Ax) = O(E*x*) as €->0.

Proof. Immediate,

THEOREM 3. Let

LA Wevd B < oo, £ |’ A |’
f l l dx or p > >

—oco

then

oo

f(x) = {(B, (@—1)/p+1+38) } %f {COS N S CONER i 4 () }

dv*! dov*-!
=0

a.e., where ®u(v) and V4(v) are defined in Theorem 1.

Proor. The method of proof is almost identical with that of Theorem
1. The existence of ®a(v) and Wa(v) is proved by Holder’s inequality. The
essentially different point lies in proving the condition of the end points.
For instance we shall prove

N s
P§\0)(8’ n) = O(E >t )f }; ,&W dy = o(1) as €->0.
1
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Let us put
- v ie o ALV coshy
a-1 * 3
1o, m= 07 *)( f + f + f VP g
1 N 1/e

=h+L+7F

say, where we select N such that

(f‘””%?lidx)w <

for arbitrarily small given  >0. Then

*-1.5 11
[Jil = O(E» )( |ly|(£’lt g ) = o(1), as &->0.

Using Holder’s inequality
Af¥-Dcos ny

[l =0 5wkl f If(y)ll’ ) p(f y]; 1 5—-———’:1);)

1/e

+8-k+ +—“‘+L f(y)]?
0(8 S8k P f +a) ( |
( yl Q J. yas

and as

(@—-1/p)+8—k+1+(@—1/g)+ h—8=0, and 1+ ¢8 >1,

we obtain

] = (f yms) (f 'f(y)'pd) >0, as &> 0.

Lastly from Lemma 8§,

o) ([ V)

N

1/p

/e (@— 1),p+8){ (k=1=(&=1)/p=8) 1/q

(
« (f % E[Sk 1 Sk-1 (COS?U’) ‘dy)
o | b

p—+8 —k+1 1/e ;
) 1
= O(E ) (/ lf;{”idy) pX
¥

259
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q 1lq

dy)

y yh
1 RO
- Iy
- O(Nf yw+qh+q(w—1/p+8-k+1) dy) (3[ i ym dy),

a+qgh+qa—-1)p+8—k+D)=qgalg+hr+(a—-1)/p+8—k+1)
=q(—1/p+8+1)=1+¢8>1.

Therefore
1je dy \ 1 ‘l ) ijp
S5 yl Y y&

lim | L] <9.
>0 l]-l ="

1le 1 'Sk—_((lw-l)]p+8) O((Ey)k,—l—(a—l)lp—S)
x( o ;

N
1/e

and

Since » is arbitrarily small, we get
lim I\, n) = 0.
€>0

The other estimations are derived by the similar way.
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