SOME TRIGONOMETRICAL SERIES XI
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In this paper we prove two kinds of integrability theorems of trigo-
nometrical series.

1. We shall prove the following theorem :
THEOREM 1. If

@ S |aal = O(1)
k=n

and the sine series
(2) g(x) = > ansinnx
n=1

converges boundedly in the interval (3, x) for any 8 >0, then a necessary and
sufficient condition for the convergence of the Cauchy integral
3) f g(x)dx,

>0
is the convergence of the series

= o
) —
n=1 n

Necessity of the condition was proved in the paper [1]'»®, so that it is

sufficient to prove the sufficiency of the condition?. By the hypothesis

T o

f g(tdt = 23”— (cos nz — cos nx) 0< x< 7).

P n=1 n

Hence the existence of (3) is equivalent to that of

o

(5) lim 2 Bn_ cosnx
=0 n=1 n

If (4) converges, then, for any 8 > 0, there is.an N such that

é an
n

n=p

Let N< [1/x] = A, and write

1) CL.R.P.Boas [2].
2) In [1], Theorem 2 is trivial.

<& (g>p>N)
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1

oo N- A-1 o
2%cosnx= 2+ A+ =S+S8:+S.
n=1 n=A

n=1 n=N

Since 1 — cosnx A (V=7 < \), we have

A-=1 A-1
Sz’—zﬂ Zﬁ”—(l-cosnx)’
n=N n n=N n
i a,
< (1 — cos 1) max —,i‘l < 8,
PP TS e
and
N-1 a | N-1
\ Si— 3% = |3 % (1 cosam)| 0
n=1 n=1

as x> 0. For sufficiently large », we put

oo A=1 oo
Ss=z=2+ z = S31 + S

n=A n=A n=rA

We get

ra=1
= On , Sin(n +1/2)x
Sat EA n 2sinx/2
a, sin(A +1/2)x am-1 sin(ra —1/2)x
A 2sinx/2 m—1 2sinx/2

rA=1 .
_ Aa, sin(n +1/2)x
2 n 2 sin x/2 + o)

n=A
= §;,+ o(1).
Let Ay, s --.., N\ be the extremum points of sin(z + 1/2)x/n for A= n <
A — 1, then
Ao = (k+1/2)/x + 1/2 + ofD),

= O(r),
and hence
M p-1 M1~ a-1
Sp=2X+ 2 2t X
n=A k=1 n=Ag n=Au
1& 1
=of = — ) = o(log 7).
(32 5) = otws
Further

_ an _sin(n+1/2)x
Ss. 2 A n 2sinx/2 +o)
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-0( 2 2 'A"”') 01/7).

k=0 n=2Kkrx
Hence
hm S; = hm S;,1 + lim lim S; .= 0.

TS0 TS0

Thus we have proved 5).
We can prove similarly the following theorem?:
THEOREM 2. If the series

(6) fx) = éa” COS nx

converges boundedly in the interval (3, ) for any & >0 or (6) is the Fourier
series of f(x), and further if

(A) S an= 0,
n=0
> la] = 0Q),

then the existence of the Cauchy integral

7z .
f A 41
R
>0
is equivalent to the convergence of the series

= o
DI

n=1

THEOREM 3. Let 0< a< 1. If
nl_wan -> 0 (" -> 00),

2n

> |Aa,| = O1/m-=),

v=n

then the existence of the limit

hm Jo(X) = 11m

o f (x — tyP-fi)at,

where f(x) is defined by (6), is eqmvalent‘ to the convergence of the series

a

9, THEOREM 4. Let 0 < a <1 and 0K B<1. It

@ Sva, = 00",

p=1

1) Cf [1].
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) > l4a,| = 0(1/n*),

v=n

then the integrals

f Sx) dx and f 9(%) dx
xY xv
0 0

exist, where vy < 2a/(a + B) and

3 f(x)= Na,cosvz, g(x)= Dla,sinvz.
v=1 v=1
This is an improvement of [3].
For the proof, we write
9(®) = Da,sinvx= D+ > =85+85,
v=1 v=1 y=n+1

Since

sin nx
A —
n

= O(x/n),

we get
< < sinv x
S = a sinv x = va,———

n-1 . .
. Simnv X Sin nx
= > AT g, SIDNE
. v n

v=1

where ¢, = 2 ua,. Hence, by (1),

p=1
S: = O(xn®) + o(1).
By (2)
©o . 1 . _
S; = yﬂEﬂa,smux: 0(—;E]Aa,|) = O(1/x%n®).
Thus, if
“) /(0 + 1)@+B2 < x < 7/ n@+Pz2,
then
® 9(x) = S, + S; = O(n@-Pz),
x - 2 /n(®+B)/2
9(%) .. _
f xY dx = gj’ .
9 =t x/(n+1)

= 0( n(w-ﬂ)lzn(w-rﬂ)y/z”—1—(“w+"5)lz) = O(1).
n=1
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Concerning cosine series, proof runs quite similarly as M. Sato [4] has
proved.

THEOREM 5. Let 0< B< a < 1. If (1) and (2) hold, then (3) belongs to the
class LY where v < (a + B)/(a — B).

Proof runs similarly as Theorem 5. By (4) and (5),

x L am@B)e

f lg(0)|*dx = > lg(%)|vdx

k=15 n41)(@+B)/2

= 0(2 ny@=p)2 n—1-<w+s)/2) = 01).
k=1
Proof is also similar for cosine series.
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