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This paper consists of two independent parts. The first part concerns
uniform convergence of Fourier series and the second gives an approximation
formula.

PART I.

1. R. Salem [1] has given a very general test for uniform convergence of
Fourier series, which includes known criteria. By his idea, T. Kawata and the
author [2] have given a test for uniform Cesaro summability of Fourier
series. The last test, as is shown in [2], contains theorems due to Zygmund,
Wiener-Marcinkiewicz and Salem. But the theorem due to Hardy-Littlewood
Γ3] (Theorem 2) is not contained. We shall now generalize above criteria
such that the last theorem is contained.

2. THEOREM 1. If fix) is a continuous function such that

• t + 2kπlri)—f{x+ t -f (2k -f l)π/ri)\dt =

uniformly in x for — 1< a < 1, then the Fourier series of/[x) is summable

(C, a) uniformly.

PROOF. Let σ%(x) be the n-th Cesaro mean of the Fourier series of f(x)
of order a. Then

It

Ux) = σ*(x) -Ax) = — I φS)K<f)dt
0

where K%t) is the Fejer kernel of order a. It is well known that

where

(2) *K0 = cos ((« + !

(3) r*n(t) = Oίl/nt*).

We have

=~f =—[ + — [ = / , + /,.
n J π J π J

/
J

0 0 </n

By the continuity of f(x), Iτ = o(l) uniformly. Concerning I,, we have

= — f <P*(t)Ψ*n(t)dt + — f <P*Φr«n{f)dt =
/ /

7S + 74,
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say. By (3),/4 = o(l) uniformly.

β i f
π J x A*(2sir

1} f φ y ) ^ )
= « J ^ d F^ * + Λ - Λ + Λ.

say. 76 = <?(1) uniformly by the Riemann-Lebesgue theorem. We have

/ ^ t = 77 -
τt/n

say. Putting

a){t -
we get, by the Salem method,

~dt

Γ»/2] Λ 2

where 79 = o(l) uniformly by the continuity of fix). Thus we get the theorem.
From the proof we can see that the absolute sign in (1) may be replaced

by the ordinary bracket.

3. We shall now prove that Theorem 1 contains the following theorem
due to Hardy and Littlewood.

THEOREM 2. If 0< ct<L l,ctp > 1 and Ax) belongs to the Lip(a,p) class,i. a.

( J \f(x + t) -f{x) I "dxjlv = O(ί-),

then the Fourier series of f(x) is almost everywhere (C, — a + δ) summable for
any δ > 0.

PROOF. Let γ = — a + δ. Since the function in the Lip(a,p) class (<xp > 1)
is equivalent to a continuous function in the Lip (a — 1/p) class, we can
suppose that f(x) is continuous. The left side of (1) equals to, with a = 7,
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r27tlnί^ i Ί

n j I V —— \f(x + * + 2hπ\ri) —f{x + ί + (2ft + l)τr/w)| }Λ,

which is less than

(5) rcf | 2 " |/ίχ+ / 4- 2ftπ /w) -Ax+t + (2ft + l)π/ή)\» \dtl 2 ' " ' ^

where 1/^ + l/# = 1. Since

(1 + y)q = ( — Λ + δ + l)fl l=(--α: + δ-

the second factor of (5) is bounded and the first factor is less than

ni-iiQ) I ι*y* \f(x _|_ i + 2kπ/n)—f(x + ί + (2ft + l)τr/^)Ip 1

<• 4^1-1/9/ I

0

S Cnι/p/n" = o(l)
as w -> oo. Thus the condition (1) is satisfied, and then Theorem 2 is deduced
from Theorem 1.

PART II.

1. The object of this part is to prove the following theorem and to
give its application to the theory of approximation.1}

THEOREM 1. Let f(t) be an integrable function with period 2π and let

<P*(t) = Ax + f) + /(* - t) - 2f(x).

If we denote by σl(x) the n-th Cesaro mean of order δ of the Fourier series of
f(t) at * = x, then

°° r P * Γ

w = l 0

where p>l, r >1,0<;δ<il and Ar is a constant depending only on r.

For the proof we use a lemma due to Hardy and Littlewood [5].

LEMMA 1. / / φ(t) ^ 0, p > 1, r > 1 and

<P\(t) = j f(u)du, <p2(ί) = J u-iφ^du,

1) The proof depends on the idea of Hardy-Littlewood [4], which the author
learned from G. Sunouchi. The author expresses his hearty ithanks to G. Sunouchi,.
who gave him important criticisms and remarks.
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then we have
oo

(2) j t-r(φi(t))pdt s

(3) f
0 0

Let us consider first the case δ = 1. We have

(4) \σn(x)-f(x)\SAnf\φ(t)\dt+ ff lή
o i/n

where <p(ί) = ^( ί ) and A is an absolute constant.

ί

say. By (2), if p >l,a + P+ 2 >1, then

Y S A 2 J t"+p(<pi(l/t))pdt

oo

where φ#) = f ^du. By (3), if P > 1, ί - α = r > 1, then

dt

ϋ

0

Hence we get, by p — a = r,
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0

Thus we have proved the case B = 1 of (1).

For the case 0 < δ < 1, we start from
l/n it

0 V*

instead of (4). Then we get the proof of (1), following the similar line as

the former case. The case δ = 0 is also easy.

2. As an application, we can prove a classical approximation theorem.

From (1) we get

0

for p > 1, r > 1,0 < δ < 1. Taking p = r log w, we get

(5) ψQ
0

Thus if f{t) belongs to the Lip a class (0 <; a <Ξ 1), then

(6) σ%(x) -Ax) = Of log w/nα).
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