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For the dimension theory of W+*-algebras, many results have been obtained
up to present, but the infinite case remains obscure. It is the purpose of
the present paper to remove this obscurity by defining a dimension function
in a properly infinite W*-algebra which admits the same properties as in the
case of finite W*-algebra.

1. Considerations on multiplicity theorem. By a W#*-algebra M,
we shall always mean a weakly closed self-adjoint operator algebra with the
identity operator acting on a Hilbert space H and denote by IM', ) the center
of M and its spectrum. For a projection e in M, we denote by M, the res-
tricted algebra of IM onto eH. (Q.n means the spectrum of M,. We shall
always mean by z(e) the central envelope of a projection e. A word “cardinal
number” is used in its infinite case unless otherwise noticed.

LemMva 1. Lot {e.} G€ 1), {f;} (7 &€]) be infinite orthogonal family of
countably decomposable projections in a W*-algebra ML, and e a central pro-

Jection. If 2551 e =e= 2 Mf 5, then the cardinal of I equals the cardinalies
o J.

Proor. It is sufficient to prove the lemma when e = 1. Since M, is
countably decomposable, there exists a faithful normal state @: on IM,. Let
K; = {j € J|efse:+0}; since for any j&] there exists #(j) € I such that e f;
ein+0, we have J= U:ar K;. From e; = Zweifjei we get @i(e) = ZN
@ilefie;) < +oo, so that K; is at most countable. Therefore Card. J < (Card. )

X & = Card. . By symmetry, we have Card. 7 = Card.J.
This lemma admits the following

DeFINITION 1. Let M be a W*-algebra and « an infinite cardinal. A
non-zero central projection e is called a-dimensional homogeneous projection
if for every central projection f, bounded by e and countably decomposable for
M! there exists a family of orthogonal, equivalent, countably decomposable
projection {f;} (/€ J) in M such that f = 2 s/, Where the cardinal of J is
always a. Any projection p in M is called a-dimensional homogeneous projection
if it is a-dimensional homogeneous projection as a central proiection in IM, by
the above definition.

- Our definition leads us to the multiplicity theorem of W*-algebra analogous
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to the usual one in the theory of spatial invariants. We give here only the
statements of our lemmas and omit their proofs.

LEMMA 2. Let M be a properly infinite W*-algebra, then M contains a
homogeneous central projection.

LemMA 3. For a cardinal number o for which there exists an a-dimensional
homogeneous central projection, we can find the largest o-dimensional homo-
geneous central projection es. Amny central projection contained in ex is o-
dimensional

LemMma 4. If a+8, then e.e; = 0.
Now we state our multiplicity theorem in the following

THEOREM 1. Let M be a properly infinite W*-algebra on a Hilber! space
H and 7 afamily of all cardinals for which there are homogeneous central pro-
Jections. Then there exists a unique central decomposition {e.} (a € ), where
es 1S an o-dimensional homogeneous central projection in Lemma 3.

We call this a homogeneous decomposition of the identity of M.

Proor. The uniqueness is obvious, and the rest is clear by Lemmas 2,
3 and 4.

DEFINITION 2. Let IM be a W*-algebra on. a Hilbert space H and {e;}(Z€ 1)
any family of orthogonal equivalent projections with Card. 7 = «. (@ may be
finite in this case.) Set A = max (X,, su#p a) where a runs over all cardinals
of those families as above. In this case we call M \-bounded. Next, if {f;}G<€])
is any family of orthogonal projections in. M, set p = max. (&, sup 3) where
8B runs over such cardinals as those of J. (8 may be finite, too.) In this cale
M is said p-decomposable W*-algebra.

The &,-decomposabity coincides with the usual countable decomposability.

THEOREM 2. Suppose M to be @ W+*-algebra on a Hilberi space H. If M
is N-bounded and M* u-decomposable, then M itself is Au-decomposable.

We can prove this theorem even if M is an AW#*-algebra, but we give
here a proof for W+*-algebra.

ProoOF. Dropping to direct summand and applying Theorem 1, we may
restrict ourself to the following two cases in which we must show IM being
at most A-decomposable. Proving this, we find IM at most Au-decomposable
because the cardinal of a central decompposition does not exceed . Then one
verifies easily that M is Au-decomposable.

1° M is finite and M countably decomposable. In this case, it is clear
that M is countably decomposable, i.e.at most A-decomposable.

2° M = M, % B(K), where M, is countably decomposable and B(K) the full
operator algebra on some Hilbert space K. In this case, 1 = Eme,- where {e;}



GENERALIZED DIMENSION FUNCTION FOR W*-ALGEBRAS 123

(f € I) is a family of orthogonal, equivalent, countably decomposable pro-
jections. Suppose M to be A’-decomposable and for some cardinal a (a < \')
there exists a family {f;} (j € J) of orthogonal projections with Card.]J = a.

Since it might be 1= 2 el We have a < Card. <A, as in the proof of
Lemma 1. Therefore A’ <A ; that is, M is at most A-decomposable.
2. Existence of dimension functions and additivity property.

LemMa 5. Any cardinal valued (order-) continuous function p(t) defined on
a dense open set )y in a Slonean space ) can be extended to a continuous
function on the whole space ().

Proor. Take a point £, € Q — Q,. We shall show /D} VU N Q) =

\/v AP (U N Q,) where U denotes a neighbourhood of # and V(resp. A) the

supremum (resp. infinimum). At first, it is clear that the first member is

not less than the second. Therefore, if A V(U N Qy) = Ko, the above
U

equality is clear, so that we suppose A VP (U N Qp) > Ky. Take a cardinal
18

a such that A VP UNQ) > a(= X,). Then, for any neighbourhood U, of 2,
U

we have Vp(Uy N Qo) > a. Set V = {¢ € UyNQo|p() > a}; Vis open and closed
in Uy N Qo, for V={t € Uy | O|p@#) = a’'} where a' is the next cardinal to
a. Now V is open in Q, moreover we have VU, | Q, = V where V deno-
tes the closure of V in . Since { is Stonean V is open and closed in Q.

Suppose ¢ € V, then there exists a neighbourhood U, of #, such that U;NV
= ¢. Take a neighbourhood U, of ¢, such as U, = U, 1 Us. We have p(U,

N Q) < a, which contradicts our assumption A V(U N Qo) > «a. Hence ¢,
128

V, and as V is a neighbourhood of #, one can take another neighbour-

hood Us with UsSV U, Thus, p(U; N Qo) > a, i.e. ApUs N Qo) >a, so

that s A 2(U N Q) >a. Therefore \y AU N Q)= A v 2(UN Qy), so
128 172 U

that \U/ AP WU NQ)= A vEU N Qo).
T

Now we define p(t)) = \y ADWUN Qo) = A DU N Qo) for tcQ — Dy,
then p(¢) is defined for all £ € (. ’

We shall prove that p (¢) is also continuous on £ — £,. For the proof,
we may assume A \/H(U) > X,. Take a cardinal a for which A \/#(U) >«
(= X We shall Ushow D(to) > a. Suppose p(to) < «, then there gxists a neigh-

bourhood U, of #, such that p(U, N Qy) = a. Hence p(Uy) = a; for if there
exists t€U, with p(#) > a we can take a neighbourhood U({) of ¢ with p(U(f)
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N Q) > «, which contradicts (U, N Qo) < a. Therefore n \/H(U) = a. How-
128

ever this contradicts our assumption. We have p (&) > a. Now there exists
a neighbourhood U, of #; such that p(U; N Qo) > «, then the same argument

used above yieds p(U;) >a which implies Ap(U;) >a«. Hence \/ A
14

) >ea, and A VW) = plty) = \V AP(U). Therefore p(#) is continuous on
U T
0 — Oy, soon the Whole Q. This completes the proof.

LeMMA 6. For any properly infinite projection e of a W*-algebra ™M on a
Hilbert space H there corresponds a cardinal valued (including zero) contin-
wuous function D(e)t) on £ such that 1°,0 < D{e)?) < dim(H) and Diejit) =0
if and only if e = 0; 2°, for any central projection z, D(ze)t) = z2(t)D(e)t) in
the obvious sense.

Proor. Consider a homogeneous decomposition of e and let {K,} (¢ € =)
be a family of mutually disjoint open and closed sets in Q.n corresponding
to the homogeneous decomposition of e. Set Qy= |, Ks; £ is a dense
open set in Q.s. By the isomorphism between M} and M}, one can consider
0 as a dense open subset of Q,ya, a subset of Q.

We define a cardinal valued continuous function D(e)?) on £, such as
De)t) = a for t € K,. By Lemma 5 we can extend D(e)#) to a continuous.
function D{(e)#) on Q.a. Next, we set a function on Q;

@) = D) for te&Quomn
=0 otherwise.
Clearly D(e)(#) is a continuous function on  and satisfies the conditions 1%
and 2°.

LEMMA 7. Let e, f be properly infinite projections of M, then D{e)(t) <
Df)¢t) if and only if e<f.

Proor. Since “if” part is clear we shall show “only if”’ part alone. As
we may work in each direct summand we can assume z(e) =2z/f)=1 and
further the central decomposition makes us possible to consider D(e)t) = «,
D(f)(#) = B. Moreover, we may assume that M* is countably decomposable.
Then, e= 2581&" f= Emf, waere {e;} (¢ € I) and {f;}(G<€ ) are families
of orthogonal, equivalent, countably decomposable projections with Card.7 =
a and Card. J = B. Without changing cardinals of 7 and J, we may assume
that e; and f; are all properly infinite. Thus, e; s equivalent to f; (cf. [8;

Lemma 2]). Therefore e = >, e<> i =1

LeEMMA 8. If e, f are orthogonal properly infinite projections,
D(e + f)t) = D{e)t) + D(f)(2).
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Proor. If z(e)z(f) = 0 this identity is clear, so that we assume z(e)z(f)
=+0. Since it is sufficient to prove this equality on a dense open set in £, we
‘can suppose, as in the proof of Lemma 7, Die)¢) = a, D(f)(¢) =8 and e =

e € = 2 ij. Without loss of generality,e; and f; are supposed to be
properly infinite for all 7 € 7 and j< J. We have e;~f;, for z(e) = z’f) = 1.
Thus e+f is an («a + B)-dimensional homogeneous projection. Hence
D(e + fi(t) = a + B = D(e)®) + DY)(t). This completes the proof.

THEOREM 3. For every properly infinite W*-algebra ML on H, there exists
a function Dle)t) on the projections in M to the continuous functions on 2,
with the following properties ;

1° 0 < De)t) < dim (H) for any projection e and D(e)t) = 0 if and only
ife=0,0

2’ D(e)t) = D(f)¢t) if and only if e<f;

3 if e and f are mutually orthogonal projections in M then D(e + f/)(¢t) =
D(e)®) + Df)t);

4° if z is a central projection, then

D(ze)(2) = 2()D(e)®);

50 D(e)t) is minimal in its infinite part among the functions satisfying the
conditions 1—4°; that is, if D(e)t) is such a function on M then D(e)t) <
D(e)¢) for any properly infinite projection e.

Notices that D(e)(?) is numerical valued except on a dense open set of Q if
and only if e is finite.

DEeFINITION 3. A function D( )(#)in the above theorem is callec a dimen-
sion function of a properlyinfinite W*-algebra M.

Proor oF THEOREM 3. Take a normal, faithful, semi-finite pseudo-appli-
cation 4, &,, on the semi-finite part of M. For any projection ¢ € M there
exists a central decomposition e = e, + e, where e, is finite and e, properly
infinite. Consider the central decomposition M = Mz + M1 — 2) where Mz is
semi-finite and IM(1 — 2) purely infinite. Then &, (e;) is a continuous function
on Q.z, a compact open subset of 2. Hence if we set ®dyle)) =0 for te
Qa-nu, Dole;))?) is considered a continuous function on . Moreover we as-
sume Py(e,)@) = K, if Pyle))(t) is infinite. Now we define D(e)#) = Dole)?)

+ D(e,)t) for ¢ €  in which D(e,)(¢) is a cardinal-valued continuous function
described in Lemma 6. Clearly D(e)#) is a continuous function on £ and one
can easily verify, together with Lemmas 6, 7, 8, and the property of <y,
that this function D{(e)(#) satisfies the conditions 1°, 4° and 2°, 3° if ¢ and f
are both finite or properly infinite. On the other hand,if e is finite and f pro-
perly infinite, one verifies easily that the conditions 2°, 3% also hold recalling
the convention for this theorem. Therefore all the conditions, except 5°, hold

1) Here we need some conventions to prevent us from unnecessary confusions.
Let « be a cardinal number and s a positive number, then we write that s<« and
s+ae=a even if s is not an integer.
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for this function D(e)(?).

Now suppose D(e)() to be another function satisfying the conditions 1°—
4° and let e be a properly infinite projection. By 4°, we may assume D(e)(?)
= a and M* being countably decomposable. Set {e;}( € I) for a family .of
projections such that ¢, <e, D(e)t)=a; <a and D(e)®) < D(e:)t) where
{a;}(Z € I) are cardinals. By Zorn’s lemma we have a maximal family of such
projections. Set 8 = Viqa: < «, then there exists a projection e such that
e=<e and D(e)¢) = B. Suppose B < a. Take the cardinal B’ next to B and a
projection? such ase <e and D(—;)(t) = B'. Then from the maximality of
{e:}G € 1), D(e)®) >E(:@(t) on some open and closed set Q. Now D(e:)(?) <
D(e)(?) implies e;<e, whence D(e:)(t) < D(e)®) for all . And B = D(e)?) =
V ier D(e)?) < V 1erD(e;)(t) < D(e)?). Therefore D(e)¢) = D(e)(t) = 8 on O and
taking a central projection z corresponding to Q, we have ze~ze waich con-
tradicts to D(e)#) < D(e)(#). Hence 8 = a; we have D(e)¢) = D(e)¢) < D (e)(#)
= D(e)#). Thus, the condition 5° also holds.

Next, we shall consider the normality property of our dimension function.

THEOREM 4. Let M be a properly infinite W*-algebra on H. Suppose

e= Eid e; where e and e; are all properly infinite projections. Then for any
central projection z which is countably decomposable for M*, we have

Do) = /\ 2.V DzeU),
where U is any neighbourhéod of t €.
Proor. We may assume that M' is countably decomposable. We must
show D)) = /\ 2.,V DE)U): At first, we have \/ D(e:) (U) = V D(e:)

(UNLQ:), where Q; is an original definition domain of D(e:)(?) (¢f. Lemma 6).

We have also \/ D(e)(U) = \/ D(e)({U N L) for an original definition domain Q,
of D(e)®).

Now let Q; = LJ K!, Q¢= U Ka bethe decompositions corresponding to
the homogenous decompositions of eipand e. Set{ KL,-} for a sub-family of K! which
meets U; then \/D(&)U)= \/De)YUNQ) = v{al, a},...} =a +a +
..... Hence 2| \/ D(e)(UN) = X, 3 a). On the other hand, let{K,,}be"the
sub-family of K, with UNKs*¢. Then\y D(e) (U N Qo) = 2as. Put I, =
{a|U N Ka, N K;,¢¢}, then we have, by Lemma 1,a, = > aj. Since {s} is
countable, we get 2, a; = 2 3 ai< X, ). However for any a such a
K; NU=¢ there exists a set I (i, j) containing a}, so that o=
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zmzjaj, whence Zsas = EH O
Thus De)t) = A\VD@UNQ) = N2,V DEeUN0)= N2,V
D(e:)U).

CoroLLARY. If MM is an infinite factor, D(e)(t) is compleiely additive over
infinite projections.

Now we show some examples which illustrate the situation of Theorem 4.

ExampPLE 1. From the definition of D( )(#), it is normal in finite pro-
jections. And yet D( )(#) is not normal in properly infinite projections even
if they form a linearly ordered family. Let H be an &;-dimensional Hilbert
space and M = B(H), the full operator algebra over H. Let w,; be the first ordinal

of &,, then 1=2
EM o en and denote by o the first ordinal of &,. We get a linearly ordered

&), where e, is a minimal projection of M. Set e, =

A<w

increasing family of properly infinite projections {€\}osr<w; and 1 = V s\ <ort

However, D(1)#) = &; and D(e))t) = X;where o <\ < w,. Thus D1)(¢) >
V D(e\)®). ’

wEA<w1

ExAMPLE 2. So far as it is concerned with our dimension function, the
normality is not equivalent to the complete additivity over properly infinite proje-
ctions. It is hopeful that D( )(#) has this property, but this is not the case
as shown by the next example.

Let {H:|z =1,2,3....} be a family of separable Hilbert spaces and con-

sider M = IIB(Hi),the product algebra of B(H;). Then we can express () =
i=1
{t1,t:,8;, ....t=}. Since the identity is an -dimensional homogeneous

projection, we have D(1)(t.) = X,. Put 1= Zei where ¢; is the identity opera-

i=1

tors on Hi. We have D(e:)(t..) = 0 for all i. Hence D(1)(Z.)* > Die:)(t=).
ExampLE 3. If z is a central projection not countably decomposable for
M, Theorem 4 does not necessarily hold.
Take the first ordinal o, of &; and {H\|\A < w;} be a family of separa-
ble Hilbert spaces. Put M = H B(H,), the product algebra of B (H,), then

A<wl
1= ze,\ where e, is the identity operator on H,. We may express {2 =
A<wl

{t1,ts, -...2x, ... .t |A < @,}. Let U, be a neighbourhood of #.,, then U,
(support ofD(e\)(#))=+ ¢ for uncountable numbers of A. Hence EVD(eA)(Uo)

A<w]

= ¥:. Since U, is arbitrary, we have A 2\ vD(@e)U) = &> DQA) ()
U <l
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= & where U runs over the neighbourhoods of #,,.

3. Some applications. At first we apply the above dimension theory
to the spatial invariants.

THEOREM 5. Le! M,, M, be properly infinite W*-algebras not containing
the coupled component such as (properly infinite, finite). Suppose M, is iso-
morphie to ML, by an isomorphism 6 and M, and M, has the same invariant
Sunction C(t) on the common spectrum of M} and M, then 8 is spatial.

C(@®) is used here in the sense of E.L. Griffin [6] and J. Tomiyama [12];
further references R.Pallu de la Barriére [9], E.L. Griffin [5] and N.Suzuki
{11].

Proor. Let D;()#) and D( )(#) be dimension functions of IM; and IM[ (¢ = 1,
2). Then an easy computation shows Ci(¢#) = (D.(1)(¢), D;1)#)) (¢ =1,2), where
C:(2) denote the invariant functions of IM;. By the result easily verified from
the theorem due to J. Dixmier [3] there exists a W*-algebra N and two projec-
tions ¢, f in N’ with z(e) = z(f) = 1 such that § may be 'spatially identified
with the isomorphism € :a.—a, for all a € N. Hence to prove € being spatial
is reduced to prove that e~f mod N’. Take a dimension function D’( }#) of
N’. From the assumption, we get D'(e)@) = D'(f)#). This implies that e is
equivalent to f mod N'. That is, # is spatial.

THEOREM 6. If M is @ N-bounded properly infinite W*-algebra,then \ =
V.. Q where w is a family of cardinals used in Theorem 1.

ProoF. Suppose there exists a family {e:}(Z € I) of orthogonal, equi-
valent projections with Card. 7= 8 <\. Take a countably decomposable

projection e;,( < e;,), then this induces a family {&} (/€ I) of orthogonal,

equivalent, countably decomposable projections. Set e = ZMZ, which be-
comes an B-dimensional homogeneous projection. And D(e)(®) = D)) =

Vo That is, B8 = \/wa which implies A < \/Wa. Since the inverse

inequality is clear, we have A = \VV/ &,

Lastly, we consider a result by R.V. Kadision (cf. [7: Theorem 13]).
Terms are used in the same sense as used there.

THEOREM 7. Factors of type 1.. and III have extreme point classes cor-
responding to each cardinal number in the range of their dimension functions.
Each such class,other than unitary operators, consists of all those proper semi-
unitary operaiors in the factor whose initial or final spaces (whichever is not
the whole space) have their complementary manifolds of the same dimension
(the cardinal corresponding to the extreme point class). In factors of itype Il.
each extreme point class which consists of all those proper semi-unitary operator
whose initial or final spaces (whichever is not whole space) have their comple-
mentary manifolds of infinite dimension, has the same correspondence as des-
cribed above. And those for which the complementary projections have finite
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dimension form other extreme point classes (not necessarily one extreme point
class).

Proor. It is clear from the proof of [7: Theorem 13] that the set of all
unitary operators forms an extreme point class.

Suppose # and v are semi-unitary operators in the factor M with uu*
=e, vv* =f, e and f different from 1 and 1 — e equivalent to 1—7. Then
v can bz reached from # as in the proof of [7: Theorem 13].

Now if » can be reached from # by an isometry p we can express p = t-o
where ¢ is unitary in IM and o either a *-automorphism or a *-anti-automor-
phism of M. Then o (%) = t*v. But if o is a *-anti-automorphism of IM, we have
o(uu*) = o(u)*o(u) = v*tt*v = v*v = 1 so that uu* = e =1 which contradicts
our assumption. Hence ¢ is a *-automorphism. We get o(uu*) = o(e) = t*vv*t
= t*t, whence o(1 — ¢) = t*(1 —f)¢. Then one easily verifies that DI — e)
= D1 —f) if 1 — e has infinite dimension in the sense of our dimension func-
tion. In the case of I., a simple consideration shows D(1 — e) = D(1 —f) even
if they are finite. Now 1 — e is infinite if and only if 1 —f is infinite from
the relation o(1 — ¢) = #*(1 — f)t. Thus the proof is completed.
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