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1. Introduction. Let x = (x;,x,, .. .., %) be a point in the 2 dimensional
Euclidian space and f(x) = f(x;, %, .. .., %) be a function of the Lebesgue class
L having the period 27 in each variables; let

(1 1) f(x) ~2(lm, na n,“.ei(n’m” narat o H k)

be its Fourier series, that is

1 T ke n )
1.2) Qryong ..ymg = (27")’&\[ f .. f fx, %, ... m)e i@k imex gy dx, .

We shall consider the spherical means of the series (1.1). This method
was inaugurated by Prof. Bochner [1] and developed by other writers.
By the spherical sum of (1.1) we mean

1.3) S/c(x) — za““ M"kei(nwwr L Angg)
vl
ni+mn,....+n=vo
and write the spherical mean of the function f(x) at a point x by
T'(k/2
(1.4) fo(t) = éi(;)/fz) ff(xl + &, %+ 1Es, L m + tEu)do,

o

where o denotes the unite sphere & + &+ .... + & =1, and do¢ its & —1
dimensional volume element.

The general Abel mean of the series (1.3) is given by

, 17 et
(1 5) & [(‘[/8)!(14-1:1) + 1](k+1)/2 fl»(t)dt

0

If we put m =0, (1.5)" becomes ordinary Abel mean, which is established
by Bochner [1]. The formula (1.5) is reduced to

1 '
.5 ] perepetns yeon s fdbat £ o). as e,
0

by the localization theorem, where m > — k—%:—l’ since

1y [ /ey
( E*) [(t/s)l(l(;-{l f)Iljﬂlesz(f)(lt

1
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oo J+1 l
! 1 m)(k 1 v
= ( g) gmdh Zf [FaTRge 1w JiT tf(t) dt
H J=1
i

eo 1
mR 1 -
g &mk 'm+12 Vtﬂr’ WK It‘ ]ff(t)ldt

J=0
J

= &mk “"HE ](1+m)(A o 0 e f f Ifts, ... )l dt .. dbe

)=1

oo

= Emk w1 'O<2]’ﬁr}7n‘;;> — 0(1)

The general Abel mean of the function (1.4) is given by

(1.6) ef(f e () ey

0
where n > —1.
The formulas (1.5) and (1.6) were given by N.Levinson [3] for the case
of one variable.
The object of this paper is to establish the relations between (1.5) and
1.6).

2. Tauberian lemmas. The following lemmas are essentially due to N.
Levinson [3]. and N.Wiener [7].

LEMMA 1. ZLet

2.0) tim(3)" [ M( L) d =0  toundeay, ez,
where
1

@.1) ‘[mmw<w, 7 = £ 18)
and
2.2) |V, (2)] < A.

Let R(t) be a function such that
2.3) fﬂﬂmm&<m
and

@.4) flR(t)l ¥ <o,
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[$7]

Then, if

2.5) NB) = f mR(y)Nl(%)—d;-
then o

@6 i (1) [ (&) a0 =0

Proor. Since the following integral is absolutely convergent, we have

en  (3) f”’R(%)f’; fM@W
0 0
ff(t)dtf R(L)M(L) L - fNe(t Y .

(2.0), (2.1) and (2. 2) yields

f N (— f(t)dt < M,
and we get

( )"f (%) y~f1N1<—t~\f(t_)dt:=

J

(l)of 2 *R(y)d”fzvl( )f(t)dt
f j le( eyt
t<%-)’° fyk-ve@dyu— eyl (3 [ a2

0 8

H/\

IA

Let we take small 6 >0, we have

le \f(z‘)dt’<n for any small

n >0, by (2.0). Therefore the last term is less than

nf R(‘u)u"'ldult + Mf |2 -1R(u) | de.
0 3je

Therefore for sufficiently small » the first term is arbitrarily small indepen-
dent of & and for small & and fixed & the second term is arbitrarily small.
Combined this fact with (2.7) we have

tim (L)' fN( )ity =0,

>0
0
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which proves the lemma.

LeMMA 2. Lemma 1 remains valid if (2.4) is replaced by

1

IR@#)I < A, Jor t< 9

and

[ weng <.

Proor. The proof is the same as that of N.Levinson [3].
LemMA 3. Let for some fixed b, t-"N\(t) and t="Nyt) belong to L(0, ),
and let

k](W): f Nl(t)t_wdt,
0

Faw0) = f Nt

and "/(ZO) == EGU").
If y(w) is analytic, and

f | y(2e + 10)|%dv < M < oo

in the strip, b —8 <u=<>b -+ 8, for some fixed 6 >0, then

144 1

2.8) R@#)=1im. o f ()t do, b—S<u<b+s)

—td+n
is a solution of the equation (2.5) and
(2.9) t7"R(2)
belongs to the class L(0, >).
Proor. The proof is analogous to that of N.Levinson [3].

3. Summability theorems. Let P(m) represent

€—>0 &

1
.1 _aet - _ 1
(3.1) tim o [ gepein b MO =0, m> =iy,
0

and E(n,a) represent .

1 14n

R P .

3.2) 161—218[(1‘)@ (6) JSolt) e =0, n>-1, a=k—1.
0

THEOREM 1. E(n,a) for n >m, implies P(m); while P(m) for m > n,
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implies E(n, «t).

Proor. Let

1 Y i 1+n
Nit) = ooy ey e and NA#) =27 SR

then
3.3) P(m) means hm(%) fM( )t'» f.(t)dt =0,
and
3.4) E(n,a) means 1eier(r‘1(é—>k f Ne(4 )it = o.

0

In the sequel we shall use the notations of Lemmas 1,2 and 3. Then
we have

(2.2) |INMi@#)] < A and |[N,()| < A

1
for m > “pi1 P > —1 and ¢ € (0, ). Also, we have
[ i <o,
)

By the Mellin transforms, we have

. 1
(3.5)  Eki(w) = ky(u + ) = X
21 + m)T" (k + 1) ‘2<1 )

W R+1 1—w
Py —aa +m))

for 1 >u> —m(k+1) —k, and

(3.6) kiw) = iw + iv) = | Jlr nr(l—fl’%‘—‘)

for # > —(a + 1), (c.f. Titchmarsh [4] p.192), where I'(x) denotes Gamma
function.

First we prove that P(m) implies E(n,) if m >n and a =k —1. We
use the Lemma 1 and Lemma 3. Since t*DN,(#) and +*~ N,(¢) belong to
the class Z(0, ) under the hypothesis of the theorem, we have

2T k—ﬂ) 1"(1.‘;1_‘;_“; )
R A= T
P e e

The well known formula of I'-function
—— u-
3.8)  |D(x+ )| ~v 2 |vl =eXD{— Z—ivl}', as [v|— oo,

implies that
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lrtuta _ A i v |

(3.9 |y + i) ~Clo| 10 :'exp{— =1 2l aslol e,

v
2U1+n " 1+mll
in the strip —(k—1)—86<u < —(k— 1) + & for some fixed § > 0, and some
constant C. Since (% + 7v) is analytic in that strip, we have

(3.10) fw(u+iz,v)|2du<M, in —(k—1)—8<u<—(k—1)+8.

By Lemma 3, if we put & = —(k — 1), there exists a function R() such that
(2.3) and (2.5) of Lemma 1 are satisfied. Since 1/['(w) is an entire function,
the regular property of the function y(# -+ iv) depends only on the behavior
of numerator of the function. Consider the same way as above in the strip
—8=u=<1+95, we have (2.9) in Lemma 3 for & = —1. (The details of this
statement, see N.Levinson [3].) Thus we have (2.4).

Therefore all the conditions of Lemma 1 are satisfied, we have the theorem
in this case.

Finally, we shall prove that E(n, ) implies P(m) for n >m and a = &k — 1.
In Lemmas 1,2 and 3, interchange N,, N., % and k, with N, Ny, k and &
respectively. We have

R

. . k(w) 1+n 2(1+m)
3.12) y(w)=vwu+iv)=""""=-—- —LT ~
k(w) wE+1 l+w+a
21+ m)l'(* 5 I, )
k _l+uta
(3.13) |v(% + iv)| ~Clv| 7 = Tin exp{ 72T‘ fl%—m‘i \1+nl l},aslvl—*‘”,

in the strip—(#—1)—8<u =< —(k— 1) + & for some fixed 6 >0, and some
constant C. r(w) is analytic in the strip 1 > # > —m(k + 1) — k and by (3.13),
it belongs to L? on any ordinate of this strip. Thus as before, the conditions
of Lemma 1 are satisfied except for (2.4). Again by Lemma 3, if we put
b =0, we have an absolutely integrable

(3.14) R(t) = zfr L f ()" dro.

The integrand of (3.14) has poles at w =1 and w = 2m + 3, but it has no
pole in the strip 1 < # < 2m + 3. We displace the path of integration to the
right of w = 1 and observe that w = 1 is a pole, we have

1 P<k 2 )
(3.15) R(t) = T N it
2(1 + m)l1 = —A) F( —lr_:_ M )

r 1—w )11 k+1 1:20
1+ n 1 f"°-+-’”m 20+m))” 2 2(1+m) .
s
k+‘1) g l,(1+w+a>

2(1 +m)1‘( 2 Hin

dw,

—dco 4 24 2
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so that
(3 16) [R(t)[ =< A + A'fiim

where A and A’ are some positive constants. Since m > — ;, R() is bound-

ed for finite ¢ and the conditions of Lemma 2 are fulfilled. This proves the
theorem of this case.

Remark. The essential parts of our theorem are as follows; E(n, a) for
n >0, a>=>Fk—1 implies P(0), while P(0) implies E(n, «) for 0 > n > —1 and
a=k—1.

4. Absolute summability theorems. The Tauberian treatment of the
absolute summability theorems was inaugurated by Prof.G.Sunouchi [4]. In
his method, we get the following lemma.

LeEMMA 4. Under the hypothesis of Lemma 1 or Lemma 2

- ‘ |
4.0) [,f lhl(%)ﬂf N,(:é)f(t)dt[<oo
implies
4.1 f d. (é)kof N;(é)]’(t_)dt‘l< .
Proor. Put
4.2) S(x):fn £V R dt,
(4.3) Fi(y) = (;)kf NJ(;)f(i)dt,
and 0
(4.4.) Fyy) = (; i f N ;-)f(t,)dt

0

then by (2.3), S(0) and S(c0) exist. By (2.7), we get

(4.5) FAE) = (é)kme(-’;)‘?’le(;)f(t)dt
(1) [ RS [ Mo
0 0

_ (i)’” f My’““‘R( ﬁ—)ﬁ(y) dy
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1 o y k-1 y }
L)’ o
0
[}
Integrating by parts, the last term is

(4.6) [S(?)Fl(y)j}: - [S(—:Z)dﬂ@).

Since S(0), S(w0), Fi(0) and Fy(oo) exist by (2.3) and (4.0), we have

@.7) f f Nari ()| = fld[« @)l

Then, by (4.2) and Cameron-Martin’s unsymmetric Fubini theorem [2],

(4.8) f f 2)ar) | = f laro)) f )
gf ldFl(y)lfwg; _yg)k'lk(gﬂds

= [ IdFl(y,)lf |- 1R(u)|du < .

as(2)

This proves the Lemma.

If we denote by |P(m)| the fact that

N <'tﬂ>l 1
, 1 I3
4.9) —f T o /e(t)dt, >0,

is of bounded variation in (0, ), and by |E(n,a)| the fact that

1
(4.10) e[ (§) et g, w>-tazi-1,
0
is of bounded variation in (0, ). Then we have

THEOREM 2. |E(r, a)| for n >m and a =k —1 implies |P(m)|, while
| P(m)| implies |E(n,a)| for m>n, a=k—1.

Proor. To prove the localization property of absolute summability, we
need to show that-
t k-1
()

o |
(4.11) f:d,?f K%)““"”ﬁfﬂ ) (t)dt‘<oo m=0.
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Since

(4.12) %A (3) f[ 8) aora

'(H m) 7“ ])
ﬂ z

-

N -]'_’(H"l)
PN (1 AT CR G

= ’ﬂ({;)_’(um) + 1] ,.11.(;-“)1 (é>(!+m) i1

1+1

f | #%=Y(8) | dt
i
_ o™t th) as &—0,
[O(&-®+1) as &,
where A is a constant, we have (4.11).

The existence of the solution R(y) of (2.5) is the same as that of Theorem
1. Using Lemma 4 instead of Lemmas 1 and 2, we can show Theorem 2.
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