ON THE SUMMATION OF MULTIPLE FOURIER SERIESY
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1. Generalities. Let f(x,,...... > xy) = f(x) be a real valued integrable

function periodic with period 27 in 0 <z, < 2w, i=1,2,...... k. Following
S. Bochner [1] and K.Chandrasekharan [2], we define the ‘spherical means’
flz, t) of a function f(x) at a point x = (z, ...... , xy), for £ >0,

(%
1.1 fax, t) = é((w—/)%,)? f; A, + &, ...... , x + tE) dog,

where o is the sphere & + ...... + & =1 and do¢ is its (¢ — 1) — dimentional
volume element. f(x, t) considered as a function of the single variable ¢
exists for almost all Z, and integrable in every finite ¢-interval.

If p > 0, we define

— 2 : 2 J2\P-1 k-1
1. 2) I ) = o f (& — s 8" flz, 5) ds,

which called the spherical mean of order p of the function f{x). At a point
x, we write fyz, t) = fi(t) for p = 0, where we assume that f(z, t) = f(x, ¢).
The following properties of f,(z) are known [2].

@3 [ 7 A ol = 0 as u— oo,
0
1. 4) fu 71 flz, t)|dt = o(1), as u— 0.
0
1. 5) f{w) = 0Q), for p=1, as u—> oo.
Further, if we define, for p = 0 [2],
(1. 6) @(t) = "2 fi(¢) B(p, k/2)/2°T(p).
then we have, for p + ¢ =1,
1 ¢ 2 2\d-1
(1. 7) ¢p+q(t) = ?rlﬂaj; (t — S) S¢p(s) ds.

It is clear for (1. 7) that if p=1 then @,(¢) is absolutely continuous in
every finite interval excluding the origin.

Next, let us write the Fourier series of f(x) in the form,

1) The problem considered here was suggested by Professor G. Sunouchi.
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a8 - Ax) ~ 2 an, .y 20

where

1 [ i —
ngomy = ——— f ...... f flz) e ™ g dz,.
p—— -7

(2m)*
Define, for § >0,
5
(1' 9) Sga(x) - 7;29 <1 - —I’%;> anl"'nk ei(nlzl+...+nkxk)
where
n=n+ ...... 4+ ni

At a fixed point z, we may write Sx(z) = S(R); SX(R) is the Riesz mean
of order & of the series (1. 8), when summed ‘spherically’. If we write

(1. 10) A, = > Qny...mp, €IV
n=m2+... +ng2
with the convention that A,(x)= 0 if 7z cannot be represented as the sum
of % squeres,

s®w= ¥ (1-2Ya,

NSR2<n+1

We write S(R) = T(R) R so that S%(R) = S(R) = T"(R) = T(R). We have
the analogue of (1.7)

+q 2P(P+Q+1) 2 __ 42\0-1
1. 11) T (R) = 2 TR f (R* — 271 ¢ T*(¢) dt.

If J,(¢) denote the Bessel function of order g, it is well-known that
[10]

d (J)\_ d - _
1. 12) o <_tT) = V(@) t V()
(1. 13) _ o), as t— o,
1. 14) Vi) = {O(t'“’“z), as t— oo,
and
(1. 15) fut Viat)(#® — 2*f dt = ca™*V,_,_:(az),

fora>0, x4 —1/2=2p + 2 > 0, where ¢ is a unspecipied numerical constant
(here and elesewhere in this paper).
Then we know that

(1. 16) S¥R) = cR* f "1 f(8)Vianz (¢R) dt.
0
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At last, if D(n) denotes the number of solutions in integers of

n=n o + ni,
and d(n) denotes the number of solutions in integers of the equation
n=mn+ ...... + 7,
then
1. 17) D(n) — D(n — 1) = d(n)
and
(1. 18) D(n) = O(n*?).

2. K.Chandrasekharan [4] have proved the following theorems.
THEOREM A. If p > 0, h is the greatest integer less than p, and a > 0,
then

2. 1) o) = o(z®) as t—0
implies
2. 2) SA(R) = o(1) as R — oo,
where
s=p+F1 4y and g=_Ap—h)
2 l+hr+a
THEOREM B. If 0 < a <1 and a < 8 then
(2. 3) S*R) = o(R™%) as R— oo
implies
Sfi2) = o(1) as t— 0
for

p=8—%(k—3)—0,

where
S—nh )
—al14+--°2=2
(\ l1+r2+a
h being the greatest integer less than & provided that

E+1 _H—a)
= + k .
P 2 <6+a

Above theorems are quite questional to us compared with the theorems
of Fourier series of one variable. Especially the estimation (3. 23) and (4. 10)
of Chandrasekharan’s [4] seems to be incorrect.

Concerning these theorems we obtain the following theorems:
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THEOREM 1.

2. 1)
implies
2. 2)

where

2. 3)

K.KANNO

If p>0,a>0
Sot) = o(t%) as t—0
SYR) = o(1) as R > oo,

§= AL+27) +randr=%=1,
1+21+«a 2

THEOREM 2. If a >0

2. 4)
implies

where

(2. 5)

S} (R) = o(R™®) as R—>

f(&) = o(1) as t—0,

_@+1Da+2m _7,7-=_If;—1and3>27+d-

1+27+a

THEOREM 3. Ifa>0,1>p>0,p>0

(2. 6)
and

2. 1)
implies

2. 2)
where

2.7

(2. 8)
and

2. 3)
implies

o) = O™ *) as t—>0
Jot) = o(t*) as 1—0
S%(R) = o(1) as R — oo,
o= PHp+27) +r and T=2%—"1
M+ 2T+ a 2
THEOREM 4. If p>0,8>0, a>0

Quy.m, = O{(} + ... + n) "}

S%R) = o(R™™) as R—> o
ft) =0Q) as t—0,

for

where

_@+1)A +2r—p) Y
1+27+a—p

p
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s>orta—p>—1 and v=%—"1

For the case k=1 S. Isumi [7], G. Sunouchi [9] and the present author
[8] has obtained the theorems of similar type.

3. Proof of thcorem 1. Since 8 > 7 we can appeal to the formula

(1. 16) S(R) = R [ 7 £(8) Viee (2 R) dt

3. 1) - ch,[ f "y [ ) } 21 F(8) Veswnlt R) dt = I + J,

say, where 7 be chosen sufficiently small and kept fixed. Using the formula
(1. 3) and (1. 13) we get

J= {Rk (s+’“l)f £ (@) ¢ (s+"“) di }

o | Ro-»i2- sf dF{) dt} F(t)_f s fu(s)] ds,

6+(k+1) 2

{
0 {R(k B2 5([F(t) t—(8+(k+l)l2)]w + Lu ?Tﬁ%ﬁ dt)}
|

n

= O | R®-D2- a[ —64»(1:-1)/2]”!>

7

3.2 =0(1) as R — oo, by integration by part.
(3.3 I=CR| [T+ [ A0 Von R AL =1, + 1,
0 CR—P
say, where C is a sufficiently large constant and
S—T
3. 4 = — <1
( ) P S+7+1

— CR* f T B £ (O Viees (¢ R) dt
CR—P

=0 {R(k—l)ﬂ—s fﬂ tk-lﬂ(t) t—s—(k—l)lz dt}

CR—P

. _ "
=0 {R(k_l)/z-s RPGEFD (- (@+EF12) f #71 £ dt}

CR—P

i

O {R1—3+p(8+7+1) C—(8+r+l)}

3. 5) = 0{C-®+7} = o(1),
by (1.3), (1. 13) and (3. 4),
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We may assume that p is not an integer. For the case that p is an
integer we can easily deduced the theorem by the familiar argument. Let
h be the greatest integer less than p. By (A + 1)-times applications of in-
tegration by parts, and noting (1. 6), (1. 7) and (1. 12) the integral I,
becomes

I = CR* f £ Vi (R) d

0

" ~CR—P
= [ Z Cs RF+# ¢s+1(t) V8+k/2+s(Rt)j|
0

§=0

crR—P
+CRk+2h+2f @uii(2) t Vospenia(RE) dt

(3. 6)= iK3+K,

5=0
say, where s=0if p<1land s=0,1, 2,...... hif p>1.
Now, by K. Chandrasekharan and O. Szasz [6],

13
b,(£) = 27752 £(7) = cf (& — )P s @o(s) ds = o(g52+)
0
is equivalent to

Pyt = ¢ ft @) — s spo(s) ds = o(£"F1Y),

y 13
Therefore, according to  @i(t) = @,(2) = f s@pys)ds=o(1) and
0

@3(t) = o(t"*¥-1**), applying M. Riesz’s convexity theorem we have
¢f(t) — o(t(S—l)’m-k-]+w)i(n-1))’ 1<5<s< h’

and

@ra(t) = o(d"*+).
That is,

@(t) = o(t¢-DF Rl ] < 5 <
and

Phr+ 1(t) = 0(t2h+k+w)-

Hence, we obtain
h—-1

n-1

CR—!
Z Kn — ZO[R“ZS R—-(6+s+k[2+1[2) ts(p+k—1+w)l(p—1)+s t-(5_+s+k/z+1/z)]
§=0

s=1 0

p

- k-1)/2 13 1 )-8 1 R P
0 [R( ~1N)/2+5=8 R—p(s(p+ +@=1)[(p-1)—d—(k+ )/2}]
§=0 = 0

p=—

~
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The exponent of R in the bracket is
(k—1)/2+s—8—pistp+Ei+a—-1)/(p—1)—8&—(k+1)/2}

_ _s_ _6—7 1) —
=7+s—38 8+7_+1{s(p+27+a)/(p D—@ + 7+ 1}
R ps(p +27 + a) LS_n

p+2r+a+1D(p-—-1
=—-—Qr+a+s/(p—1D(@Pp+1+274+a)<0
And
K, = [Ch RE+2n ¢h+1(t) V5+k/2+h (Rt)]

CE—P
0

; CR—P
—(S+h+kj2+1 —(8+n 1
=0 l:Rlc+2hR (S+h+k]2+12) tlz+k+wt O+h+k/2+ ,2):'

0
=0 [R<’€—1>12+h—8—p(<k-1)/z+n+w~6)]

The exponent of R in the last bracket is equal to
S —T

ey
={h+7=8)Cr+ )+ T —8al/8+7+1)
={p2r+1)—-E—7A +2r+ )}/ +7+1)
= {2+ 1) —pQ +20)}/E+7+1)
=@+ 1R —-p)/E+7+1)<0,

for 8 —T=p1+27)/1+2r+a) and A <p.

ht+tr—8—plh+T7—8+a@)=h+7—8— h+7—-8+a

Thus we have
h
3.7 > K, = o(1) as R —> oo,
§$=0

Let us estimate K. For the sake of completeness, we reproduce the
same method to theorem 1 of K. Chandrasekharan [4]. Using (1. 7) we get

K = cRE+2h+2 forpt Visinizens1 (RE) dtf' (@ — )" Psp,(s)ds

0

CR
= cRFk*2r+2 f

0

—Ps @(s)ds fﬂR_P(ﬁ — sy Visnpins(RE) dt

(3-8).= cR¥+h+2 f CR—_ps @(s) ¥(s, R)ds, _  say.

0

The interchange in the order being justified by the succeeding argument.
We may write, by (1. 15),
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(3.9 ¥R =( [ - [ )@ = 57 ¢ Vismn R dt

oo

= R”—Zh-2 V8+p+k,2(Rs) - f (t2 - sz)n—p ¢ V8+k/2+h+l (Rt) dt’

crR—P

where

f (tz - Sg)h_p t V8+k/2+h+l (Rt) dt
CR—P

£
= (C*R% — 5?7 f t Virenann(RE) dt, CR™ < & < oo,
CR—P
R
= (C2R_2P - sz)h—P R~ f \ S V8+Ic/2+n+1 (3) ds
ORI
= ('R~ — §?y+-? R-2 i
( 3) R V8+kl2+h(s) s
ort-
3. 10) = O{(R~%* — s2)h'pR'2R'<1’p)(8+'°/2+"“h)}, by (1. 12) and (1. 14).

Using (3. 9) and (3. 10) in (3. 8) we obtain
K = cR:**® f 5 @) Voruarp (RS) ds

0

CR

CR—P

(3. 11) + O{Rk+2n+(p—])(5+k'2+1[2+h)f (R™% — s"’)"’ps|¢,,(s)|ds]».

0
The first term is

1/R CR—P
CRIH-w(j; + j:/B )5 @5(8) Visnpen (Rs)ds = L, + L,, say.

By (1. 6), (1. 13) and (2. 1), we get
1R
(3.12) L, = o{R¥? f s?PEral got = o(R™%) = o(1) as R — oo,

0
and in addition, by (1. 14),

CR—P
L2 =0 {Rk+2pf 52D+k+u-1 (SR)-S—(IGH)IZ—IJ ds}

1/R
=0 {Rk+p—s—(k+l)/z [sv+(k—l)[?.—8+a}

(3. 13) =0 {RP+T—3—P(?+T—8+¢)}’
forp+7—8+a=pa/l + 27+ a)+ a=alp+1+2r+a)/(1 +27+a)<0.
The exponent of R is p+T—8—plp+tT—8+a)=0,
because p+T7—38=pa/1 + 27 + a)
and p=p/(p+1+27+a)

CR_P}

iR
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Since @,(¢) = o(t****7?*%) by hypothesis, the second term is

(o . CR—P _ _ _ _ _1
O{Rk+2h1 (p 1)[8+(L+1)]2+h}f (R P __ S)h D(R e + s))z ZIS2D+I-:+w ds}
0
=0 {Rlc+2h+(p—l)[8+(k~|—1)/‘l+h) R—p(h-u)-p('1p+k+w—1)f"
0

Irp(R“’ — s ds‘»

(3. 14) — 0{Rh+2h+(p—l)(8+(}c+1)/2+h) R—p(m+k+a) }‘

The exponent of R is

la+2h—8—%(k——1)—h~p{h+(k—1)/2+a—8}

=—8+7+h—ph+7—-8+a)
=h+t-8A—-p —ap<@P+r—a)d —p)—ap
_ pa s 1+21+a ap -0
1+274+a p+1+2r+a p+1+21+a

Therefore, we obtain

3. 15) K = o(1) as R — oo,
Summing up (3. 1), (3. 2), (3. 3), (3. 5), (3. 6), (3. 7) and (3. 15) we have
S¥R) = o(1) as R — oo,

which is the required.

4. proof of theorem 2. We need the following lemma.

LEMMA. Let W(x) be a positive non-decreasing function of x, V(x)
any positive function of x, both defined for x >0, A(t) a function of ¢
which is of bounded variation in every finite interval, and

Aw=k|[ ‘¢ — W A du.

Then
Alx + t) — Alx) = O V(x)), o < t= O[{W/V}IEN] ¢ >0,
and
Ax) = o[ W(x)], E>0
where

0< Wlz)/ W(x) < H< oo, for 0 < x' —z = O(W/V)I&7,
together imply
A(x) =0 [Vkl(kw) WV/(HY)]_
If further VFI ™0 WYIEY 45 pon-decreasing, then
Ax) = o[ VEDIED Joanlen] 0 < » < E.

(See, for example [5, p. 20].)
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We know that

@1 )~ 3 A Vyvaood/n ).
(see [3]). Let us put m = [£]™*", where
4. 2) p=2p+7)/(p—7—1)>0,
for p—7—1=00A+27)( — 27 — a)/(1 + 27 + a) > 0.

Then we have, since @,,,...—> 0 and (1. 18),

2 AnVi/nt)=o (Z —75:0"2‘1»;7)
nem+1 m=1 n t
=0 (t"!"‘l'f d(?_i_(:f/?, ) = 0 <t—ﬂ—1f — +?‘Z:+1_k/2 )
m+1 L - me1 X PR
(4 3) —_ o(z—p—-r m—(p+r)/2+~r+l/2) — O(Z_(”+.‘r) m—-(p--r—l),:') — 0(1)

Since p —7—1 >0, the “~" in (4. 1) can be replaced by equality.

Let 2 be the greatest integer less than §, for the case & is an integer
we can deduced by the following argument, then by partial integration
(h + 1)-times, we obtain

Z A, Vp+-r-1_2(\/7_1 1)
n=0

h+1 !

=X, 2" T (Wm) Visrororr(Wm £) + £+ f

0

SMUR) R 2 Vi ranss(RE) dR

r=0
h

= Z Yt) + ¥ui(2) + ¥(@), say.

r=(

For t = O(R) we get
[S{(R + )} — S(R'™| <= X 14.0)]

R<nsSR+t
= Z lamm'nkl = 0( Z d(”))
R<nZ=R+t R<n=R+t

R

+t
= dD(z) )= o (¢ R**"), by (2. 18).
o[ @)= o@r™), by 2. 18)
Since S%(R) = o(n™*) by hypothesis, we obtain by Lemma
S(R) = o[RS—Z*—I{SH‘s—r)k/“r(l-“/z)_“m'2"j’ 0<r<h

Thus we get
(4 4) T(R) — O[Rgfﬁ(8"+(7+112)3-T(‘f+112)+1'(1—al‘l)—wﬂl]
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1
§+—1[)‘(‘.’8—'41+]_“)+(2T+])5—a]
=o|R L0<r=<h

And by hypothesis (2. 4), we obtain
(4. 5) T""(R) = o(R
Substituting (4. 4), we have
13 h
2ov() = o{z £ T g,
r=0 r=0

13
=0 [Z t?‘—p—'rt—‘%[“‘(zs—‘-’rl T—@) (27 +1)8—a} /(8 + 1) = (P F7+7)]

2h 2—0&).

1 1 -
) (r(28-2r+l-a)+ 2T+ D)8—a)~ 5 (P+7+7) J

r=0

The exponent of ¢ in the last bracket is

s+1 1
— 20 —2r—a)+ (1 +2
2r—=(rtptm) - o e 20—+ L+ 2+ a)
s§+1
1 - . (p+TH
+ A+ 2 —al + S ST
ﬂ1+2r+a)+8(1+2r)—a+p—l—7+r(1+27+a)

§—2T—a d—2r—a
={p+nQ+2r+a)—80 + 2r + al /(8 — 21 — a)
={+1)A+21)—80 +27)+ a}l/(§ — 27 — a)
=1+2r+a)/(—2r—a)>0

for p+T7=0@+11A +27)/1Q + 27 + a)
and p —7—1=@ — 21— a)(l + 21)/(1 + 27 + «). Thus, we obtain

4.7 Z YP.(¢) = o(1) as t— 0.
From (4. 5), we have

'\Ij'h_H(t) = 0 {tz(h'H) l‘(""“’"“h'*l)m% (?-h+2—a)m—' "lz' (11+-r+h+1)}
(4. 8) — 0{th+1-p—7m(h+1-w—1)-‘r)12} =0 {th+1—q—f—p(h+l_w_p_-,)/2}.

The exponent of ¢ is

htlopori BT

P71
={h+1-p—7(@—-7-D+(@P+n(@+tptT—hr—D}/(p—7—1)
={p+nN0+2r+a)—G+DA +20}/(p—7—1)

[+ +2n—-Q+20Gh+Di/(p—7—1)

=10 +2nN@—-h/(p—7—1)>0.

(@a+p+7—h—1)

If



36 K.KANNO

Hence, we have

4. 9) Y,(8) = o(1) as t—0.
Now we consider the integral ¥(z). By the same reason as in theorem
1, we repreat the argument of [4].

m R
1I"(t) = ¢t f\/ R Vp+-r+h+3,2(Rt) dR [ (R2 - SQ)h-s S TB(S) ds
0 <0

>

(4. 10) = ce*+! j

0

S T(s) ds [ "R Vyeronsa (RE) (R? — s~ dR

The interchange of integration leing justified by the succeeding argu-

ment. (4. 10) may be written as

cthtt [f\/ms TB(S) de R Vp+f+h+3!2 (Rt) (R2 - Sz)h-s dR
0 S

~ [T TOds [ R Vi ®ROR — 5 dR |
0

v

Rdy— s-2 N
= Ctg _Ht 2hre 2f ) TS(S) Vp+-r+n+3/2—h+811 (Sl) ds
0

— Ct2h+4 f\/ms 7’5 (S) de R Vp+1+h+312 (Rt) (R2‘52)h—8 dR

0 m

(4. 11) = X,(2) + x,(2), say. And

f__ R Vp+1+3/2(Rt) (R2 h S2)h—8 dR' = (m - .S'Z)h_8 rgaxn ! f\m R Vp+-r+h+3/2(Rl) de

~Mm>m M

Jm’
= (m — sz)h_s max ¢ [ Vosrensip (Rt):l

m’>ym Jm

= O{(m — s2)h—8 §72 g @+THRAD) m—(p+-r+h+l)/2}.

Thus we obtain, by T(R) = R® S%(R) = o(R®™®),

/m
xs(2) =0 {t2h+1—p--r—h TR ]2 f\ s TS(S)](m _ sz)n—s ds}
0
=0 { [h=P=T+1 gy = T aRaD) f\/ﬁs”“‘“ (m — s?)'=° ds}
0
=0 {tn—P—1+1 m—(p+7+h+1)12 m(?‘s-u)]‘2+h,+1—6}

(4. 12) — O{th—P-1+1 m—(p+1'—-h+w—l)[2} — 0(1),
by the same reasoning as in (4. 8).
And at last
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v
(@) = f + f, ) TH6) Vyrrsian (s ds

1/t

Jm
— o{tzswf §2¥+1-a ds} + 0{t28+2f slH28-a gmP+7+8+1) po(r7+dl) ds}
0

1/t
— o(ta) + o0 {t28+1—p-r—8 m(8+-1-a-p-f),'2}
— 0(1) + 0(t6+1—p--r—f(8+1—a—p—7),'2)’

for 8§ +1—a—p—1=8+1—a—(+1)(1+2r)/Q1+27+a)
=a(d§—27—a)/(1+27+a)>0.

The exponent of ¢ of the second term is

S+1—p—7— J—ill—(3+1—a—p—7)
S

={pl+2r+a)—2r(§+1)—@E+D+71+2r+a)/(p—7—1)
={p+nQ+2r+a)—1A+27)@E+D}/(p—7—1)=0,
for p+T=0@+1)A+27)/A+2r+a)
Therefore, we get
(4. 13) x:(2) = o(1) as t—0.
On account of (4. 1), (4. 3), (4. 7), (4. 9), (4. 11), (4. 12) and (4. 13) we
have

S2) = o(1) as t—0.
Thus the proof is completed.
5. Proof of Theorem 3. The argument closely resembles that of
Theorem 1. And so, we omit the detailed calculation. Since
8= p2r + w)/(p + 27 + a) + T > 7, we have
(6.1 SR =R [ £ Voona @ Rt + o(1) = T+ o{0),

0

say, as R —> oo,
CcR—P Y :
(5.2) I=cR* [ [+ th-l FD) Veor(RO dt = I, + I,
0 CR—P

say, where C is a sufficiently large constant and

(5.3 p=@—-Dfip+s+7)<1

12 = Cka Zk_lf;.(t) V8+k}2 (tR) dt

CR—P

Y
=0 {Rk—(5+k12+112)f

C¢R—P

t_n-a—(ki-l)lﬂ dt }, by (1. 14) and (2- 6),
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— O !R(k—l)IZ-—S C—(u+8+kl2—-l[;‘) Rp(p.+8+k/2—1/2)}
— O {R-r—5+p(p.+8+7) C—(,L+6+-r)}
(5. 4) = O {C~*** "} = o(1), by (5. 3).

Now we consider I;. Let A be the greatest integer less than p. By
(h + 1)-times applications of integration by parts, we have

R

—p
P l(f) 4 V8+I;/2+h+l (tR) dt

CR—P
0

n
I, = [Z ¢, RF+¥ ¢s+1(t) Viosrzrs (l:R)} + R+ f

s=0 0
h
(5.5) =2 K, +K, say.
§=0

Applying similar method to that of Theorem 1, by (2. 6) and (2. 1), we get
¢s(t) —_ O(t—u+8—1+S(17+u+'.’r+a>,p)’ 0 <s< /l,

Pua(t) = o),
Hence, we obtain

-1 h-1

CcrR—P
Z Ks = Z O[Rk+23 R—(8+k/2+s+1/2) t—,u—(s+1)(p+'17+a+ft)[ﬂ kS t—(5+k;2+s H/'Z):l
s=0 §=0 0
h—1
— Z 0 [R(k:-l)lz 1S=8=p{(S11)® 127+ ) [p— (w1 8tk /24 p,’z)]]

S=10
The exponent of R in the bracket is
T+s—8—plc+Dp+2r+a+p/p—(k+8+7+ 1)

= _s__98—=7 . _ _

=T+s5—8 “+8+T{(s+l)(P+2"r+aT#)/P It+é—r7

_s_GrtDpt2rtatm=—p __ pt2rta
pF+2r+a+p p+2T+a+p

for p=@—7D/(k+8+7)=p/(p+ 27 +a + p).

Thus we have
h-1

(5. 6) Z K, = o(1) as R — oo,

CR—P
K, = [Cn RF*#h ¢h+1(t) V8+k/2+h(Rt)])
)
=0 [Rk+2h —8—k/2—1/2—h t2n+zf+a+1-(a+k/z+1/z+n)}"R")
9
=0 [R-r+n—8—p(‘r+n+a—8)]

The exponent of R is
T+h—8—pE+h—8+a)
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S —r
p+8;(7+h—8+a)
={h+T7—-8W+20)— @ —Dal/(p+8+7)
={hp+21)—@—7)(@+ 21+ p}/(p+8+7)
= {h(p + 27) — pp + 20)} /(0 + 8 + 7)
= —-pp+20)/(p+8+7) <0,
for §—1=pp+ 27)/(u + 27 + ) and & < p.

=T 4+h—8—

Hence we get
(5. 7) K, = o(1) as R — oo,
Next we have, in the similar way as (3. 11),

CR—P

K=cR”““f s @) Varepsn SR) ds

0
CR—P

+ CR1+21-+2h+p—1)(8+f+1+h)f (R—zp — sz)h—psl¢p(s)l ds.

0

We may write the first term as
R YR CR—P
CR *er- p<f + f >S ¢p(s) V8+k/2+p(5R) ds = Ll + Lg, say.
0 1R

L, = o(R™®) = o(1),
by (3. 12), as R — . By (3. 13)
L2 — O{RP+T—8—P(p+1—8+w)} — 0(1) as R — oo,

for (p+T7=8)/p+T—8+a)=p/(p +a+ 2t + p)=p.
The second term is, by (3. 14),

O’Rh+f—5—p(n+‘l‘+w—5)} — 0(1) as R— oo,
for htr—8—ph+7+a—8 <(p+7—81—p)—ap
3 pa L at+2r+p pa =0

a+2r+p pra+2r+pu ptrta+2r+p

Hence we obtain

(5. 8) K = 0(1) as R — oo.
Summing up (5. 1), (6. 2), (5. 4), (5.5), (5.6), (5.7) and (5. 8) we have
SKR) = o(1) as R oo,

which is the required.

6. Proof of Theorem 4. By the same reasoning as in Theorem 3. we
omit the detailed calculation. We know that
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6. 1) FD =S Ay Vo (Wnd).

n=0
Let us put m = [E£]7?, where
6.2) p=2p+7)/(p+npr—7—1)>0, because p + p —7 — 1
=Q+2r—w)@+1)/QA+2r+a—p)+p—2r—1
=Q+2r—pw)@+p—2r—a)/A +2r+a—p>0,
and & is sufficiently small positive number.
Then, by hypothesis (2. 8), we get

ot - = d@)
> A Virap(Wnt) = O{ 2 W}
n=m+1 n=m+1
—p—1 - dD(:L') - T —7-1)/2 -7-1)/2
=0 {t ’ -’f:n+1 7134..,_‘,“)/2 }, =0 {t w* )lp(p+“ D ep(!H-p. l)l-}
(6.3) = O0(@E"")=0(1), by (6. 2)

Since p + p—7—1>0, the “~ " in (6. 1) can be replaced by equality.
If h is the greatest integer less than 8, then by partial integration
(h + 1) times, we get

I+l

S A VeV ) = 3 6, 82 TWm) Vs Nm £)

n=0 r=0

+ Ct2h+4 f\/m ShH(R) R2h+3 Vp+-r+h+3,2 (Rt) dR
0

6. 49 =290 + V@) + ¥, say.

r=0

For ¢ = O(R), by hypothesis, we have

ISIR + 7} =SB = X 14l = 5 la, ]

R<n=R+t R<n=R+t

= O{2{(n; + ...... + np) " = 0{ > d(n)n"‘/2}
R<nsR+t
R+t

=0 \’f xH2 dD(x)} = O@R%®*+wi-1),
R
Therefore we obtain,by Lemma,
S'(R) = of Rs—f;l (8r+(8—1) (= 2470 -al2)—alz—2r]
that is,

T'(R) = o[R 1 00+ BN 11212 -0 = ]
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— 0[R gqur(%—?ﬁl +p—a)+8(1+27—p) o} ]
Moreover, it is easy to see that
'I’IH-I(R) — 0(R2h+2—a:)'
Hence we get
h h
Z ,‘I/,T(t) — Z 0 [t2r"(l’+‘r+1')m—(l)+1+l')[2+[7'(28—21’1-1“‘}#‘“)4’8(1+27—}A_)—a§]/2(8+1)]
r=0 r=0
h
— Z 0 [tr-p_q—(plz)[(r(zs—2r+1+,L-a)+6(1+2-r—p.)—a)/(8+1)—(p+1+r)]]
r=0
The exponent of ¢ in the bracket is
r—p—T7— _8+1 {H28—2r+1+p—a)+81+2r—p)—al/(§+1)—(p+7+7)]
8—21—a+np
=2r—(r+p+7)— B ~{2(8—2r—a+ur+(Q+2t+a—pr+6(1+27—p)—al
0—2t—atpu

" @+DPp+T+7
0—2r—a+p
_@Q+2r+a—p pt+T+r) _ 1
0—2T—a+pu d—2T—a+u
={@r+a+1-p)(Pp+7)—801+2r—p)+a}l/E—21—a+ p)
={+1D)A+21—pw) =81 +2r—p)+a}l/(6—27—a+ u)
=1+2r—p+a)/(W+8—21—a)>0,
for p+7=1+27—p)(8+1)/1+27+a—p) and p=2(8+1)/(§—27—a+ p).
Thus we have

(6. 5) }E Y .() = o(1) as t— 0.

r=0

{A+2r+a—pwr+8(1421—p)—aj}

By the same reasoning as in (4. 8) we have,
‘I"n+1(t) — O{th+1—p—‘r—p(h+1—w—p—f)/2} .
The exponent of ¢ is
h+l—p—7+—LFT _(@+prr—h—1
L (@+p )
=@ +2r+ta-—w@p+n)-Q+2r—w G+ D}/ (p+p—7-1)
={E+D)A+2r—pw—Gr+DA+2r—w}/(p+tp—7-1)
(6. 6) =1 +2r—pw)@—h)/(p+p—7—1)>0, for &> h.
Thus we get

6. 7) Vo) = o(1) as ¢—0.
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By the similar calculation to that of Theorem 2, we obtain

Y(2) = ct®*? ( fm + fﬁﬁ> 5 Ts) Vpirisir(st) ds
0 1t

gt f " STs) ds f R Viyrrsoin (RE) (R —s2)'2dR
0

— o(ta)_l_0{t8+1—p—-r—p(8+1—-w-p—'r‘,li}\:_ 0{th-l-l—z’—'r—p(h+l—w—ﬂﬂ/z’i
p+T
8+1—p—7— ;;~ﬁ—j?__—-i-(8+1—a—p—'r)
={@+Dp-2r=D—(p+n(p—2r—a=-Dl/(p+pr—7—1)=0.
In addition, by (6. 6), we have
h+1=—p—7—ph+1—a—p—7)/2>0.
Hence, we have

(6. 3) () = o(1) as t— 0.
From (6. 1), (6. 3), (6. 4), (6. 5), (6. 7) and (6. 8) we obtain
fv(t) = 0(1) as t—0,

which is the required.
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