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Introduction. We shall consider three K-algebras A ,I', 2, where K is
a commutative ring, and that modules with operators are all unitary. A
means a left A-module, and we transfer A to A, in many case, where A*
is the “opposite” algebra of A. In the situation (Aagr aBs)", we convert
A Q) 4B into a right T'® Z-module by setting

(@®8)(v& o) = ay R bo.
Similarly in the situation (3Bs, Crgs) we convert Homs(B,C) into a right
A @ I'-module by setting

(Ao = (F(\))y.

There are associative formulae :

(1) 7: (AQsB)Qruz C = A Riur(BX; C), (As.1> aBs, 153 C)
such that {(a@8)RXc]l=aR G XRc),

(2) s: Homugi(A, Homs(B, C)= Homrgs(A @4 B, C), (Ajgrs aBs, Cres)
such that (sf) (@@ b) = (fa)p for f: A — Homy(B.C),

(3) ¢:Hom,gr(A, Homs(B, C)) = Homser(B @14, C), (agrd, 3B 3a1C)
such that (zg) (6 ® a) = gla)p for g: A — Homy(B,C). (p.165 of [1].)
Since these isomorphisms establish natural equivalences of functors, we get
the transition of “projective” or “injective’:

PROPOSITION 1 (pp. 165-6 of [1]). In the situation (Asgr, sBs) assume that
A is AQT-projective and B is Z-projective. Then A Qs B is projective as a
right T' Q 2-module.

PROPOSITION 2 (loc. cit.). In the situation (,Bs, Crgs) assume that B is
A-projective and C is T'Q) Z-injective. Then Homs(B, C) is injective as a
right A Q T-module.

Prop. 1 and Prop. 2 yield fundamental facts for the product theory,
for instance,

PROPOSITION 3. (p. 166 of [1]). In the situation (A.gr, sBs) let X be a
A @ T-projective resolution of A, and Y a A* Q) Z-projective resolution of B

1) @ means tensor product over K; occasionally the mention of the rings of reference K
may be omitted when no confusion can occur.
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as a right A* Q) Z-module. If Torp(A,B)=0 for n >0 and A, T, 2 are
K-projective then X R\ Y is aT Q) Z-projective resolution of A X, B.

For definitions of products, we specialised these propositions to the case
A=K, and applied two interchange homomorphisms: (p.64 and Chap.
XI of [1])

(4) a:H(X)QH(Y) —-»H*"(XKY),

5) a : H*(Hom(X, Y)) > Hom(H,(X), H(Y)).

In this paper we shall define modified products U, N for associative algebra
(p. 228. Exercise 1. of [1])and show that the reduction theorem of Hochschild
groups for products U and ) holds analogously to the case in groups. We
obtain such and such by forcing only without the above specialisation A=
K, in the section 1. Further we shall translate this results into the
relative Hochschild groups a little modified in the section 2.

1. For the definitions of two products \/ and A we make the following

two assumptions:

(i) A,T, % are K-projective.

(i) Torx(A,A) =0 for n >0, ,As, sAT.

In the situation (4As, 1Cs, sA'v, sC1), we define the K-homomorphism

@;: Hom,ygs+(A, C)Q Homsgra(A', C) > Hom,gra(A Qs A, CRsC), by set-
ting

6) (pf Rf N(@Qsa)=faQsfa.

Replacing A and A" by X: a A &) Z*-projective resolution of A and X :a
2 @ I'*-projective resolution of A', we obtain

P, : Homyg:¢(X, C) @ Homyor(X', C) & Homygrx (X Xz X, C Qs C).
Passing to homology and applying @, we obtain the homomorphism

Extagss (A, C) Q Extsgrs (A, C) » H(Hom, g1+ (X Qs X, C X5 C).
On account of our assumptions (i), (ii), Prop. 3 shows that X &)< X is a left

A @ I'*-projective resolution of A )y A’, therefore we get the modified V-
product

V: EXtA@,z* (A, C) ® Extz®r* (A,, C) g EXt:\gr* (A ®2A,, C ®2C)
Since V is of degree zero, it yields maps

V : Extigse (4, C) & Extlgrs(A’, C) — Extigis (A Qs A, C Qs C).
For p = ¢ = 0 the V-product reduces to the homomorphism @;.
Next in the situation (4As, sCs, sA'r, +C’s), we define Hom; (C,C’) as a right
A @ T*-module by

LA y)]e = 9(F(e))s ¢ € C, f € Homy(C,C),

and A Qs A" as a left A& I'*-module by
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A&y (a®@a) =raQay,
and the homomorphism
@, : Homy(C, c) Kaorx (A Qs A") - Hom (Hom gz« (4, C), C' RQsers A),
by setting ,
(2. (fRa®a))g =f(ga)Ra', for £ € Homy(C, C’), g € Homygsx (A, C),

regarding A and C as left A ® Z*-modules, A" as a left 2 & I'*-module and
C’ as a right £ @ I'*-module. Replacing A and A" by X and X  we obtain

®, : Homs (C, C) Qasrx (X K:X") > Hom (Homsgsx (X, C),C" Rsorsx X ).
Passing to homology and applying a" we obtain the homomorphism

H(Homs (C, C) Kagrs (X Qs X)) — Hom (Extygsx (A4, C), Tor*®™* (C', A)).
Quite analogously to the case \/ we obtain the A product

A : Tor*®™ (Homs (C, C'), A Qs A") - Hom (Extygsx (4, C), Tor**T™(C’, A")).
Since A has degree zero, it yields maps

A : Tord¥™* (Homs (C, C'), A @5 A’) » Hom (Ext%(A4, C), Tori(C’, A")).
If p=¢qg =0, the A product induces the map o@,.

We shall give the reduction theorem of these modified products. If A =
T" = 3 in the above, A, A", C,C reduce to two-sided A-modules and we have

() V :Extygas (4, C) QExtygax (A, C) = Extygns (A Q1 A, C R4 C),

(8) A :Tor****(Hom, (C,C"), A Qs A") - Hom (Extags+(A,C), Tor*®**C',A").
Case V. When A=A, Tor}(A,A) =0, for n > 0, for any A, so that the
assumptions (i), (ii) are satisfied and we can define a product

(9) V :Extygux (A, C) Q Extagas (A2 C") = Extpgas (A7, C X4 C).

Using a two-sided A-module B, we define Hom, (C’, B), which is the group of
right A-homomorphisms, as a left A & A*-module or as A-two-sided module
by

(10) [Ou @D 1) = [Mfra] () = MLF(ac)],

then the K-homomorphism of the left A &) A*-module Hom,(C’, B) X,C’
into B

(11) ® : Hom, (C,B)®Qs1C — B,
defined by
P (f®ac) =)
is a left A Q A*-homomorphism. In fact,
Pl @A) (F&a )] = @M f) @ Nl = (N f)(ENa) = M f(eN)]

= 7Mf(’«"p\-z =\ ®)\f)¢(f®\ C’)~
Now we may set C = Hom, (C’, B) in (9), and joining (9) with the homo-
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morphism induced by @ yields a modified product of Hochschild groups
(12) U : H” (A, Hom, (C, B)) ® Exthgas (4, C) = Extii« (A', B).

Case A. When A" = A, Torp(A,A) =0, n > 0, for any A, so that the as-
sumptions (i), (ii) are satisfied and we can define a product

(13) A :Tor*®***(Hom, (C, C'), A) >Hom (Extsgas (4, C), Tor*®*(C",A)).
Using a two-sided A-module B Q) C, we define the homomorphism
(14) Y : B— Homy, (C, BR), C),
by
(¥b) () =bQnc,
where Hom, (C, B®4 C) is the groups of right A-homomorphisms, then
(BN, ®7\:)) (©) =P\, b 7\'1)(0) =N b\ ®AC =N b ® A G
[‘!’(b) o @ 7\:)] (C) = A [b ® oV C)J =N 0 ® A G
therefore ¥ is a right A & A*-homomorphism. Now we may set C' = B&),C
in (8), then ¥ and (13) induce a modified product

(15) N : TordA" (B, A)— Hom(Extiga* (4, C), H(A, B ®x C)).
Rewriting (12) and (15), for two-sided A-modules A, C, F,

(16) U : H(A,Hom, (4, C)) Q Extiga* (F, A) — Extih* (F,C),
(17) N : Torp$A" (C, F) - Hom(Exthea* (F, A), H{(A, C ®a A)).

When F' = A in (16), (17), using j : the identity element of A of Homazs+(A, A)
=Extigar(A4,A), we define maps

(18) U J: H(A, Hom, (4, C)) — Extigas (4, C),
(19) N j: Tor®* (C, A) — H,(A, C Q4 A)).
PROPOSITION 4. For p = 0, the maps (17), (18) reduce to the isomorphism
(20) o : Homga«(A, Hom, (A4, C)) = Homyea(A4, C),
(21) 7:C Qagar A = (C Qs A) DagarA,
given by

o(f)(a) =F(1)(a), (cQRQa)= (R a)R 1, where 1 is the unit element of
A, which is K projective.

This is a consequence of the definition of modified products and isomor-
phisms » and ¢, and the fact that the left Hochschild group is right one.

PROPOSITION 5. If A is right A-projective then U j and (N j are isomor-
phisms, assume that A is K-projective.

PROOF. Assuming that U j and ) j are isomorphisms in degree p(p = 0)
we shall prove for p + 1. Consider a left A Q) A*-, that is two-sided A-.
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exact sequence 0—>C—>Q—>N—0 with Q left A Q A*-injective. Since A is
right A-projective, the sequence of modules of right A-homomorphisms
(22) 0 — Hom, (4, C) » Hom, (A4, Q) > Hom, (4, N) = 0
is left A X A*-exact, and Hom, (A4, Q) is right A*¥ & A-,that is left AQA*-
injective from the definition (10). Using the rules for commutation of U with
connecting homomorphisms, we obtain a commutative diagram

H’(A, Hcim(A, Q) — H’(A, HO[I_Jn(A, N) — H"'(A, Horrr]l(A,C)) -0

j j
Extigax (]A’ Q) — Extizn(A4,N) — Extig. (4, C)j_" 0
with exact rows. Since the first two vertical maps are isomorphisms the same
follows for the third vertical map. The proof for M j is similar using an
exact sequence with P A* & A-projective.
Consider an exact sequence
(S) 0—->A—->F;_, — - —->F,—F—>0
of left A &Q A*-modules (¢ > 0). The iterated connecting homomorphism
8, : Hom,g,«(A, A) = Extig (F, A)

is then defined. The image &, j € Extls,« (F, A) of the element j is called
the characteristic element of (S).

The products (16) and (17) yield maps

(23) v : H'(A, Hom, (4, C)) = Ext{gf (F, C), +Cus

(24) 6:Tor*** (C'.F) - H (A, C ®* A), Ch»

given by
yh=(=1)"hU 8y h € H(A,Hom,(4, C)),
6n =h N 87, h € Tory?: (C, F).

THEOREM 1 (Reduction Theorem). If Fy,------ s Fooy are left A Q A*-
projective and ,3,A = \A, is right A-projective, then maps <y and 6 are
isomorphisms for p > 0. For p = 0 we have the exact sequence

HomA®A‘(FQ—l’ C) - HOmA@A*(A, C) -> EXtZ@)A‘(F: C) -0,
0= Tory®(C, F) = C Qugue A = C Q.gux Fy_1, where A is K projective.

Proof is quite similar to that of Theorem 9.4.in p, 227 of [1].

COROLLARY 1.1. Let A be K-projective, and
S 0->F,=A—>Fq — —>Fy—>A—0, q>0,
be an exact sequence of left A &Q A*-modules with F,_ -+ , Fo AQA*-pro-
Jective. Then for p > 0 we have
H"(A,Hom,(A, C)) = H"*(A, C),
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Hp+q(A’ C’) = Hp(A’ C' ®A A)’
For p =0 we have the exact sequences
Homyagys (Fos, C) — Homyg,« (A4, C) - H(A, C) — 0,
0—> H(A,C)—> C Rrgpe A —C Ononx Faoy
PROOF. Suppose that M; denote the image of F;, = F,_,, hence M, = A.
This yields an exact left A & A*-sequence
0—> M-, > F,—~M,—0,
in particular,
O->M,—>F,—>A—0
is left A Q) A*-exact and splits as a right A-sequence, so M, is a direct sum-
mand of F, as a right A-module. Since F, is left A& A*-projective and A
is K-projective, Prop. 1 yields that F, reduces to left A*-projective, that is
right A-projective, hence M, is right A-projective. Iterating this process, A
reduces to be right A-projective, and Cor. follows directly from Theorem 1.

Let A be a K-algebra and C a two-sided A-module. An extension over
A with kernel C is an exact sequence

(F) cErlia

where I' is a K-algebra, f is a K-algebra epimorphisms, ¢ is a monomorphism
of K-modules and

(25) 9(ne) = 9(ge), gler) = (g9c) v, ceC yel, A=fye A

Then we may assume that I' as a K-module coincides with the direct
sum I'=C + A, and that

(26) gc = (¢, 0), Sl N) =
The multiplication in I' has the form
(27) (Cn 7\1)("2’ 7\'2) = (6'17\'2 + N 4(7\1, 7\42), 7\1)\'2)-

The function ais a K-homomorphism a: A & A — C and may be regard-
ed as a 2-cochain in th2 standard complex S(A) with coefficients in C.

THEOREM 2 (G. Hochschild [3]). The set F(A, C) of all equivalence classes
of extensions over A with kernel C is in a 1-l-correspondence with the
group H*(A,C). This correspondence @ : H*(A,C) — F(A,C) is obtained by
assigning to each cocycle a € Z*(S(A), C), the extension given by the multi-
plication (27). The inessential extensions form a single class of F(A,C) and
correspond to the zero element of H*(A, C).

Now let {u,} be a set in a 1-1-correspondence with the set obtained
by excluding K from A, and J be a left A-module, of which basis is {z}
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and #, = 0 for all 2 € K. Suppose that X is a direct sum of J and C as a

left A-module, then we shall consider X as a left A & A*-,that is two-sided
A-module as follows. We give C its former A-operations and define a right
A-operation of u, by setting
(28) (ex)e = 2tas — Miay + a(Ai\), A A € A,
where a(A;, N\y) is a 2-cocycle corresponding to the extension (F).
If Coker K — A is K-projective, we may assume that a(A,, A;) is nor-
malised, that is,
a\ k) =alk,\)=0, k€ K. (p.176 of [1].)
Then, by setting A, = & or A, = k in (28), we have
Ruy, = upn = ty, = urk,
that is, X may be considered as a K-module. Furthermore,
M) =N (srne— My, +a(MNs)) = Moty — (A M)y + Ma(d, Ay)
= thame — (@A + a(AAN) — taane F 2 Aa — (A AN) + Aa(A,)
= Ay — (@)ANs + a(h, MAa=[wan — 2, A + a(Ap, A)] A,
:(A‘luh))"l’
hence X becomes a two-sided A-module.
Next we define the K-homomorphisms
(29) 7 X — A® A*
by setting
mc) =0, m(an) =AQ 1 — 1N, 7(\un) = A(w),
then
() = T(tar, — Nta, + a0 A))=M Q1 — T AN  — AN @ 1-1QA\H)
=AM — 1MV =(1RN)AR1 - 1QN) =1 QM) m(w),
therefore, regarding X as a left A @ A*-module, 7 is a left A & A*-homo-
morphism, and C is the kernel of 7. Let I be the kernel of the argumenta-
tion

(30) piAR®A*—> A
given p(p & v*) = wy, regarding A as a left A @ A*-module with operators
(L& ¥ )N = pny, X B,y € A,

then I is generated by the elements W& 1 — 1 @ A¥), (p.168 of [1]), therefore
7 is an epimorphism onto [ and we have a left A & A*-extension over I with
kernel C

(31) 0-C—>X—>1-0.

Thus we obtain a mapping between extention classes
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(32) n:F(A, C)— EI, C).
Since a(A\;, \,) reduces to coboundary regarding as a 2-cocycle with coefficients
X, the corresponding extension over A with kernel X is inessential.
For T':the extension determined by the cocycle a(\;,\,), we define a
map
(33) 1:T— X,
by setting
e, N)=c + up,
then,
ey M) eosne)] = Uehg + Nica + aAishe)s MAs) = 1A + Nice + a(ApNs) + wagy,
= cihg + My + alh, Ng) + (a)Ag + Azn, — a(ApNy)
= (c1 + w)hs + Mles + )
= Ucys M) f (o M) + Sl M cas M)y
therefore we have seen that

(34) The map ! is a 1-cocycle of T' with coefficients X, if we regard left
A Q@ A*-module X as a left T Q I'*-module, using f:T — A.

THEOREM 3. If A is a K-projective algebra, such that Coker K —A is
a K-projective module, then the following diagram is anticommutative.
1

F(A, C) 2 HY(A, C) = Ext*sgnl(A,C)
7 4 Tk
E(I, C) T EXt;®A*(I, C)

where ® is the correspondence between the A Q) A*-extension classes Extigas
and p is the connecting homomorphism corresponding to the exact sequence :
0->I—>AQRQA*>A—0.

Since p is an isomorphism, and ® and ® are 1-1, we obtain
COROLLARY 3.1. The correspondence (32) is 1-1.

PROOF. If we show X is A ) A*-projective, by joining (31) with the
exact sequence:0—>I—> A A* > A — 0, the sequence

(E) 0>Co>X->AQA*>A—->0
is left A Q) A*-exact, and we may assume that
*rR e Xi=X->X,=AQA*>A—-0

is a left A @ A*-projective resolution of A. Then our assertion follows from
the comparision of the characteristic element of (E):8zj and the image of
J by the iterated connecting homomorphism induced by the natural mapping
(R) — the projective resolution of C:(R): - — X, - C — 0, which maps
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the module X, of (R) identically into the module X, of (R) for » = 2, and maps
X, into zero for n < 2. This map lowers the degree bty 2 and commutes
with the differentiation. (p.92 of [1].)

We represent K-algebra A as a residue class ring of a K-free algebra F
with kernel R, which is a ideal of F, and denote C = R/R?, T = F/R? then
we have obtained a A ) A*-extension of K-algebra over with kernel C:

) C—>I‘f>A, C=R/R:, T =F/R?

therefore it results that we have considered R/R? as a two-sided A-module
by using the epimorphism f,

(35) AC = oc, CA = co, ceCowel, A=focTl.
Provided the theorem has been proved, the element & of H2(A, C) correspond-

ing to the extension (2) is the negative of the characteristic element of (E),
therefore applied Cor. 1.1 for (E), now g = 2, we obtain

THEOREM 4. If A is a K-projective algebra such that Coker K — A is
K-projective, then for &: the cohomology class determined by (2),the follow-
ing isomorphisms hold for p > 0
(36) H(A, Hom,(C, A)) = H"**(A, A),

37 H, (A, A)=H, (A AR, C)
given by the modified products h— hUE,(h € H(A,Hom(C, A)) and h’' —
ENE (R € Hpuo(A, A)). For p =0, we have exact sequences

Hom, g,+(T, A) » Hom,,(C, A) > H*(A, A) —> 0
0> Hy(A,A) > AR, C—>AR,T.

REMARK. Hom,(C, A) may be considered as the group Homs(R, 4) of

all right F~-homomorphisms of R into A regarding R and A as F-modules
induced by the map n: F — A, tecause k(ry7y) = k(ry) n(rs) = 0, so that (£)7)
= n(r)k(r) =0 and (kr,) () = k(rr,) =0, for £ € Homx(R, A).
To show that X is A @) A*-projective, whenever @: A— B is a A @ A*-
epimorphism and 8:X — B is a A Q) A*-homomorphism, it suffices to see
that there is a A &) A*-homomorphism v : X — A, such that ay=48. First we
shall define a map A of F into A such that

(38) ah = Blm, h(u1u2) = fm(ul)h(u2) + h(ul)fm(u2)’ upuy € F,

where m is the epimorphism of F' onto T.

In fact, taking{z,} a system of free generators, there is an element a, of
A such that a(a,) = 8 Im(z,) because @ is an epimorphism. Then we assign
h(z,) = a,. In particular, since Imk =0+ u, =0 for £ € K, we may set
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a, = 0, hence h(k) = 0, and so, if we set w, = k,u, =1, (38) is true for

k € K. Therefore applying the induction for the length of “words”, we can

define h(z)on the whole F so that the second of (38) may be satisfied.
Now assume that the first holds for 2, and z,, since / is a 1l-cocycle as

(34),
BiIm(z.z,) = BLf m(z,)m(z,) + Im(z,)f m(z.)],
further since a, 8 are two-sided A-homomorphisms,
=fm(z,) B Im(z,)] + [B Im(z,)]f m(z,), from the inductive assumption,
=fm(z.)a h(z,)] + [a h(z,)]f m(2,)
=al fm(z)(z.) + hz)fm(z,)]
=ah(z.z,).
Thus inductively we may define the desired map 4 on the whole F, and since

this 4 is identically zero on R? because of the second of (38), we have also
a map & of I' into A such that

(39) ah’ =B h(ow,) = f(w)h'(,) + h(w) f(w,), o, 0, € T
Finally we define a K-homomorphism v of X into A by setting
v(c)=h'(c, 0), y(An) = MA(0,0), c€C,MmN €A,
then
Y(uaks) = Y(un, — Nape + a(, Ns)), a\ ) € &

= A'(@(\s Na), AN2)— A0, N)
= A'((0,1), (0, X)) — AR'(0, Ay)
= £(0, MR'(0, X)) + A'(0, M)A(0, As) — NR(0, N2) = R'(0, M)A,
= [v(@)\s,
so that ¢ is a two-sided A-homomorphism, and
ay(c+ u) = ah’(c,\) =Bl c,\) = Blc + u\
consequently
ay=4p,
this proves our assertions.

2. The Relative Case. We shall consider two K-rings A and I with a
K-ring homomorphism @ : A — I'. Then co (contra) variant g-extensions, @-
projective modules, @-injective modules are defined and it holds that many
identifications between these various extensions and many changes of
“..-projective” or “.-injective”. (§ 6. Chap. II of [1]). For example,

PROPOSITION 6. For any (right) A-module A, covariant g-extension of
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A is p-projective and contravariant @-extension of A is @-injective.

The first thing we shall define “(T, A)-exact”. An exact sequence of I'-
homomorphisms between left I'-modules #; : M; - M,_, (or ' : M*— M) is
called (I', A)-exact if for each 7, the kernel of # is a direct summand as a
A-module induced by . (This definition reduces to that of [4], when A is
a K-subalgebra of T' with the injection 7 as @.) A sequence of I'-homo-
morphisms ¢; is (I, A)-exact if and only if, (a) #°#,, = 0, (b) there exists
an A-homotopy, i.e., a sequence of A-homomorphisms h;: M, —> M,,,, re-
garding M, as a A-module by @, such that #;.,0h;, + h;~,of; is the identity
map of M, onto itself. Similar definitions are done for right modules.

If for every exact (I', A)-sequence 0 — Ung W —0, and every TI-
homomorphism ¢ of A into W, there is a I'-homomorphism ¢  of A into V such
that ¢gog' = ¢, a I'-module A is said to be (T, A)-projective, dually if for
every such sequence and every I''homomorphisms 2 of U into C, there is a
T'-homomorphism 2" of V into C, such that A'op = A, then a TI'-module C is
said to be (I, A)-injective.

PROPOSITION 7. “@-projective” is equivalent to (T', A)-projective. “¢-
injective” is equivalent to (U, A)-injective.

PROOF. Let Ar be (I', A)-projective and ¢ be a I-homomorphism:
Ay = ArQaT' — A defined by g(a @ 7y) =avy. Since the sequence 0 — Ker
9—> Ay — A — 0 splits as a A-sequence, there exists I-homomorphism ¢’
such that g¢g¢' is the identity of A, which proves that A is g-projective.
Conversely let A be @-projective, and A be a I'-homomorphism of A into
W, seeing that Ar @I is always (I, A)-projective (quite similarly to
Lemma 2. of [4].), there exists a I'-homomorphism d such that gd = hg,hence
h = hg99 = q(dg’) for A, because A is @-projective, therefore A is (T, A)-
projective.

These facts may be quite formally obtained from the discussion of [4]
only by the following translation: “Replacing K-ring R, its subring S, the
injection z:S —R, by I', A, »”, therefore it may yield another relative (co)
homology theory. In fact if we translate as above, the results in [4] hold
together with proofs, hence from now on we shall refer to them freely with
the appropriate modefications to our case. For instance we have easily just
like to the usual balances,

PROPOSITION 8. ¢,: M; — M,_, be any exact (T, A) sequence, it follows
that the induced sequence of homomorphisms Homp(M,_,, A) — Homp(M;, A),
h— hot;, is exact if and only if A is (I, A)injective. Similarly, the
induced sequence of homomorphisms Homp(A, M;) —» Hom(A, M;_,), h — t;oh,
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is exact if and only if A is (', A)-projective.

To explain the reduction theorem in our relative case, we must begin
with an analogy of Prop. 1. and Prop. 2.

Let II, P, A, T, T, 2 be K-algebras, with a K-ring homomorphism «:II—P,
and @: A —T', which yield a K-ring homomorphism: k@ @ : IIQ A ->P&T
defined by (¢ & @) (w & ) = «(m) & @(A), and with V¥ : T — 2, which yield
a K-ring homomorphism: «*@ ¥ : 11 Q T"— P* Q2 defined by («* &)
(7* Q1) = *(@*) & Y(7),

PROPOSITION 9. In the situation (Apzr, pBs) if A is (PQT, I QA)-
projective then a right T'Q Z-module A QrB is ('R 32, A T')-projective.
In the situation (sBp, Crgpr) if C is (' Q P, A& I)-injective then a right
2 & I'-module HomgB, C) is (X Q T, T & A)-injective.

PROOF. In the situation (Aggr, pBs), let Xrgs, Yres be right I'&) Z-modules,

and let p: X — Y be a A T-homomorphism, regarded X and Yas A& T~
modules induced by @ & V¥, then p yields a map of »Bs,
p": Homs (B, X) - Homsx(B, Y).
Considering these modules as right II & A-modules by
(hom)b = h(k(m)b), (honN)b = h(b)p(\), h € Homs(B, ),
it holds that for 2 € Homs(B, X),

[p'(hom)lb = pLh(k(m)b)] = (p'h) (k(m)b) = [(p"h)om]p,

[p'(hon)]b = p[A(B)P(N)] = [Ph(B)]p(N) = [(pP'R)BIp(N) = [(p'h)oA]b,
that is, p' is a II @ A-homomorphism. Furthermore if p is a T'® =-homo-
morphism from the beginning, it follows that in the same way p" is a PQT-
homomorphism.

Therefore, on account of the definition of our relative exactness (a),(b),
for any exact T'&Q 2, A& T)-sequence: 0 >C - C—C’"—0 we have an
exact (PQ T, IT & A)-sequence

0 — Homs(B, C") - Homy(B, C) » Homs(B,C") = 0
Seeing that A is (PQT, II & A)-projective, this sequence yields from
Prop. 8 an exact sequence
0 » Hompgr(A, Homg(B, C')) —» Hompg(A, Homx(B, C))
— Hompgr(A, Homs(B, C”)) — 0.
Then, the isomorphism (2) gives an exact sequence
0 — Hompgs(A X» B, C') » Hompgs(A Qr B, C) = Homrgs(A & B, C")—0,
which proves by Prop. 8 that A ®»Bis (I'Q =, A Q) T)-projective.
Similarly the second assertion is proved.
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COROLLARY 9.1. If Bpgs is (P*Q 2, II* Q) T)-projective then B is
(2, T)-projective. If Crgris (T' Q P, A Q) II)-injective then C is (T, A)-injective.

PROOF. Replacing in Prop.9 A, B,II, P, A,T, T, P,Z by B, II*, P*, T, 3,
K, K, the first follows from Prop.9. The second is similar.

COROLLARY 9.2. In the situation (+A, Bs) if A is (I',A)-projective then
AQxB is T Q2, AQ T)-projective. In the situation (3B, Cr) if C is (T,A)-
injective then Homg(B,C) is (X QXT, T Q) A)-injective.

Proof is obtained by setting P=II = K in Prop. 9.
Corresponding to Prop. 3,

PROPOSITION 10. In the situation (Apsr, rBs), let X be a (PQT,IIQ A)-
projective resolution of A (2. of [4]), and Y a (P* Q =, I1* & T')-projective
resolution of B as a right P* Q) 2-module. If relative Tord™(A, B) = 0 ([4])
for n > 0 then XQ»rY is a T Q 2, AR T)-projective resolution of A QrB.

PROOF. Since Y is a (2, T)-projective complex by Cor.9.1., X &rY is
T'&® 3, A T)projective by Prop.9. From Cor.9.1. X and Y are (P, II)-
projective, thus X and Y are (P, II)-projective resolutions of A and B, hence

H(XXrY) = Tor"M (A, B) =0 for n > 0.
If we show that the sequence

X, QY + X, RrY, > X, Rp Yy > AQrB—0
is exact, XXprY is a (X I, A K T)-projective resolution of A Q»rB. This
follows from the relative exactness of p just as [4] (the 15th line from
the bottom of p.251).

Now that we have obtained Prop. 10, we can introduce various products
into our case.

To define generalised products /A, \/, we may make only the following
assumption corresponding to (i), (ii):

(iii) Tor& (A, A") =0 for n >0, WAs, sAT,
because Prop.10 does not need the projectivess of operation rings.

That is in the situation ( As, ACs, A1, sC1) with A - A, T -T, 5 — 3,

V : Exties 1as9(4, C) @ Extsgre 3at9(4’, C) = Extom zam(A®:A4",CR:C),
in the situation (,As,.Cs, sA1, rC's)
A : Tor®™A8™)(Hom(C,C),A Qs A') —
Hom(Ext(,gz+ ip3m(A,C), Toreerzer(C’, AN).

By setting A =2 =T = A in the above, since Tor»®(A,) = 0for >0
by Prop.6 and 7, which shows as usual that the assumption (iii) is satisfied,
we have, corresponding to (9),(13),
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Vi EXt(A®A*,'A®>:*)<A, &) X EXt(A@A*[S@F‘*)(A” C,) - EXt(A&A*,X@F*)(A’a C ®A C’)’
A : Tor@®s" 42 (Hom,(C, C") A),~>Hom(Ext g, xg54(A,C),Tor 484%3849(C" A)),
Thus in the same way as by (16), (17) for two-sided A-modules A,C,F we

have products
(40) U: HYgx" aes9(A, Homa(A4,C))RExt {sesr, 50t(F, A)—>Extiigas agin(F,C),
(41) N : TorA$A"48™(C, F)~>Hom(Extygas ke (F,A), HAOA 38T(A CR), A)),
where relative functors are concerned to the homomorphisms of the second
algebras in parentheses.  Just as (18), (19), by using the identity j of A,

(42) U J: Higsrzeso(A, Homy(A, C)) = Ext{igar azt(4, C),
(43) N j: TorfA®AYASI(C, 4) — HMSAYTS™M(A [CR),A))

By setting = =T in (42) and 2 = A in (43) we have
(44)‘ UJs:H g&®A*,K®f“)(A’ Hom,(4, C)) — EXt?L\®‘\*,K®?*)(A’ C)
(45) N j: Tor{®AmA8(C, A) - HPMSAAE(A, C Ry A),

and in the case p = 0 these are isomorphisms as Prop. 4.
Corresponding to Prop.5, it holds without any restriction for A,

PROPOSITION 11. U j and 0 j are isomorphisms.

PROOF. Let 0 >C — Q — N—0 be an exact left (A @ A*, A Q@ T*)-
sequence with Q leff A &) A*-injective, then the sequence

0 — Hom,(A4, C) » Homa(A4, Q) - Homy(A, N) — 0

is left (A ® A*, A @ I'")-exact as the beginning of the proof of Prop.9.The
remainder is the same as Prop. 5.

Now that we have obtained Prop. 11, by changing “A &) A*” to “(AQA¥,
A R T¥) we shall get the similar results as below Prop. 5 in the section 1 thr-
oughout. In Theorem 1, we do not need the restriction that A is projective. In
Cor. 1.1. holds without that A is projective, because A is always (A & A¥,
A @ T*)-projective by Prop.6. and 7.

Now let A, A, T be K-algebras with K-homomorphisms A = A and T' -
A, and C be a two-sided A-module. We shall define (A, T)-extension over

A with kernel C as an exact (A @ A*, A @ I'*)-sequence

(F) c 51 LA

where I' is a K-algebra, f is a K-alge"ra epimorphism, ¢ is a monomorphism
of K-modules and
(46) 9nc) = v.(ge), gler) = (gc)ys, ceCyvel,N=freA

As usual, we define the equivalence of extentions and obtain the analogy
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of Theorem 2, where S(A) is the modified relative standard complex (p. 254
below of [4]), and an inessential extension is a direct sum of two K-algebras

as A ) T'*-rings. Then the same as Theorem 2 holds just as usual.
Since the relative standard complex may be normalised as easily seen in

the same way as [1], ([5]), we can define X as an induced A-T-module as
(28). In this manner Theorem 3 holds without restrictions for A, so Cor.3.1.

If A=A =R a K-algebra, I' = S a K-subalgebra of R in the above,
we obtain the facts concerning the relative Hochschild groups. For these
groups in the remainder we shall show the analogy to Theorem 4 without
proof, which may be obtained easily by following the proof of Theorem 4.

We shall represent R, S as residue class rings of a K-free algebra F with
kernels M, N which are ideals of F, and denote C = M/M?* T = F/M?*. If
R has a basis over S, we have a (R, S)-extension over R with kernel C

() 0—>-C—>T—->R~—0,
With notation of [4], we have

THROREM 4. Let € be the relative cohomology class determined by ().
The following isomorphisms hold for p > 0,
47 H(R, S, Homx(C, A))=~ H"**(R, S, A))
(48) H,,,(R,S, A)=H/R, S, A &:C)
given by the modified products h U & h' N E.
For p =0, we have exact sequences
Homggr(T, A) = Homzgw(C, A) > H¥R, S, A) — 0,
0—> Hy(R,S,A) > ARrC—> ARxT.

REMARK. Homgz(C, A) may be considered as the module Hom«{M, A)of
all right F-homomorphisms of M into A regarded as F-modules induced by
the map: F — R.

At the end I wish to express my hearty thanks to Professor T.Tannaka
for his kind guidance during my researches.
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