A NOTE ON A MAXIMAL FUNCTION
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1. Let f be integrable in [ — 7, 7] and be periodic with period 2, and
let u(p, #) be the Poisson integral of /. In a recent paper [12] E. Stein has
introduced the function

1
]

(p, 8+ t)|*
M(6) = sup {8)\-1 j;<]t!51z Jﬂ-ﬁﬂ_—l— dt} ’

0=p<l1

where 8 = 1 — p. This function provides an estimate of the behaviour of
u(p, ¥) as the point (p, ¥) tends to the point (1, §) in a “tangential” manner.
Stein has proved that

(1) if f belongs to L?(— o, 7), where 1 <p < 2, and if 0 < g <1 and
A = 2/p, then?

1. 1) [ a@as) "< ate w [ 170)1as,

(i) if |f|"log*|f| is integrable in [— o, 7], where 1 <p <2, and if
A = 2/p, then

w2 [ meds=Aw) [ o) 10" 1Al + Ap)

-7

(iii) if f belongs to L*(— o, 7), where p > 1, and if A > sup (1, 2/p), then
L 3) [ ao)e < A, » [ |76)|ds.

In [4], I have considered the analogous function

_ i3 |¢(pei9+it)llc 1/k
. — A-1
Lk,;\(lfpl,ﬁ)—l}s’étigl{é? f_n—ll—pe“l* dt} )

where @ is regular in |z| < 1, and have proved that if @ belongs to H,
where £ > 0, and if A > 1, then

(1. 4) [ “LE (ol ; 0)d8 < Ak, ) f_” | ()| “de.

1) We use A(b,c,...) to denote a positive constant depending only on b,c¢, ..., not necessarily
the same on any two occurences ; A by itself will denote a positive absolute constant.



A NOTE ON A MAXIMAL FUNCTION 35

It is an easy corsequence of Parseval’s theorem that, if the Taylor series

of @(2)is X cn2™, and if s,(8) =D cne"™", then
0 0

1

1

Li(l9l; 6) = 2m sup (1~ D RO

In this form the function L,, has been used by Chow [1] and Sunouchi [13].
In particular, Sunouchi has proved that if @ belongs to H and 0 < pu <1,
then

(L. 5) [ zediol; oasf "= 400 [ |otenlde,

and that if @ belongs to H log*H, then
L6 [ Llpl0ds<A[ |pe)|log"|p()]ds + A.

These are, of course, the analogues of the case p =1 of (1.1) and (1.2) for
the fonction L, ,(I@|; ). Results concerning the analogue of the function
L,, in which s,(0) is replaced by the n-th partial sum of the Fourier series
of an integrable f also occur implicitly in work of Marcinkiewicz [9] and
Zygmund [14].

In this note I consider the function

Losaws 0) = sup [ [* 0040 g

0=p<1 I 1 — Pe“ I A

for a function w(p, 6) non-negative and subharmonic in the circle p < 1, and
obtain results which contain the inequalities (1.1) — (1. 6) as particular cases.
More precisely, we show that results of the form of (1. 3) and (1. 4) are
relatively simple consequences of the Hardy-Littlewood maximal theorem. The
results of the form of (1. 1), (1. 2), (1. 5), and (1. 6) are more difficult, and
essentially we follow the method used by Stein. There is, however, a key
result here, namely that which deals with the function L \(u; 6) for general
k> 1 in the case in which « is the Poisson integral of a non-negative f such
that either f or f log*f is integrable (Theorem 2), and by reducing everything
to this key result we are able to avoid many of the minor complications of
Stein’s argument. Finally, in §8 we use our results for L;, to give a very
direct proof of a theorem on the Cesaro means of power series.

2. For any w(p, 6) defined and non-negative in the unit circle (and
measurable in 6 for each p), we write
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. ) = v [T w(p, 6+ t) }1/'6

(2. 1) Ly (w; 6) ;531{3 f_ﬂ 11— et ¥
where § =1 — p.

Our first result concerning the function L, is of the type of (1. 3) and
(1. 4).

THEOREM 1. Let f(6) be non-negative and periodic with period 2,
and be of class L°(— m, w), where p > 1. Let also u(p, 6) be the Poisson
integral of f(6) (so that u(p, §) = 0). Then, if A > k=1,

2. 2) f L2 (u; 6)d6 < Ak, p, ) f_ " Fe(6)d6.

The proof of Theorem 1 depends on a number of known inequalities
which we state in the form of lemmas. In the case of Lemma 1, we actually
state more than is required for the proof of Theorem 1; the additional results
are used later.

LEMMA 1. Let f(6) be non-negative and integrable in [— m, w] and be
periodic with period 2w, and let

2 3) £O = su {10+ o]
If0 < u <1, then

(2. 4 {[ r@do| "< a6 | o
Also

(2. 5) [ 1 FHOdI < A f_:fw) log*f()d6 + A,

and, for p > 1,
@. 6) [ " F(6)de < A(p) [ s,

whenever the integrals on the right are finite.
These are the Hardy-Littlewood “Real Max” inequalities [5].

LEMMA 2. Let f(6) be non-negative and integrable in [— m, m] and be
periodic with period 2w, let £*(8) be defined by (2. 3), and let

— Sw-1 " fe+1)
1(6) = & f_ﬂ%ll = e
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where 8 =1 — p and @ > 1. Then
L(6) < A(w)f*(6).

LEMMA 3. Let f(6) be non-negative and integrable in [ — m, w] and be
periodic with period 2w, let u(p, 6) be the Poisson integral of f(6) (so that
u(p, 6) =0), and let f*(0) be defined by (2. 3). Then

ulp, 6 + 1) < Af*(6)|1 — pe|/3,
where 8 =1 — p.

Both of these lemmas are due essentially to Hardy and Littlewood [6]
(see also [2], Lemma 4).

LEMMA 4. If P(p, t) is the Poisson kernel, and if 1 < a < 2, then

fvt P(P, s —;t tz dté A\d)is _
—x |1 — pe'| [1— pe”|

This is a particular case of Lemma 2 of [3].

Consider now the proof of Theorem 1. We prove that if u(p, ) is the
Poisson integral of an integrable f, and if A > k=1, then
L (u; 6) < A(k, N)F*(6),

where f* is defined by (2. 3). The inequality (2.2) follows immediately from
this and (2. 6).

Since Ly, is a decreasing function of A, we may suppose that A<Fk + 1.
By Lemma 3,

ax—lfﬂ uk(P: 6 + t) dt < A(k)f-*k—l(g) Sx—kfﬂ u(P, 0+ t) dt.

— ll - Pe”l)\ - ]1 _ Peit|1+)\—k
Also
S G N PR il *_Plp,s = 1)
N kf_n ll — Peuln)\—k dt = - f_,,f(ﬁ +S)dsf_u ]1 - Peitll+)\_k dt

=A@ ne | (G ) )

e Il _ Peisll+)\—k
= Ak, NF*(0),
by Lemmas 4 and 2, and this is the required result.

3. The key result for the function L, of the type of (1.1), (1.2), (1.5),
and (1. 6) is as follows.

THEOREM 2. Let f(6) be non-negative and integrable in [— m, 7] and
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be periodic with period 2w, and let u(p, 6) be the Poisson integral of f(6).
Then

1) #fo<pu<land A=Fk>1,

T 1/ T
3. 1) {[ Leaws o0} "< A, x, w [ Ao)as,
() F A=k >1, and if f log* f is integrable,

3. 2) f " Liu; 6)d6 < Ak, N) f " A6) log* £6)d6 + Ak, ).

Since Ly is a decreasing function of A, it is enough to prove these
results when A = k. Further, if the results (3. 1) and (3. 2) hold for any
given k, then they hold also for all larger k.. To prove this, we observe that
if » > k, then

Ly (u; 0) < Ak, )f*" ™07 (O)L(u; 6)

k

(this follows immediately from the definition (2. 1) and Lemma 3). Thus if
o0<u=1,

fvt L‘,‘.,Tdﬂ é A(k’ r)f”f—)é#(r—k)[rL:ﬁirde

= Ak 7) Uf “*db| M”U_ ) L;,kde}“r,

by Holder’s inequality with indices /(> — k) and r/k. Using the inequalities
(2. 4) and (2. 5) for f* and the inequalities (3. 1) and (3. 2) for L. we
obtain the inequalities (3.1) and (3.2) for L, ,, and this proves the statement.
In the proof of Theorem 2, we may now suppose that k2 is as near 1 as
we please. More precisely, we suppose that 1 < £ < 4/3.
We prove next that if 1 < £ < 4/3, then

3. 3) L, (u; 6) =< A(k) sup {,yc—l © AO + SN p?, 6 + 5) ds}llk.

is [k
0=p<1 x !1 — pe”|

We have

n .k k-1 T z k=1
34y gt [fER D B o, 6+ py s pa,
3. 4) f_,,!l—pe”!"dt o fﬂf(ﬁ%—s)dsf—ﬂ T—pe|* (p, s—12)

By Hoélder’s inequality with indices 1/(2—1) and 1/(2 — k), and by Lemma 4,

T k-1
6.5 [ IO R s~ o
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= {f—: ulp, 6 + t)P(p, s — t)dt}k—l {f; IIPEP;:“—I_’“Q—” dt}z—k

ARy (%, 6 + 5)

[1— pe|*
(since /(2 — k) < 2), and (3. 3) is an immediate consequence of (3. 4) and
3. 5).

4. Suppose now that 1 < k < 4/3, and for any y > 0 let D, be the set
of § in — 7 < 6 < 7 such that L, («; 6) > y. Then we have

IA

4. 1) D, =AD" fig)a.

y -
Further, there exists a constant ¢, depending only on %, such that
4. 2) D, = AR [ figas,

NG 7@)>cy

The inequalities (3. 1) and (3. 2) follow almost immediately from (4. 1)
and (4. 2), respectively. The arguments used in the deduction of (3. 1) and
(3.2), and also those used in the deduction of (4.2) from (4. 1), are identical
to those used by Stein [12], and we therefore omit them.

Consider then the proof of (4.1). Here, too, the argument used is similar
to that of Stein, but the restriction to the particular case considered in
Theorem 2 enables us to make certain simplifications, and we therefore give
the proof of (4. 1) in full. We require two further lemmas.

LEMMA 5. Let f(6) be non-negative and integrable in [— m, w] and be
periodic with period 2w, let f*(6) be defined by (2. 3), and for any =z >0
let E, be the set of § in —m < 8 <w for which f¥(0) >z. Then E, is
open, and

2 T
E|lsZ f f)de.

This lemma is due to F. Riesz [11].

LEMMA 6. Let Q be an open set situated in [— m, w], and let P be
its complement relative to this interval. Let P’ be the set of points 6 con-
gruent modulo 2m to points of P, and for any 6 let A(6) denote the distance
of 6 from P'. Let also f be non-negative and integrable over [— m, m] and
be periodic with period 2w, and let

No) = [ ﬂ%jif(e + 2,
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where k > 1. Then N(6) is finite p. p., and
f NO)dO < A(k) f " o).
P -7

This lemma is due to Marcinkiewicz and Zygmund (see e.g. Stein [12]).

Now let 2 be a positive number, to be chosen later, and let E, be the
set of § in — o < @ < = such that £*(¢) > 2. By Lemma 5, E, is open. Let
P be the complement of E, relative to the interval [— =, 7], and let A(#) be
the distance function of Lemma 6 corresponding to this set P. Since f*(6) <=z
when 6 belongs to P, we have

T k—
4. 3) wi(u; 6) < B2* + Bgz"‘lf ~A——ll£f—|kiif(0 + s)ds

for any 6 of P, where B, and B, are constants depending only on k. For, by
Lemma 3,

 piA(0+8) k=1
a7, 0+ 5) < A(R)E1 l11 P;k_l |
k-1
S R
whenever 6 belongs to P, so that, by (3. 3),
(4 4) ka(u, 0) = A(k)z Dsél-;gl{s f_n ]1 _ Peis llc ds}

+ A TATO+5) gt s)ds,

—x |s|®

and (4. 3) follows from (4. 4) and Lemma 2, since f*(6) < 2 in P.

So far z is at our disposal. Choose now B,z* =%y’“. By (4. 3), the set

D, N P is contained in the set of § in which

* AR-1(
B! f ————-—~—I‘flk+ $) 6 + s)ds > —;—yk,

i. e. is contained in the set of § in which N(#) > B;y, where N(§) is the
function of Lemma 6, and B, is an A(k). But, by Lemma 6,

BsleynPlgf

pynp

Ndo=< f Nd§=<A(E) f " Fas.
P -7

Since also
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|E. | é%f:fM:%fﬂfd&

(by Lemma 5), and
|D,| = |D,NP| + |D,NE.]|=|DNP| + |E.]|,
this completes the proof of (4. 1), and so of Theorem 2.
5. We pass next to subharmonic functions. Here we have

THEOREM 3. Let w(p, 6) be non-negative and subharmonic in the unit
circle. Then

G) ifo<pu<land A\=Fk>1,

6.1 [ Leews o)t "= AR Jim [ R, 0,

() FrA=k>1,

G2 [ Lu(w; )46 < Ak, %) Jim [ w(R, 6) log*w(R, 6)d6 + Ak, \),
(i) ifp>1and A>k=1,

5. 3) [ Lt (ws 6)d8 < Ak, £, V) Jim | Zw"(R, 6)de,

provided in each case that the limit on the right is finite.
We require a further lemma.

LEMMA 7. Let w(p, 6) be subharmonic in the unit circle and satisfy
the relation

(5. 4) f " wip, 6)ds < C

-7

for p <1, and for 0 < p < R <1 let uz(p, 8) be the Poisson integral of the
values of w(p, ) on the circle p = R. Then as R—1—the function uzp, 6)
converges in the circle p < 1, and uniformly in any circle p=r <1, to a
(finite) harmonic function u*(p, 6) such that

w(p, 0) = u*(p, 6)
in p<l.

This lemma is proved implicitly by Littlewood [7].
Consider now the proof of the theorem. Since w, w log™ w, and w’ (p > 1)
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are subharmonic”, the integrals on the right of (5. 1), (5. 2), and (5. 3) are
increasing functions of R¥, so that the limits on the right of these inequali-
ties always exist. Moreover, if these limits are finite, then the condition (5. 4)
is satisfied, and we may apply the results of Lemma 7.

We observe next that if the conditions of Lemma 7 are satisfied, then,
for any fixed p < 1, ux(Rp, ) »>u*(p, ) as R — 1—, uniformly in 6; this is
a simple consequence of the uniformity of the convergence of ux(p, ) to
u*(p, ) and of the (uniform) continuity of #*(p, 6). Hence for any fixed p < 1

_ S Wi, 6+ ¢ w ™ u™p, 0+t
6.5y o[ W OED gp [T A RO TD g

- 3\—1[” 1im{ukLRP’_ﬂ_+L)ldt

_ Rl |1 — pett|* J
4 k
= ]imisk‘l‘/\ —Z@(—R&Mdt}.
Rl . Il _PeitlA

Now for any function F(R, p) defined in the square 0 S R <1, 0p<1
and such that llelrln F(R, p) exists for each p, we have

(5. 6) sup {lim F(R, p)} < lirlglli_nf {sup F(R, p)}.

0=p<l R-l- 0=p<l1
Writing ve(p, 6) = ux(Rp, 6), we thus obtain from (5.5) and (5.6) the relation
L} \(w; 6) < lim inf Li \(vr; 6)

for any / > 0 and so, by the extension of Fatou’s lemma which involves
limits inferior on both sides of the inequality,

(5. 7) f " Li(w; 6)d8 < lim inf f " LL \(vr; 6)db.

Applying now the results of Theorems 1 and 2 to the function
vp, §) = ur(Rp, 0) in the circle p < 1, making R—>1 —, and using (5. 7),
we obtain immediately the results of Theorem 3.

6. It is not difficult now to extend the results of Theorem 3 to other
indices.

THEOREM 4. Let w(p, ) be non-negative and subharmonic in the unit
circle. Then

G fF1=Zp<k 0< pu<l, and N=k/p,

2) See, for example, Rado [10], § 3.13.
3) See, for example, Rado [10], § 2.4.
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£ 1/ T
[ Lenw; 0] " < 4Gk 2.3 ) lim [ (R, 0)ds,
G) if1=p<kand N=Fk/p,

| Ltaew; 008 = A 2,3 Jim |~ w(R, 6)log" wlR, 6)d6 + Alk, 2, %),

T

Gil) if k=1, p>1, and N> sup (1, k/p),

" Lt(ws 06 = Ak 5, Jim [ w(R, 6)ds,

provided in each case that the limit on the right is finite.

We observe first that w” is subharmonic whenever w is subharmonic
and p = 1, and that

L, \(w"; 6) = Lj, (w; 6).
Hence, by the inequalities (5.1) and (5.2) applied to w”, with 7 in place of &,

{ 1/ T
[ Lws 0)d0) "< 46, 3, Jim [ w(R, 618
and
f” Ly (w; 6)do < A(r, \) Rlignfi w'(R, ) log* w(R, 6)d6 + A(r, \)

for A>>7r > 1. If in these we write & = pr, we obtain immediately the results
(i) and (ii) of Theorem 4.

To obtain the result of (iii), we apply the inequality (5. 3), with » in
place of k£ and g in place of p, to the function w', where /= 1. This gives

f " Ll (w; 6)d6 < Alg, 7, N) lim f wR, 6)do

for ¢ >1 and A >r=1. Writing Ir = %k, lg = p, we obtain from this the
inequality

6. 1) f " Lo \(w; 6)d6 < Ak, b, ¢, V) Jim f w(R, 6)d6
for k=1,p>1, q>1, and A > gk/p = 1. Here q is at our disposal subject
only to the condition ¢ > 1. If now %/p < 1, we choose ¢ = p/k, and then
(6. 1) holds for A > 1. On the other hand, if A > k/p =1, we choose ¢ so
that both ¢ > 1 and A > gk/p, and then again (6. 1) holds. Thus (6. 1) holds
for A > sup (1, k/p), and this is the required result.
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7. There are similar results for harmonic functions and regular func-
tions. These are as follows.

THEOREM 5. Let f(0) be integrable in [— w, ] and be periodic with
period 2m, and let u(p, 6) be the Poisson integral of f(6). Then

G) f1=<p<k 0<p<l1, and N = k/p, and if f belongs to L"(— =, m),
T 1/ T
[ Leduls oa8) "< A 2.3 0 [ 1RO a8,
() if 1 =<p<kand \=Fk/p, and if |f|® log* |f| is integrable,

[ Laluls )6 < Ak 2.0 [ 170)]"log” 1£(6)|d6 + Ak, M),

-TC

(iii)) if k=1, p > 1, and A > sup (1, k/p), and if f belongs to L'(— m, m),
[ zeluls 000 < Ak 2.0 [ 1716) a5

THEOREM 6. Let @(2) be regular in |z| < 1. Then
() fO0<p<k O0< u<l, and N=Fk/p, and if @ belongs to H",

| zediols 0as) "< 4t 50w [ 91 as,
Gi) ifF0<p<kand N\=Fk/p, and if @ belongs to H® log* H,

f “Llol; 0)d8 < Ak, p, ) ) |p(e?)|” log* |p(e®)|d6 + Ak, p, N),

-7

Gii)) #f k>0, p>0, and N > sup (1, k/p), and if ¢ belongs to H",
[ Lelols 006 < Ak 2,0 [ | e "db.

The cases & = 2 of the results of Theorem 5 are slightly stronger than
the results of Stein listed in § 1, since M,\(6) < A\)L,.(|u«]; 6).

Here Theorem 5 is an immediate consequence of Theorem 4. Alternati-
vely, it may be deduced directly from Theorems 1 and 2 using an argument
similar to that used in deducing Theorem 4 from Theorem 3, for, by Jensen’s
inequality, |«|” does not exceed the Poisson integral of |f|? for p = 1.

Theorem 6 follows easily from Theorem 3 by an argument similar to
that used in deducing Theorem 4 from Theorem 3 (for |@|” is subharmonic
for every p > 0).

9. Cesaro means of power series. We give finally a new proof of
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the following theorem of Stein, Zygmund, and others (for references, see
Stein [12]).

THEOREM 7. Let 9(2) be regular in 2| < 1, let ¢p(z) = icnz", and let
"

a¥(6) be the n-th (C,a) mean of the series icne’”". Then
Q) f0<p<1,0<up<1 and agl/po— 1, and if @ belongs to H”,
6D [ fsup | ds " < A, w [ lplelas,
(i) f0<p<1and a=1/p — 1, and if @ belongs to H" log*H,
@.2) [ lsup ox0)| 1748 = Ap @) [ |p(e) Log” |p(e|de + Alp, @),
(i) i » >0 and a > sup (0, 1/p — 1), and if @ belongs to H?,

(8. 3) f_ {sup |o(0)| }7d6 = A(p, a) f_ﬂ | () |*d.

It is familiar that

i0 had
(1¢£zi)3+1 =2 Ei of(6)2"
0

for |z| <1, where

e — (¢ + 1) (') (a + n) (n>0), E¥=1.
n!
Hence
e L[ gl e
. Ejonf)p = s
8. 4) an(O)p o J_. (1 — pe')*?
and so
; . n 1 | ¢(Pefo+u)|
. 5) Bl @l =, [ 2P

for p <1. Multiplying both sides of (8.5) by (1 — p)?, taking p=1—1/(n+1)
on the left, and using the fact that E; ~ A(a)n® for a > — 1, we obtain

sup|o%(0)| = Ala) sup {S“f %{ZL dt}

= A(a)Ll,a+1([¢] 5 6)
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for @ > — 1, and the theorem follows immediately from this and Theorem 6.

9. The proof of Theorem 7 given above shows that the inequalities
nti

(8.1)—(8. 3) do not depend on the presence of the oscillating factor ¢™ in
the integral formula (8. 4). In this respect they are similar to the case
0<p =<1 of the inequaltiy which replaces (8. 3) in the limiting case
a =sup (0, 1/p — 1), namely

9. 1 f:{ g&)(ﬁ%)}pﬁ < A(p, a, B) f:{ | p(e")|7db.

which holds for @« = 1/p—1 and B8=1/p (see [4]). The case p>1 of (9. 1),
which holds for a =0, 8=1/p, or a =0, 8= (p — 1)/p according as
1<p =<2 or p=2 (Littlewood and Paley [8]), would thus appear to be
the most delicate of all these inequalities for Cesaro means, for all the

known proofs of this case require some consideration of the oscillating
factor in (8. 4).
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