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Introduction. The present work concerns the theory of obstructions for
Postnikov complexes of one-connected C ̂ -complex to have multiplications and
its application to Thorn complexes. Multiplications are introduced stepwisely for
dimensions of Postnikov complexes and the obstruction is a set of cohomology
classes (See sections 1 and 2). The theory is applicable for M(O(n)) and results
for a sum of a realizable classes with coefficients in Z2 are obtained. We com-
pute actually the obstructions for Postnikov complexes of M(O(2)) to be an H-
space (See section 4). Parallel considerations are made for M(SO(n)) and sum
of realizable classes with coefficients in Z or Zp where p is an odd prime number
(See section 5).

1. H-spaces. Let A be a topological space. Suppose that a continuous
map

(1) μ: A X A ^ A

is defined and there is the base point e € A such that

(2) μ{x, e) = x, μ{e, y) = y

for any x,y ζ A. Then A is called an H-space and the correspondence μ(x,y)
is called a multiplication, which is occasionally denoted by x-y. A homotopy
commutativity and homotopy associativity are defined in usual ways. One can
easily prove

PROPOSITION I. A product space of two H-spaces is again an H-space.
If given H-spaces are homotopy commutative or homotopy associative, then
the product space has the corresponding properties.

PROOF. Let At and A2 be ίί-spaces with multiplication maps μτ and μ2.

Define a multiplication μ of Aτ X A2 by

(3) M(al9a2)9 (b1} b2)\ =

for any a1,b1 € Aτ and a2, b2 € A2. Denoting by eτ € Aτ and e2 € A2 respective
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identities, (el9 e2) is the identity for μ. The latter part of the proposition follows

immediately from the definition of μ.

As usual we denote the subspace A x e U e x A a A x A by A\J A.

Let px and p2 be projections of A X A onto the first and the second factor. A

cohomology class γ € Hm+\A X A, A V A 7rm(A)) is said to be primitive
with respect to μ, if we have

(4) (A**-i>i -Λ*>y = o.1>

Let A be another one-connected H- space with the multiplication map μ :

A' X A' ->A'. Given a homotopy multiplicative m a p / : A -> A\ we s a y / is

strictly homotopy multiplicative2'', if there exists a homotopy jF(.r, 3/, t)(0 ^ t

^ 1) such that

F(x,y,0)
(5)

and

(6) F{x9 e, t) = F(*, x91) = /(*),

for all £. If / is exactly multiplicative, then we say / is a homomorphism.

PROPOSITION 2. Iff is strictly homotopy multiplicative, then the fiber

space (E,p,A) induced by means of f from the fiber space of paths starting

from the unity e over A admits an H-structure v : E X IS -> E.

PROOF. Let (E',ρ,A') be the fiber space of paths over A'. An element of

E' is a path u: [0, r] -> A' for a real number r, such that w(0) = e. Define a

multiplication v\u, v) for w (0 ^ £ ̂  r), v (0 ^ ί ̂  5) E' by

z/'(w, vXί) = μ\u{t), v{st/r)) O^t^s, if r <; s,
(7)

= μ\u{rt/s\ v(t)) 0<:t^r, if r > s.

One obtains an //-structure of E'. The unity is the constant path u{t) = e(0 ^

t ^ 1).

£ is a subspace of A x £ ' consisting of points (x, u) such that f{x)=p(u)

= u{f). We denote by lx>y a path from μ\f{x),f{y)) to f(μ(x,y)) in A', given

1) See A. H. Copeland Jr., On H-spaces with two non-trivial homotopy groups, Proc. Amer.
Math. Soc, Vol.8 (1957), pp. 184-191.

2) If A is a sphere and if the suspension E : itm(A') >7Cm+ι(SAt) is monomorph, then a
homotopy multiplicative map A >Af is strictly homotopy multiplicative. (See I. M.
James, On sphere with multiplication II, Trans. Amer. Math. Soc., Vol.84 (1957),
pp. 545-558, Cor. (5.5).

According to one of correspondences from Professor E. H. Spanier, Professor P.J.Hilton
uses a similar notion called primitive.
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by F(x,y,1), 0 ̂  t rg 1, for fixed points x,y € A. Define a multiplication i> for
two points (x, u) and (j/, v) of JE by

(8) v{(x,u\ (y,v)} = \μ(x,y), v\u,v)ΊM\,

where the dot is the usual composition of paths.

From the choice of lX}y, we have

which means that v{(x,u), (y,v)\ ι s again a point of E. The continuity of v

follows immediately. The unity of E is (e, e).

From (8), one obtains

'v\{x, u), (y,v)}

= μ\p(x,u), p(y,v)}9

that is the diagram

E x E >E

(9) p X p P

A X A-

is exactly commutative and hence p is a homomorphism.

2. Multiplications in the Postnikov system. Let K — \J KQ be a

semi-simplicial complex, wher Z+ denotes the set of non-negative integers. K is

called a monoid if Kq has an associative multiplication

(10) Kq x iCg ^ ^ g

with a unit element for each #. If e0 denotes the unit element of Ko and sQ

denotes a degeneracy operator, then (so)Qeo gives that of KQ for each q. Now

we shall prove the following,

LEMMA 1. If A is an H-space, then the minimal subcomplex M(A) of

the singular complex S(A) of A is a monoid.

PROOF. Let SQ(μ) :SQ(A) X SQ(A) -+ Sq(A) be the monoid structure of S(A)

induced by the multiplication μ of A. Let λ be the natural chain map S(A) -*

M(A) and let i be the inclusion map M(A) d S(A). Then we get the diagram
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(Π)

Sq(A) x Sq(A)
t
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SQ(μ)

i X I

MQ(A) x >Mβ(.A).

The composition map λ'Sq(μ)-(i X i) is obviously a chain map and makes
M(A) a monoid complex. Let X be a one-connected CW-complex and suppose
that its homotopy groups are countable in each demensions. Let the Postnikov
system of X be

X
(TO) . • x ( "(2)

with k- invariants km, and let pim) be the projection of X to X ( m . X("} is a
CΐΓ-complex K(τr2(X),2) which is a group complex. X ( m ) is a CIV-complex of
the same weak homotopy type with the fiber space Eim) induced from the fiber
space of paths over KiTrJ^X), m + 1) by means of the map φm : X(m~1} ->
K(τrm(X), m +1), such that

(13) φl(b) - *Λ + 1,

where b is the basic cohomology class of K(πm(X), m + 1). From now on, we
put X<™>= |M(£ ( m ))l

If £ ( w ) is an //-space, then M(E(m)) is a monoid complex, by Lemma 1.
By the assumption for X, the geometric realization |M(£ ( m ))l is a countable
complex and hence it is an //-space by a theorem of J. Milnor3). The natural map
|M(£ ( m ) ) | - » £ ( w ) is a homomorphism.

Now we claim

LEMMA 2. Suppose X^-^ has an H-structure /4(m~υ. <pm is strictly
homotopy multiplicative if and only if km+ι is primitive with respect to μ{m~ι\

PROOF. Suppose φm is strictly homotopy multiplicative. X(τrm(X), m + ί) has
a standard multiplication σ. The commutativity upto homotopy holds in the diagram

(14)

j^-(m-i) ^ J5̂  (m-l)_

fl(m-l)

X ψm
+K(irm(X), m + 1) X i, w + 1)

*K(irJίX), m + 1).

3) See J. Milnor, The geometric realization of a semi-simplicial complex, Lecture Note in
Princeton Ufliveresity 1956.
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Let />1

(m-" and p^m~l) be projections of X<"-» x χ<"-» onto the first and the

second factor. Let />, and p2 be projections of K(irm(X), m + 1) X K(irm(X),

m + 1) onto the first and the second factor. One obtains, from the commutativity

of (14),

= (φm X φm)*σ\b)

= (φM X <pm)*(pKb) .

and hence we have

(y»-υ* _ pii*-n* -p^-v*)kn+1 = 0,

which shows km+ι is primitive with respect to /χ(/n~1}.

Conversely, suppose km+ι is primitive with respect to μ{m"ι). We have to

prove the existence of a homotopy F(x,y,t) of maps from χ ( m - ] ) x χ(™-1) t o

K(irm(X\ m + 1), for 0 ̂  t rg 1 and for any x,y € X^"1), such that

JFfo y, 0) = σ(^m(j:), ̂ ^(3;)),

(15) F{x,y>l)^φ)n^-ι\x,y\

F(x, e, t) = F( ,̂ α:, ί) = φm(x).

The obstruction to construct the homotopy is obviously given by

X φmf<r

m-φt(b) ~ (φn X

which is zero by the assumption. Thus the map of χtm-» x X^- 1) x 7 (j

(X c m - υ V X ( m ' υ ) X / ( / = [0,1]) to K(τrm(X\ m + 1) denned by (15) can be

extended to the map F(x,y,t) over the whole complex X ( m " υ X X ( m~υ X /.

<pιn is, therefore, strictly homotopy multiplicative. Lemma 2 is proved.

Immediately we obtain, from Proposition 2,

PROPOSITION 3. Let X be a one-connected CW-complex with countable

homotopy groups in each dimensions. Suppose that the complex χ(n~]) of the

Postnikov system of X has an H-structure μ{m~l). If kn+ι is primitive with

respect to /i ( m"υ, the complex Xim) has again an H-structure and the projec-

tion ρim): Xm -> X ( m-1 } is a homomorphism.
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REMARK. Several multiplications /4W) of Xin) in the above proposition

may exist. The complex χ ( m + 1 ) has an J/-structure if &m+2 is primitive with

respect to one of μT}

Now we consider to construct multiplications of X(m) stepwisely. X{2) =

K(7r2(X), 2) has a standard multiplication μi2\ If k± is primitive with respect to

μP\ then X{3) has multiplications μ%\ The obstructions for X ( 4 ) to be an H-

space is given by a set of cohomology classes (/4>3)* — />i(3)* — p2i3)*)ks> a n ( 3 s o

on. In general, assuming X^- 1 ) has H-structures μT~ι)> we put

which is an element of Hm+\X^m~l) X X ( m - υ , X ( m " 1 } V X ( m " υ τrm(X)). The

obstruction for X ( m ) to be an iί-space is a set of cohomology classes 0 ( r w ) =

{O(

α

m)j. Let Wo 4- 1 be the least integer of m such that O ( w ) does not contain

the zero element. We call mQ an index of multiplicativity of X . Proposition 3

leads easily,

COROLLARY 4. Each complex X(m) (m ^S m 0) Λαs α multiplication and

/>(m) Z5 <2 homomorphίsm.

3. Sums of realizable classes with coefficients in Z2. Now we turn to

the study of the Thom complex M(O(n)). Let the Postnikov system of the

complex M(O(n)) be

2>n)

and />(m) be the projection of M(O(n)) to X(m). Let mQ(n) denote the index of

multiplicativity of M(O(n)). We obtain the

THEOREM. In a compact dijferentiable manifold M of dimension ^ mQ(n),

a sum of two realizable classes of dimension n with coeffcients in the group

Z2 of integers modulo 2 is again realizable.

PROOF. Let u and v be two realizable cohomology classes with coefficients

in Z2. We have maps / , g: M->M(O{n)) such that

(16)
Ό = g*Un,

where Un

 1S the fundamental class of M(O(n)). The matter is to construct a map

h: M-+M(O(n)) such that

(17) u + v = /**£/„.

Since dim M<=mQ(n) and M(O(n)) have the same (m0 + l)-type with Xim°\

the problem is reduced to construct maps of M to X{m°\ We put pwf = fm.
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= gm and put p*m)Un = Unλm). We obtain easily

(18)

v = gtunΛm).
By the assumption for m0, Xim) has a multiplcation μimώ : X ( m o ) x χim<>>->χ(.m*\

Now define a m a p / m o ^ : M->XM X X ( M o ) by the equation

f on # A ( / " O )

It induces a homomorphisim Λ*o: H*(Ximo) Z2)-+H\M Z2) satisfying the

relation,

h*moUnΛmo) = (frno°gmoyμi

(where ω is the unit class of H%X(nto) Z2\)

- (fm0ogmoT(UnΛmo)) (g) ω) + (fmoogmo)Xω ® C/W)(wo))

= /«β(CΛ.,(««o)) ω + ω'9mQ(UnΛmo))

(where ω is the unit class of H%M Z2\)

= U + V.

The last formula follows from (15). Let g m : X ( m ) -* M(O(n)) be a homotopy

inverse of />(m) for the m-skeleton, which induces an isomorphism of cohomology

rings H\X{m) Z2) and H\M{O{n)) Z2) upto the dimension m. Let h be the

composed map gmo ΛWo. One can easily see from (17) that

h*Un — hmo qmoUn

L* γj
— 'frtfio ^ w, (mo)

— U + V,

which is the required relation (14). Thus our theorem is proved.

We know the following4). One takes an integer j and let d(j) be the number

of non-dyadique subdivisions,

λ — \al9a2, , ar\a{ integers 4= 2m — 1, Σ at - j \ .

4) R. Thorn, Quelques proprietes globales des varietes differentiables, Comm. Math. Helv.,
Vol.28 (1954), 17-86, Chap.II.
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We put a CW-complex

y - K(Z2, n) X K{Z29 n + 2) x X (K(Z2, n -f 2))m X

There exists a natural map F: M(O(n)) -> Y, which induces isomorphisms of

cohomology groups with coefficient group Z2 for dimension < 2 n. Since we

have £P(Ύ Zp) = 0 and H'"(M(O(nj) Zp) = 0 for an odd prime number />

and for m < 2 w, y and M(O(n)) are of the same 2 w-type. And hence there is

a map # of the 2 w-skeleton of Y into M(O(ή)) such that composed maps # F

and F g are homotopic to the identity maps of (2 n — l)-skeletons in M(O(n))

and in Y respectively, g is a so-called homotopy inverse of F for the 2 z-skeleton

of Y. The sequence of complexes

Y, , ^ ( Z , , Λ ) X X(Z2? Λ + 2) X X (K(Z2, n + lψι\

K{Z2) n) X K(Z* n + 2) X X ( i£(Z 2 , Λ + / - l)) f 2 (*- 1 },

9K(Z29n) X iC(Za, n + 2), K(Z2,n)

gives the Postnikov system of M(O(n)) for dimension < 2 /z. Its ^-invariants

kn+U kn+2, j km

are all zero.

Obviously, Y is an if-space from Proposition 1, Theorem leads immediately

COROLLARY 5. In a compact differentiable manifold of dimension < 2n,

a sum of two realizable cohomology classes of dimension n with coefficients

in Z2 is again realizable®\

k2n is, however, not trivial in general and it should be computed in respective

cases for n. We consider the case n — 2 in the following section.

4. 2-dimensional realizable classes with coefficients in Z2. As for the

system of M(O(n))} following results are knowri°j5). Homotopy groups of M(O(2))

in lower dimensions are

τr2 = Z2,

τr3 = 0,
(19)

ir« - Z,

TΓδ = Z 2 .

5) H. Suzuki, On the realization of the Stiefel-Whitney characteristic classes by submanifolds,
Tδhoku Math. Journ., Vol.10 (1958), pp. 91-115, Chap. II.

6) Professor Thorn wrote to the author that the result can be proved directly by a geome-
trical method.
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We recall that ρ*m)U2 = U2Λm). The complex X ( 2 ) = K(Z2y2) has a standard

multiplication μ(2) and one can take X ( 3 ) = X(2\ because of 7r3 = 0 in (18).

The k- invariant of dimension 5 is

A« = (l/2)δKC71>(3,),

where £ denotes the Pontryagin square operation and (1/2)8 is the Bockstein

operator for the coboundary homomorphism 8. The obstruction7) for X ( 4 ) 1o be

an //-space is

(20) ( ^ 8 ) * - Λ ( 8 ) * - A ( 8 ) * ) * 5 = 0.

The above relation is proved as follows:

Computing the first term in the right side, we have

= (l/2)δp(t/2,(3) <g> « + » ® ί/2,(3,)

(where » e H*(Z2, 2 Z2) is the unit element,)

= (̂ 2,(3) ® ω + ® C7i,ro) U δ(ί/2,(3) ® o) + ω ® J72)(3))

3) ® « + <» ® C/2,(3)) Ul ί(tΛ,(8) ® » + » ® ί72,(3))]

+ U2Λ3) ® δC/2,(3) + δ

+ (l/2)[δ(£/2,C3, ® »)

+ (l/2)[δ(ω ® [72)C3)) Ui δ

+ (l/2)(δ£/2,(3) ® «) Ui («

+ (l/2)(ω ® δL^p)) Ui

The second term is given by the formula

= (l/2)δί)(t72l(3) ® ω)

7) This obstruction is unique, because if k5 is primitive, then the induced /f-structure of
X(3> by that of X(4> is the standard one. See A. H. Copeland Jr., On iί-spaces with
two non-trivial homotopy groups (Foot-note 1).
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= (U2)(3, ® ») U KU,,c» ® ω)

® Uw) Ui

+ (l/2)(SC72i(3) ® «) Ui

+ (1/2X« ® δC7,,(3,) Ui (»

Since we have — (δ(72,(3) ® ω) U, (» ® δί72,(3>) ~ 0, — (o> ® δC/2,(3)) Ui (δC72,(3)

® ω ) ~ 0 and

C/2,(S) ® Si72,(3) + S{/2>(3) ® ΓΛ,(3) ~ 0,

we obtain

( M 0 0 * - ί 1

w * - Λ c l ) * ) * . = 0.

Thus the CW-complex X ( 4 ) of the Postnikov system of M(O(2)) has an H-

structure.

Now we proceed to a further step. The 6-dimensional ^-invariant of M(O(2))

is given by

where V4 is the class of H*(Xω Z2) which goes to the basic class of HA(Z,

4 Z2) under the homomorphism i* : H*(XW Z2) -* H\Z, 4 Z2) induced by

the inclusion i: K(Z,4)c: X ( 4 ). More precisely, the projection p^ : M(O(2)) ->

which is the equivalence of 5-type induces an isomorphism H 4(X ( 4 ) Z2)

H4(M(O(2)) Z2). V4 is determined by

where Wx is the 1-dimensional Stiefel-Whitney class of the Grassmann manifold

of non-oriented 2-planes and U2(Wτ)
2 is the notation by Thorn.

An obstruction for X ( 5 ) to be an //-space is

which is not zero. This fact does not lead the CW-complex X ( 5 ) of the Postnikov

system of M(O(2)) has an //-structure.

Summarizing the above results, we see m0(M(O(2))) — 5 and obtain

COROLLARY 6. In a compact differentίable manifold of dimension ^ 5,
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a sum of two realizable classes of dimension 2 with coefficients in Z2 is again
realizable.

5. Sum of realizable classes with coefficients in Z or Zp. We briefly
touch on the case of M(SO(n)). Let mQ(M(SO(n))) be the multiplicative index fo
the Postnikov system of M(SO(n)). By arguments being similar to section 3, we
see formally that in a compact orientable differentiable manifold of dimension
^ m0(M(SO(n)y), a sum of realizable classes of dimension n with coefficients
in Z or Zp is again realizable.
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