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1. In the course of the study of the crossed product of rings of operators,
it has been shown in [4] that an arbitrary countable group admits a faithful
representation as a group of outer automorphisms1} of an approximately finite
factor on a separable Hubert space.

Let G be an arbitrary countably infinite group. Let Δ be the set of all func-
tions a(g) on G : a(g) = 1 on a finite subset of G and = 0 elsewhere, and Δ
is an additive group under the addition \CL + β] (g) = a(g) + β(g) (mod 2), 0(g)
= 0 (g € G). Let Δ' be the set of all functions φ(γ) on Δ : φ(y) = 1 on a
finite subset of Δ and — 0 elsewhere. Δ' is an additive group under the addi-
tion [φ + ψ] (γ) = φ(y) + ψ(y) (mod 2) aαd 0(y) — 0 (y € Δ). For every
a € Δ5 φ -> φa : φa{y) — φ(y + a) is an automorphism of Δ\ Defining the
product (φ, a) (ψ, β) — (φβ + ψ, a + β), we have a locally finite countably in-
finite group © of all elements (φ, a) € (Δ'? Δ) with the identity (0, 0) and
(<p, a)'1 = (φ*9 ct). Let H be the Hubert space Z2(©), and for each (φ, a) € © let
V&,*) be the unitary operator on H defined [V(φ,«)f]((ψ, β)) = f((ψ, β) (φ, a)).
Then the ring of operators M generated by all V&,*) is an approximately finite
factor. Next, define an operator Tg{Tg') on Δ(Δ') : [Tgά\ (g) = a(gg') for all
α: € Δ, g9 g € G; \Tg'φ] (y) •-= φiTg^y) for all >̂ € G, and # -> T, (T/) is an
anti-isomorphism of G into a group of automorphisms of Δ (Δ'). For each
g € G, we define a unitary operator [/, in H by \JJgf] {{φ, a)) =f((Tg'φ, Tga)\
and g -+ Ug is a faithful unitary representation of G and for each g € G(=f= ̂ )
V(φ,*)-* Ug'^Vi-p^Ug— V(τ'gφ,τg*) defines an outer automorphism of M.

The purpose of this paper is to discuss some algebraic properties of this re-
presentation.

2. From here to the end of this paper, G is a countably infinite group and
M is an approximately finite factor in H = /2(®) associated with G as in § 1.
By the fixed algebra of H, a subgroup of G, we mean the subalgebra of M
composed of all elements of M which are simultaneously fixed under all members
of H (see [1]). In this section we shall determine the fixed algebras of some

1) An automorphism of a ring means a *-automorphism.
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normal subgroups of G. We denote by φ0 the element in Δ' which takes value

1 only at 0 € Δ. Then it is easily seen that Tg'<p0 — <p0 for all g € G.

LEMMA 1. Let H be an infinite normal subgroup of G and al9 , an

distinct non-zero elements in Δ. Then there exist an h € H and an i0

(1 ^S H ^S n) such that al9 , an9 Tha-ί0 are all distinct.

PROOF. By hypothesis, G = H X K for a group K. The set F = \J \{h}k)

€ G : ot((h, k)) = 1} is a finite set. Let Fτ = {A € H : (A, k) € F for a k € £ } .
We can choose a. g0 € H — Fx. Picking up an (Ao, k0) € F and ^0(l ^ ί0 ^ ^)

such as αίQ((hO)ko)) = 1, we get T Λ o P - 'α ί o =)= Λj for all j = 1, , w because

αX(flΌ, ko)) = 0 for all j = 1, , n and \THg-^cth~\ ((g0, k0)) = <z,0((A0, * 0 )) = l

Hence ctu , αn> T7ιog-
JΛ/o are distinct each other.

LEMMA 2. Under the same condition as in Lemma 1, let φl9 , φn

be distinct elements in Δ' each of which is neither 0 nor φ0. Then there

exist an h € H and zo(l ^ to ^ w) such that <ρu , φn, T^φiQ are distinct

each other.

PROOF. AS in the proof of Lemma 1, let G = H X K. The set Δ o = \J

{a € Δ : φ£a) = 1} is finite, and so the set F = \J {(A, k) € G : a((h, k))

= 1} is also finite and non-empty. Let Fx — \h € / / : (A, &) 6 F for a k € -K"}.

We can choose a <70 € i ί — FΎ. Pick up an io(l <- H ^n), a0 € Δ o and (Ao, έ0)

€ F such as ^ Z O (Λ O ) = 1, Λ0((A0, * 0)) = 1. As [Th^a0~\ ((gOt k0)) = ao((hQ> kQ))

= 1, Tftβp-iαto does not belong to Δo. Thus φj(TnoQ-^ao) = 0 for every j — 1, ...,

7z, and so T^φh =f= ̂  for all j = 1, , w since [Tft^-i9?,J(Tfto(,-iαo) = ^<o(^o)

= 1. Therefore ^ 1 ? , φn and Tj,'og-i<pio are distinct each other.

THEOREM 1. TAe fixed algebra in M o/* any infinite normal subgroup

H of G is the set of all elements of the form λ / + HV(ΨQIO) (λ, μ are scalars).

PROOF. It is obvious that all λ / + μV{ΨQ o) belong to the fixed algebra of

H as T tφQ = φQ for all A € H. Let A be an element in M which is fixed
under all g € H. According to Lemma 5. 3. 6 in [2], there exists a unique fami-
ly of scalars ίλ^ ) Λ ) } ( ^ Λ)e© such that

where Y^ is taken in the sense of metric convergence in M. Thus we have
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( 2 ) Z-,(φ,cc)sQίλ>(φ,co)V(φ,a,) = £^(φ, a)eighty, cc)V(Tgφ,Tgcc) fθΓ all # 6 H.

By the uniqueness of the expression (l) we obtain

(3) X(φ,a) — \τgφ,τg*) for all (̂ >, Λ) € © and g 6 H.

Now suppose that there exists a (ψ, β) € © which is neither (0, 0) nor (<p0, 0)
such as λ(ψ)i3) =f=0. If /8=j= 0, by Lemma 1 we can find an infinite sequence \gn)

in H such that all T^/3 are distinct elements in Δ. If β = 0, there exists an

infinite sequence \hn\ in H such that T'hnψ are all distinct elements in Δ' by

Lemma 2. Hence there is an infinite sequence \kn\ in H and (Tk}ιψ, Tkj3)Js are

all distinct elements in ©. Thus, by (3) we get ^ | \(T'k)lψ, Tkβ) | 2 = oo which
n=l

contradicts ^ |\<p,α;)|2 < °°. Therefore \ψ,β) = 0 except for (0,0), (^0, 0) and

Next we shall determine the fixed algebra in M of a finite normal subgroup

of G.

LEMMA 3. Let H be a finite normal subgroup of G. Then there exist

infinitely many distinct a € Δ (resp. φ € Δ') such that TQa — a (resp. Tgφ

= ψ) for all g € H.

PROOF. By the assumption, G — H X K for an infinite group K. Picking
up an infinite sequence of distinct elements \kn] in K, we define cίn € Δ for

each n by an((h, kn)) = 1 for all h € H, and 0 otherwise. \an\ is an infinite
sequence of distinct elements in Δ, and it is easily seen that Tgan = an for all

g € H (n is arbitrary). Using these \an\ we define φn € Δ' for each n by <pw(α:)

= 1 if a = ctn, and 0 otherwise. Then the sequence [φn] satisfies the require-

ment as TgUn = ctn for all g € JF/ (w is arbitrary).

LEMMA 4. Lei / / be as in Lemma 3. Then for any finite set % in ©,

ί/itfre exists a finite subgroup ©0 o/* © containing χ% such that (T0'φ, TQa) 6

©o for all g € H and (φ, a) € ©0.

PROOF. Since © is locally finite as shown in [4], % generates a finite

subgroup Si of ®- Then the set ^ 2 = \(Tg'φ, Tga) : (φ, a) € ^ l 5 g € H\ is a

finite subset because of the finiteness of H, and so generates a finite subgroup

©o of © again by the local finiteness of ©. It is obvious that ©0 satisfies our

requirement.

Successive application of Lemma 4 leads to the following lemma, which
will be used in the next section and we omit the proof.
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LEMMA 5. Let Go be a locally finite subgroup of a group G and {Gn}
oo

a non-decreasing sequence of finite subgroups of Go such as \^y Gn = Go. Then

there exists an increasing sequence {®n} °f finite subgroups of © with the
following properties.

(i) For each n, (Tg'φ, 7 » € ©n if (φ9 a) € ®n and g € Gn.

Then we have the following result.

THEOREM 2. TTiβ ./ϊ mZ algebra in M o/ ŵy finite normal subgroup H
of G is the approximately finite factor.

PROOF. Applying Lemma 5 to H and ®, we can find an increasing sequence
CO

{®n \ of finite subgroups of © such that @ such that © — \J ®n and for each
9 1 = 1

g € H, (Tjφ, TgOL) € ©w if (φ, a) € ©n. Then for every n, the subalgebra Nw

generated by all A — 2Z \*>,«)"̂ («»,«) where for each (̂ >, α) € ©n, λ^α) =

\τgφ,rg(») for all g ζ H, is of finite order in the sense of Definition 4. 5.1 in

[2], and each A € Nw is fixed under all g ζ H. An element A = ]Γ
(Φ,«)e©

\ P , * ) ^ ( ^ « ) i n M is in the fixed algebra N of // if and only if \φ,*) = Xcr^,^)

for all ^ € / / ((̂ >, α) is arbitrary). Hence, as © — \^J ©n, the fixed algebra N
71 = 1

of H is generated by the increasing sequence |N n } . Since ® is infinite, N is
not of finite order and hence it is sufficient to show that N is a factor, by
Definition 4. 6.1 in [2]. Let A = ]>Z \<P,*)V{<P,») be an element in N which
commutes with all elements in N. If (Tg'ψ, Tβ) = (ψ , β) for all g € H, A7 ( ψ l W

. Hence for such (ψ, β) we have

snd so

λ^op) = \φ,β)-Hφ,«Hhβ) f θ r a 1 1 (^' θί) e &

We have to show that λ(^β) = 0 for all (^, Λ) 4= (0, 0). To do this we assume
that there exists a (φ9 a) 4= (0, 0) such as λ(9 jα) =j= 0.

Case 1. φ =f= 0. By Lemma 3 we can find an infinite sequence of distinct
elements \an\ in Δ such that Tgan = Λ» for all g ζ H. Then, as easily seen,
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\φ"n\ contains an infinitely many distinct elements of Δ'(cf. footnote 2) in [4]),

On the other hand, (0, βYXφ, a) (0, β) = (<pβ, a). Hence £ |

which is a contradiction. Thus \φ,a) = 0 in this case.

Case 2. φ = 0 : Let \φn\ be a sequence of infinitely many distinct elements
of Δ' constructed in the proof of Lemma 3. Then \φ%, + φn\ contains an
infinitely many distinct elements (see footnote 3) in [4]). As (ψ, 0)~ *((), a) (ψ,0)

= (ψ* + ψ, 0) and Tg

fφn = φn for all g € H, we have 22 | λ ( ( M ) 12 = °°, which

is a contradiction, and λ(^«) — 0.
Therefore A = λ(O>o)V(o,o) and N is the approximately finite factor.

Following [1], we say that an automorphism of a ring of operators is freely
acting if any non-zero projection contains a non-zero projection which is not
fixed under the automorphism. This concept can be seen as a relaxation of the
notion of ergodicity, where an automorphism of a ring of operators is ergodic
if it does not leave any non-trivial projection fixed. It is obvious that an ergodic
automorphism is freely acting. As an immediate consequence of Theorem 2 in
[3] we have the following fact.

LEMMA 6. Every outer automorphism of a finite factor is freely actingP

Hence from Theorem 1 (or Theorem 2) we get

COROLLARY. There is an automorphism of the approximately finite
factor which is freely acting and not ergodic.

In fact, in Theorem 1, any g € G, is freely acting by Lemma 6, and the

projection 1 -\ l/%o.ϋ) i s 1 ^ invariant under g. Hence g is not ergodic.

3. In this section we shall specialize the group G and pursue the crossed
product of M by G.

THEOREM 3. If G is a locally finite group, the crossed product of the
approximately finite factor M by G is also approximately finite.

PROOF. By definition, the crossed product (M, G) is generated by operators

ViφιΛ) ((φ, a) e &) and Ug(g € G) on the Hubert space H ® /2(G) defined by

heG )

2) This fact has been informed the author by Mr. N. Suzuki.
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By Lemma 5, there exist the increasing sequences [<&n\ and \Gn\ of finite
subgroups of © and G respectively which satisfy (i) and (ii). Denote by Pn the

ring of operators generated by V^a), Ug with (φ, a) € ©w, g € Gn for each n.
It is obvious that P 1 £ P 2 g . . . Q P Λ g , and every P w is of finite order by

the property (i). Since \^J &n = © and \^J Gn = G, (M, G) is generated by

\Έ*n\. Hence the crossed product (M, G) is the approximately finite factor, since
the crossed product (M, G) is a factor of type Πx by Theorem 4 in [5].
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