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Introduction. Recently we have discussed infinitesimal holomorphically
projective transformations in Kahlerian spaces and obtained, for instance, the
following theorems1}:

If a Kahlerian space with parallel Ricci tensor admits an analytic infini-
tesimal HP-transformation which is not affine, then it is a Kάhler-Einstein
space.

In a complete Kάhler-Einstein space with 2? < 0, if the length of the as-
sociated vector of an analytic infinitesimal HP-transformation is bounded,
then the transformation is affine.

In connection with these problems, we shall study complete Kahlerian
spaces holomorphically projective related and having parallel Ricci tensors. Then
we shall prove theorems stated at the end of §1.

T.Nagano [l] has recently studied the corresponding problems concerning
complete Riemannian spaces which are projectively related and have parallel
Ricci tensors.

1. Preliminaries. Let M be a Kahlerian space of real dimension

n = 2m>2 and (gju φ/1) be its structured Denoting by j .A the Christoίfel

symbols constructed from the metric tensor gji9 we call a curve xh = xh(τ) a
holomorphically planar curve or briefly an H-plane curve, if the curve satisfies
the differential equations

(1.1) ^ + I *.
dτ2 [ Ji

~where a and β are certain functions along the curve. A curve xh = x\T) is an
//-plane curve if and only if the plane elements determined by two vectors

1) Cf., Tachibana, S. and S. Ishihara [2]. The number in brackets refers to the Bibliogr-
aphy at the end of the paper.

2) As to notations we follow Tachibana, S. and S. Ishihara [2]. Indices hfi,j,r,s,t,
•run over 1, 9n.
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dxh/dτ and φr

h(dxr/dτ) are parallel along the curve.

We suppose that there is given in M another Riemannian metric g]t such

that the pair (ffju<Pih) is a Kahlerian structure and that we have

(1.2) Ij/Mjϊf
where] •• [are the Christoffel symbols constructed from gji9 ft is a vector field

and ft — ψipr If this is the case, the two Kahlerian metrics are said to be
holomorphically protective ralated or briefly HP-related.

It is known that gJt and gH are HP-related if and only if they have all
H-plane curves in common.

From (l. 2) we know that ft is necessarily gradient. Especially if ft = 0,
then the metrics are said to be affinely related.

Now we shall give some formulas which will be useful later. The curvature
tensor of gSi is defined by

If we denote by Rkjί

h the curvature tensor of gjt9 taking account of (l. 2) we
have

where pH is a symmetric tensor defined by

(1-4; fti = VjPi ~ PjPi + PjPi-

Contracting h and k in (1.3), we have

(1.5) Rji = Rji — npji — 2<PjSφ[ρsr9

where Rόl and Rn denote the Ricci tensors of gjt and 7js% respectively.

On the other hand we know that Rόi and RH are hybrid, i.e. that it holds.

Kji — Ksrψj ψi , -tvji — Ksrψj ψί

Taking account of this fact, we obtain by means of (l. 5)

(n- 2)(pJi-psrφ/φi

r) = 09

which implies because of n > 2 that ρόi is hybrid, i. e. that it holds

(l 6) Pji — Psrψjψi

Substituting (1.6) into (1.5) we find
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(1.7) Rn = Rji -(n + 2)ft,.

Next it follows that from (l. 4) and (l. 6)

(1.8) VΛ + VzΛ = 2 (ftft + 'pjpi).

We shall here state the theorems which will be proved in this paper.

THEOREM 1. Let gβ and ~gβ be two complete Kahlerian metrics on a

co?nplex manifold with real dimension > 2 whose Ricci tensors Rβ and Rβ

are parallel. If gjt and gβ are holomorphically projective related, then

1) in the case when the Ricci form R(ξ) — R^lt1 of gn is negative semi-

definite, the two metrics are affinely related and hence their Ricci tensors

coincide', or

2) in the case when R(ξ) is positive semi-definite, so is the Ricci form

R(S) of ~gόi also.

Especially for an Einstein space we have

THEOREM 2. Let gjt and ~g$, be two complete Kάhler-Einstein metrics on

a complex manifold with real dimension > 2. If g5i and g^ are holomorphi-

cally projective related, then the scalar curvature R and R satisfys

1) R = 0, R = 0, or

2) R < 0, R < 0, or

3) R > 0, R > 0.

In the cases l) and 2), the two metrics are affinely related.

In a Kahlerian space consider a point transformation f and denote by g^

the induced Kahlerian metric. If gjt and g^ are holomorphically projective

related, then we shall call f a holomorphically projective transformation. If a

point transformation preserves the complex structure, then it is called to be

analytic. From these definitions and Theorems we have

COROLLARY. Let f be an analytic transformation of a complete Kahlerian
space with real dimension > 2 whose Ricci tensor is parallel and negative
semi-definite. If f is holomorphically projective, then it is necessarily affine.

COROLLARY. In a complete Kdhler-Einstein space with real dimension
> 2 whose scalar curvature R is non-positive, an analytic holomorphically
projective transformation is necessarily affine.

2. /o-geodesics. Keeping notations and assumptions in §1, if we consider a
geodesic 9: xh = x\s), s being an affine parameter, then we have

dxj dx' = Q

ds ds
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We shall define a scalar function f(s) along the geodesic by

ds

Then by virtue of (2. l) we obtain

ctj ~^* ax ax l

ds ds ds 2

which implies together with (l. 8)

ds

The last equation shows that the function / vanishes identically along the

geodesic g, if there exists a zero point of f on g. Consequently we know that

there exists a geodesic along which the function f(s) vanishes identically. We

call such a geodesic a p-geodesic with respect to goi. We define a /o-geodesic

with respect to gjt in the same way. We have here the following

LEMMA I. A p-geodesic with respect to ##(##) is at the same time a

p-geodesic with respect to ##(##).

PROOF. We have for a curve χh = xh(s)

Πf~\ dx^dx^ = d2xh

 + j h I dx* dx1

I ji ) ds ds ds2 \ ji j ds dsds2

o Λ dx dxι

 o ~ dxr h dx
2ρr— 2pr-—-φ&

ds ds ds ds

by virtue of (l 2). If the curve; is a p-geodesic β, s being an affine parameter,

then we have

fo o\
 u ^ ± A I dx dx __ o dx dx

ax \ β ) as as ds ds

which shows that g is also a geodesic with respect to gβ. This proves the

lemma. Q. E. D.

Let s be an affine parameter with respect to gji9 then we have

(2.3) s = C f A{u)du + B,

(2.4) A(u) = ex

C and B being constant, where the line integral of (2. 4) is taken along
If we put C = 1 and i5 = 0, then we have
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<2S) 5 = f A(u)du,

Λ(u) being given by (2. 4). Now we shall prove the following

LEMMA 2. If the parameter ΊΓ defined by (2. 5) has the form s = as, a

being constant, along any p-geodesic, then the two metric gόi and ~gόl are affinely

related.

PROOF. Take a p-geodesic Q arbitrarily and assume that the parameter 5

defined by (2, 5) along Q has the form s = as with a constant a. By virtue of

(2.5), we know that the function A(u) is constant along g. This implies

Piidoέ/ds) = 0. Take an arbitrary point P in the space. Then since the last

equation holds for any /o-geodesic passing through P, we have p{ul — 0 at P for

any vector vι such that ptv
l — 0. Hence we can conclude that pt vanishes at P>

because we have g^p1 — 0. The point P being arbitrary, ρt vanishes identically.

Thus the two metrics are afBnely related. Q. E. D.

3. H-projective parameters. Keep notaions and assumptions as above.

We shall next introduce the notion of /f-projective parameters along any

.geodesies and prove that the metrics gόi and g# have //-projective parameters

in common along p-geodesics. This fact will play an important role in the

proof of Theorem 1.

Let us consider a geodesic Q and we shall define a parameter t as a

•solution of the equation

/ Q 1 \ s+\ ^ r> dx* dxι

<3.1) \t\s = —~Rji—- — ,

n + 2 ds ds

where 5 is an affine parameter of 9 and \t\s is the Schwarzian derivative, i.e.

d3t ι d2t

We call such a parameter t an H-projective parameter along g with respect

to gόi. It is well known that the general solution of (3.1) is given by

ar (s) + b j 7 , Λ
t = / ( , ' ,-> ad- bcφ 0,

CT (s) + d

7(5) being a solution of (3. l), where a, b, c and d are constant. We shall prove

the following

LEMMA 3. Two HP-related Kdhlerian metrics have all H-projective
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parameters in common along p-geodesies.

PROOF. Consider a /o-geodesic χh = xh(s), s being an affine parameter with
respect to gόi. If we take s defined by (2. 5), an affine parameter with respect to-
gji9 then it follows that

ds ds \ ds

by virtue of (2.4) and (2.5). If we substitute (3.2) into the well known
identity

ds

then we find

daί dx%

ds ' n + 2
_ 2 ^

w + 2 * Js Λ '

which implies

n + 2 ds ds

This proves the lemma. Q. E. D.

4. The proof of Theorem 1. In this section we shall assume that two-
metrics gόi and g^ are both complete and have parallel Ricci tensors. By the
assumption we have

V^ = 0, v A = 0,

where V* and Vfc are operators of covariant differentiation with respect tα
gjt and <?# respectively.

Consider a /^-geodesic Q: xh = xh(s), s being an affine parameter, then
from (2. 5)

5 = [Ά(u)du, A(u) =

is an affine parameter with respect to ffJt. Evidently we have that s is an

increasing function of s and that s = 0 if and only if 5 = 0. Thus, taking

account of the completeness, we find immediately
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5 = 0 if an d only if s = 0,

<4.l) s -> + °o if and only if ? -* + °°,

s -> — 00 if and only if s -> — «>•

.Now if we put

# 4 - 2 J ds ds * n + 2 3 dΊ ds '

ithen they are constant along g, because i?# and i?# are parallel* An ϋ-pro-
jective parameter ί of 9 satisfies the equations

<4.2) W .

<4.3) {ί}ϊ

In the first place we consider the case K(Q) = 0. In this case the affine
parameter s itself satisfies (4. 2), i. e. £ = s is a solution of (4. 2), and hence a
solution of (4. 3) by virtue of Lemma 3. Now we shall consider the following
.three cases.

i ) When K(Q) = 0, since t = s is a solution of (4. 3), we have

? = - ^ ± A a d b
cs + d

Iby virtue of the arguments in §3. Taking account of (4. l), we have 5 = as.

ii) When K(Q) > 0, if we put \ /K(s)/2 = λ, then t = (l/λ)tan Xs is a
solution of (4. 3). Hence we have

~ tan Xs = a s + h , ad - bcψO,
λ cs + d

which contradicts to (4. l).

iii) When K(β) < 0, if we put */-K(Q)/2 = λ, then t = (l/λ) tanh λi
is a solution of (4. 3). The same arguments as in ii) lead to a contradiction.

Next we consider the case K(Q) < 0. In this case if we put */—K(Q)/2

= λ, then t = (l/λ) tanh \s is a solution of (4. 2). Let us consider the fol-
lowing two cases.

iv) When K(Q) < 0, since ί defined in ii) is a solution of (4.3), we have

(4.4) j = ^ _ ± * ad-be 3=0,
ct + d

-which contradicts to (4. l).

v) When K(Q) > 0, since t defined in iii) is a solution of (4.3), we have
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(4. 4). As we have ί = 0 at ί = 0, it holds that b = 0. If we consider the
limiting cases s —>• ± °°, then we know that a — d and <: = 0, from which we

get t = t. Hence we have (l/λ) tanh λs = (l/λ) tanh λs. Again taking ac-

count of that s -+ dt oo? w e have λ = λ and hence s = s.

In the same way we have a contradiction in the following cases: K($) < O,

K(8) = 0; K(S) > 0, K(Q) = 0; ^(fl) > 0, K(Q) < 0.

From the above arguments we know that for a /^-geodesic Q there are

only three possible cases:

1) K(Q) = K(Q) = 0; S = as,

2) X(9) < 0, K(Q) < 0; 5 = 5,

3) X(β) > 0, X(fl) > 0.

Therefore taking account of Lemma 2 and semi-definiteness of i?(l), we
can prove Theorem 1. Q. E. D.
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