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Recently we can see several papers concerning almost-Kihlerian spaces, but
it seems for the authors that there does not exist a non-Kihlerian global
example of such a space. In this paper we shall show that the tangent bundle
space T(M") of any non-flat Riemannian space M" always admits an almost-
Kihlerian structure which is not K#hlerian.  This is done by making use of
the almost-complex structure of T(M"™) owing to T.Nagano [1]" and of the
Riemannian metric of T{M") owing to S.Sasaki [2]. By virtue of this structure
we shall also see that an infinitesimal affine transformation has an almost-analytic
property in a ce ta'n sense.

The authors wish to express their hearty thanks to Prof. S. Sasaki by
whom they were interested in the almost-complex structure of tangent bundles.

1. Almost-Kahlerian spaces. Let us consider a 2n-dimensional differentiable
manifold admitting a tensor field @2 such that ga*@, = — 8*». Such a manifold
is called an almost-complex space and it is said that the tensor field assigns to
the manifold an almost-complex structure. An almost-complex structure is
called to be integrable if the tensor field defined by

Nu: = ¢#¢ (aa‘pAK - 8A¢mx ) — @\ (aa¢uK - au ‘pax)

vanishes identically.
An infinitesimal transformation V* of an almost-complex space is called to
be almost-analytic [3] if it satisfies £ @ = 0, where £ means the operator of
vV Vv

Lie derivation.
An almost-complex space always admits a Riemannian metric Gz such that

(1 1) Gﬁu¢uﬁ¢/\a = Gu}\

which is equivalent to the fact that @, defined by @, = @,*G\. is skew-
symmetric or that G, is hybrid [3].

An almost-complex space with such a Riemannian metric is called an
almost-Hermitian space and the differential form @ = (1/2)pudx* A dx' is
called the fundamental form. If the form is closed, the almost-Hermitian

1) The number in brackets refers to Bibliography at the end of the paper.
2) A v, a, =1,2,--- , 2n.



ON THE ALMOST-COMPLEX STRUCTURE OF TANGENT BUNDLES 157

space is called an almost-Kihlerian space. An almost-Hermitian space satisfying
Vvpur = 0 is nothing but Kihlerian, where V., means the operator of Rieman-

nian covariant derivation.
It is known that the almost-complex structure of an almost-Kdhlerian

space is integrable if and only if the space is Kihlerian.

2. Tangent bundles. Let M" be an n-dimensional differentiable manifold
and T(M") be its tangent bundle space. T(M") is a 2n-dimensional different-
iable manifold with the natural structure.

Let ' ® be local coordinates of a point P of M", then a tangent vector y
at P, which is an element of T(M"), is expressible in the form (&, y*), where
' are components of y with respect to the natural frame 9, = 9/29x'. We may
consider (&, y*) local coordinates of 7(M™"). To a transformation of local coor-

dinates of M"

(2- 1) V' = .2',‘""(_2:1, ...... ,x")’ y " yr arxi,'.
If we put

2. 2) =z, ).
The Jacobian matrix of (2. 1) or (2. 2) is given by
o,x" 0,
( S ) 3,, = 0%/3x"d".
0 o;x!

For an infinitesimal transformation or a contravariant vector field ¢’ on

M, if we define V* by
(2' 3) Vi= vi’ Ve = yrar'vi = x’*ar‘v"’ 5),

then it is a contravariant vector field on T(M") or it defines an infinitesimal
transformation of T(M"). V* is called the extension of v'.

3. The almost-complex structure of 7(M"). In the following we shall
mean by M”" an n-dimensional Riemannian space whose metric tensor is g;;.
Following T.Nagano [1] we shall introduce in T(M") an almost-complex
structure as follows.

Put

3) i, j, k=12 n

4) *=n+1i, I'*=nti.
5) Of course we adopt the summation convention on 7.
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r

h
3.1 It = {i } ¥,

\
where{ . } denotes the Christoffel’s symbol formed by the Riemannian metric
ir

- If we define @) with respect to each local coordinates (z%, ¥*) of T(M") by
3. 2) o =T, @M =— 8 — I'/T,,
o"=8" @ =—T4,
then we can see that @\*@.* = — 8. holds good. On the other hand we can

also show that @, defines a tensor field on T(M™).
Hence the tangent bundle of any Riemannian space is an almost-complex
space.

REMARK. The tangent vector space of 7(M") is spanned by n vertical
vectors e« = Ow = 0/0y" and n horizontal vectors ¢, = 9, — I'/Om. @)* defines a
transformation on each tangent vector space of 7(M?*) and by the transforma-
tion a tangent vector X with components (X!, X") with respect to the frame
(e, es) is transformed into a vector with components (X", — X*).

Next we consider under what condition the almost-complex structure of

T(M™) is integerable.

Let R,;" be the Riemannian curvature tensor of M", i.e.
h h h h
Jji) ki kr)\ji jr)l ki)

R,* = R;,* y".
After some complicated calculations we have the following equations
N,» = IR, — TYR,",
N, = R;* — I'y'T/R,,* + I'\"(— I'y/R,* + I'/R,,*),

and put

N = Ry,

Nj«l»h: 0,

Mz*m: - Ferrih - FthnT,
N]&,‘ h*z —_ R]-ih.

From these equations we have

THEOREM 1.° In order that the almost-complex structure of T(M") is

6) The analogous theorem has been obtained by T.Nagano [1], but his almost-complex
structure of T'(M") is slightly different from ours.
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integrable, it is necessary and sufficient that the Riemannian space M" is flat.
(C.J. Hsu [4])
Now let V* be the extension of an infinitesimal transformation v’. If we
denote by £ the operator of Lie derivation with respect to V*, then we have
£ PN = Vaa@f —_ ¢f8aV" -+ ¢¢:8AVU.
On taking account of (2. 3) and (3. 2) we have after some calculations

h

% Pt =— %, " = yty",

£ o' =0,

£ o == (Tt + T,
where £;,* is given by

tjih = VjVivh + vTRrjih

h h h r
= aﬂ'vh + 'UTar{ .. } -+ { . aivr -+ . aj'vr e .. 8,‘1)”,
Jt ]r rr J

Vv, being the operator of Riemannian covariant derivation in M".

On the other hand we have known that an infinitesimal transformation
v' of M" is called affine if its ¢,,* vanishes.

Thus we have the following

THEOREM 2. In order that an infinitesimal transformation of a Rieman-
nian space M is affine, it is necessary and sufficient that its extension in
T(M™) is almost-analytic.

4. The almost-Hermitian structure of 7 (M™). Following S.Sasaki [2] we
shall introduce a Riemannian metric into T(M"). This is done by defining a
line element of T(M") such as

4. 1) do® = ¢, dx’dx' + ¢;,Dy’Dy!,
where Dy' are n differential forms on 7(M") given by
Dy = dy' +y’{ ’ } dx®.
rs

If we write (4. 1) in the form
do? = Gadx'dx,
the Riemannian metric G, of T(M") is given by
Gy = gu + TyTy,
Gu=T,
Grin=¢,,
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where T';; = I'/g,..
Computing ga=@."Ga we get
@ =1, -1y = y’(a,-!]ir - aigjr),
4. 2) P == Puip = Giis
@pin= 0.

From these equations we know that @, is skew-symmetric. Hence G,
and @, satisfy (1.1) and 7(M") is an almost-Hermitian space by virtue of this
sturcture.

Now we define a covariant vector field 7, in T(M") by
(4' 3) N = giTyT’ Nix = O:

then the differential form » = 5,dx" is defined globally on T(M™).
As we obtain @ = dn by virtue of (4. 2) and (4. 3), the fundamental form
of T(M™) is derived. Thus we get

THEOREM 3. The tangent bundle space of any Riemannian space admits
an almost-Kéhlerian structure.

The form 5 is called the homogeneous contact form of T(M™).”
Consider an infinitesimal transformation ©' on M" and its extension V™
Sincc we have by definition

%, m = V*Oum + naoaV*,
we get the following equations
£ 1= YW + guB + 9O,
% 7 = 0.
Thus we have

THEOREM 4. In order that an infinitesimal transformation of a Riema-
nnian space M" is an isometry, it is necessary and sufficient that its extension
leaves invariant the homogeneous contact form of T(M").
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