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Introduction. Recently S.Sasaki [ 1 ] has introduced the notion of an almost
contact structure over an (2n+ 1)-dimensional differentiable manifold M (diffe-
rentiability means class C always in the following) by three tensors ¢, &, 5 of
types (1, 1), (0, 1) and (1, 0) on M satisfying some relations. The importance of
this structure is in the fact that if M has a contact structure defined by a 1-form
7, then 7 induces an almost contact (metric) structure taking a suitable metric in
M, and in this contact case, many interesting results have been obtained. But
for an almost contact structure which is not necessarily a contact structure, it
seems to me that few results are known. In this paper, we consider mainly an
almost contact structure.

In their paper [ 2], S.Sasaki and Y.Hatakeyama defined four tensors Ny,
Ny, N'; and N; for an almost contact structure by the method of constructing
an almost complex structure in M X R (R denotes the additive group of real
number field) and computing its Nijenhuis tensor. Regarding this product space
as a trivial bundle space over M, we consider to generalize this method
to a principal fibre bundle P with a base space M and a structural group A
which is a 1-dimensional real abelian Lie group.

I should like to express my hearty gratitude to Prof. S.Sasaki and Mr. Y.
Hatakeyama for their valuable criticism. :

1. Nijenhuis tensors of almost contact structures. Let M be an almost
contact manifold and its defining tensor fields of types (1, 1), (1, 0) and (0,1)
be ¢, & and 7 respectively. We take a real 1-dimensional abelian Lie group
A, and denote its Lie algebra over R by . Suppose that there exists a differenti-
able principal A-bundle P(M, p, A) over M with a projection p: P— M. Then
we can take in this principal bundle a differentiable infinitesimal connection
with a connection form © which is an %-valued 1-form on P satisfying the
following two relations :

11 o(us) = o(n), uecP, se A uecTUP),
1.2 w(us) = s7's, uelP sc A secT(A),
where T,(P) (resp. T,(A)) denotes the tangent space to P (resp.A) at u € P (resp.
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s € A). Since ¥ is a 1-dimensional vector space over R with a generator a, we
can identify 2 with R by the mapping » € R < ra € 9. Then every U-valued
mapping can be considered as an R-valued mapping. In this way we consider
o to be an R-valued 1-form.

Let F(P) (resp. F(M)) denotes the set of all real valued differentiable functions
on P(resp. on M), and let X¥(P) (resp. X(M)) be an F(P)-module (resp. F(M)-
module) of the totality of differentiable vector fields on P(resp. on M). Then the
latter is at the same time a vector space over R. Let X¥’(P) be a vector subspace of
X(P) over R consisting of the right invariant differentiable vector field with respect
to the group operation of A. As any element of ¥(P) is generated by vertical
and horizontal vector fields, ¥(P) is generated by .."(P) over F(P). Moreover it is
easily seen that every vector field X € X(P) belongs to X"(P) if and only if it
is projectable and w(X) is in the dual image of F(M) by projection p, i.e.,
pX € ¥(M), and o(X) € p*F(M).

Now using the almost contact structure (¢, € 1) on M and the connection
form o, we define an almost complex structure on P as follows: If we take a
right invariant vector field X on P, then as w(X) € p*F(M), there exists a
unique function o(X) € F(M) such that

$a(X) = o)
on P. Then we define a vector field JX < X (P) by the two equations:
(1. 3) o(JX) = — pru(pX),
(1. 4) PUX) = ¢(pX) + o(X)E.

If we take a vector field X € ¥'(P) and a function f € F(P) such that fX ¢ X(P),
then f must satisfy f(us) = f(u) for u € P, s € A. Therefore, there exists a

function f € F(M) such that f = p*f, and we have
pIX) = ¢ pX) + o(fX)E = f(pJX),
o(J(fX) = — pn(fpX) = fo(JX).

And so the relation
JfX = fIX

holds good. Next we extend the above definition to an arbitrary vector field
X € ¥(P). For this X, as there exist functions f1 € F(P) and vector fields

X, € ¥(P) such that X = > £2X, on P, we define JX ¢ X(P) by
A

JX = > AJXh
x

By virtue of the above consideration, this definition is consistent. J is a tensor
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field on P of type (1, 1). It is noticed that the tensor field J is completely
dependent on the connection  on P.

THEOREM 1. J is an almost complex structure on P which commutes
with the operation of A.

PROOF. For every vector field X € i7(P), we can first see that JX € x(P)
according to p(JX) € ¥(M), o(JX) € p*F(M). Therefore we have R,JX = JR X
=JX for X € ¥(P), s € A. If f € F(P), then

RJ(fX) = (R*)RJX) = J(RIA(RX)) = JR(fX),
which shows that the tensor field J commutes with group operation. For any

X € X(P), as JX also belongs to ¥"(P), we have
o(J’X) = — p9(pJX) = — pPnepX + o(X)E)
= — pro(X)p*nE) = — o(X),
p(JPX) = ¢(pJX) + o(JX)E = ¢(ppX + o(X)E) + ( — 7(pX)E)
= — pX + 9(pX)E — 9(pX)E = — pX.
Therefore J satisfies for all X € X(P) the equation

J X =—-X
Since J is a tensor field on P and any vector field is generated by right
invariant vector fields, this equation must hold on X(P). Q.E.D.

In the following we calculate the Nijenhuis tensor of this almost complex
structure J on P. It is defined by the tensor N of type (1, 2)

NX,Y) = [X,Y] + JIJX, Y] + JX,JY] — [JX, JY].

We have only to calculate it for the right invariant vector fields. Formerly
S.Sasaki and Y.Hatakeyama [2] has defined tensors N, N, N'; and N;
associated to the almost contact structure (¢, & 7) on M by the following way.
Let P, = M X R bea trivial R-bundle over M with a natural integrable connec-
tion ®,, then we can define an almost complex structure J, on P, by the same
way as above. In fact, for a right invariant vector field X + A, X € X(M),
A € ¥(R), such that RA, = A, (¢,s € R), we have

Jo(X + A) = @X + 0, (A)E) + (— 7(X)Z.),

where a denotes a generator of the Lie algebra of R such that ,(Z.) =1, Z.
being a fundamental vector field corresponding to a. We can calculate straight-
forwardly the Nijenhuis tensor field Ny(X + A, Y + I') of this almost complex
structure J,, and if we define the tensor fields N,, N,,N, and N, of types
respectively (1, 2), (0, 2), (1, 1) and (0, 1) on M by



MANIFOLDS WITH ALMOST CONTACT STRUCTURES 151

N(X,Y) = N(X,Y) + NyX,Y)Z,,
Ny(X, Zo) = Ny(X) + Ny(X)Za,
then we have the following equations.

N(X,Y) =[X,Y] + ¢[¢pX, Y] + ¢[X, ¢Y] — [¢X, ¢Y]
+ Y n(X) — Xn(Y))E,

N(X,Y) = R@XmY — (LY )X,

Ni(X) = (£(&)9),

N(X) = — RENX.

These are the same results as those of [2].
Now returning to the case of general principal A-bundle with a connection
o, we also calculate the Nijenhuis tensor of the almost complex structure on P

defined by (1. 3) and (1. 4). We notice that for any function f = p*f ¢ F(P)
and for any projectable vector field X € X(P), the relation
LX) = P R(PX))

holds good. As dw is a horizontal 2-form on P, there exists a 2-form % on
M such that do = p*x. If X,Y are right invariant vector fields on P, so are
JX,JY, [X,Y] and so on. Therefore we can compute pN(X,Y), o(N(X,Y))

and we have

LEMMA 1. For all right invariant vector fields X,Y on P, we have
PNX,Y) = N(pX, pY) + o(Y)N;(pX) — o(X)N;(pY)
o(N(X,Y)) = p*No(pX, pY) + o(Y)p*Ny(pX) — o(X)p*N,(pY)

— {do(X,Y) — do(JX, JY)}.

From this Lemma, we have the following result :

THEOREM 2. If M*™*!' i{s a normal almost contact manifold, then every
almost complex structure of a principal A-bundle P(M*"*', p, A) associated
to an infinitesimal connection w is integrable if and only if the connection
satisfies the relation

s do(JX,Y) + do(X,JY) = 0
for all vector fields X and Y on P.
PROOF. It is well known that in an almost contact structure, the vani-

shing of the tensor N, means the vanishing of the other tensors N,, N; and
N,. In this case Lemma 1 shows that relations
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PNXY) = — (x(pJ X, pY) + x(pX, pJY))E,
oNX,Y) = — (do(X,Y) — do(JX, JY))

hold good for X,Y € X"(P). Therefore it is evident that the vanishing of the
tensor N is equvalent to (1. 5). Q.E.D.

For any vector fields X', Y’ € (M), if we take their lift FC,Y’ which are
right invariant horizontal vector fields on P, then we obtain, by virtue of
Lemma 1, the following relations :

PNX,Y) = N(X,Y) — (XX, Y") + x(X, Y},
oN(X,Y) = p*N(X,Y") — {do(X,Y) — de(JX,JY)}.

On the other hand, if M is a contact manifold with a contact form 7, then an
almost contact structure can be induced from 7 choosing a suitable metric on
M. In this case the tensors N, and N, vanish. Therefore, if we suppose that
the almost complex structure on P defined by a contact structure on M and an
infinitesimal connection on P is integrable, then M must be normal, and moreover
o satisfies (1. 5). In fact, by virtue of the vanishing of N, we have

N(X,Y') = {x(@X',Y") + x(X', $Y")}&.

Since N, = 0 is equivalent to N, = 0, we get N, = 0. We rewrite this result
as a theorem.

THEOREM 3. Suppose that an almost complex structure on P is defined
by a contact structure on M*"*' and an infinitesimal connection w on P, then
the almost complex structure J is integrable if and only if M*"*' is a normal
contact manifold and o satisfies (1. 5).

2. Infinitesimal (¢, &, n)-transformations. In this section we shall study
some relations between the vector fields on P and vector fields on M. We suppose
that P has an almost complex structure J defined by an almost contact structure
(¢,€,m) on M and an infinitesimal connection @ on P. A vector field X on P
which verifies the condition

£(X)J =0

is called an almost analytic vector field. We denote the set of all almost
analytic vector fields on P by 8. In the next place, we call a vector field X’
on M an infinitesimal (¢, &, n)-transformation when it satisfies the conditions

LX) =0, &X)m=0,

and the set of all of them is denoted by §. Since A is an abelian group, a
fundamental vector field Z, on P corresponding to a generator a of 2 such
that o(Z,) = 1 is right invariant. By virtue of Thecren 1, as the tensor J is
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invariant by the operation of A on P, we have £(Z,)J = 0, that is, Z, is an
almost analytic vector field. At first we shall seek for the condition under
which JZ, is almost analytic. Since JZ, is right invariant, we have by virtue
of Lemma 1 for any vector field X ¢ X"(P),

PNX, Z.) = Ni(pX) — x(pX, £,

oN(X, Z.) = p{N.(pX) + x(#pX, £)}.
On the other hand we have for any vector field X € X(P)

NX,Z.) = RZINIX + RIZHDNX
= (R(JZJNX,

and so the conditions MX, Z,) =0 for all X € ¥(P) and JZ, belongs to § are
equivalent with each other. Therefore if we assume that the curvature form
do = p*x on P satisfies the condition
@ 1) x(X',8) =0
for all X’ € X(M), then JZ, belongs to § if and only if the tensor N; of M in

consideration vanishes.

THEOREM 4. When the condition (2. 1) is verified, then JZ. is almost
analytic if and only if the tensor N, vanishes.

It is noteworthy that the relation (1. 5) implies (2. 1). In particular, when
P is a product bundle M X R and  is an integrable connection (do = 0), then
JZ, on P is almost analytic if and only if NV, = 0. Moreover in contact case,
if the vector field JZ, is almost analytic on P, then we have N, =0 and the
connection o satisfies (2. 1). In fact, as we know, in the almost contact structure
associated with a contact structure the tensor IV, vanishes. So we have

x(¢X', &) = — N(X') =0

for all X’ € X¥(M), and this means that the condition (2. 1) is valid.

Taking into consideration of the fact that JZ, is a lift of & with respect
to the connection ®, we proceed to study the condition in order that the lift
of a vector field on M is almost analytic on P. For this purpose, we shall prove
the following lemma.

LEMMA 2. For any right invariant wvector fields X and Y on P on
which an almost complex structure J is given by (1. 3) and (1. 4), the relations

AEX)Y) = RXNQY’ + oYX, ]
+ (RE)a(X))E + x(X', Y&

and
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o((£ (X)N)Y) = — pRX MY — £(JY)e(X) — do(X, JY)
hold good, where X' and Y’ denote the projections of X and Y.

PROOF. Since JX, JY, [X,Y] and so on are in ¥ (P) if X,Y ¢ X"(P), we
have

PEX)JY) = p{[X,JY] - J[X, Y]}
= ERXNPY + oYX, E] + RY)o(X)E + (X, Y)E.
In the same way, we see that
o(R(X)NY) = of{[X, JY] — JIX, Y]}
= — do(X,JY) — £(JY)-o(X) — p*E X))
+ P*(XL YD
= — pFRAXMY) — LUY)o(X) — do(X, JY). Q.ED.

Now we suppose that M is an almost contact manifold and P has an integrable
connection o. An example for such a bundle space P is for instance a product
bundle M x R with a natural trivial connection (see §1). In this case, if M
is normal almost contact, the almost complex structure J defined on P associated
with ® is integrable by virtue of Theorem 2, and we have the following
theorem :

THEOREM 5. Let P(M*"*', p, A) be a principal bundle which has an inte-
grable connection o and a base space M***' with an almost contact manifold. If
o(X) is constant on P for a right invariant vector field X, then X belongs to
® if and only if pX belongs to V). In other words, if X is an almost analytic
right invariant vector field, then o(X) = constant if and only if pX is an
infinitesimal (¢, €, n)-transformation.

PrROOF. We first suppose that w(X) = const. on P for a vector field

X e ¥"(P). Then, by virtue of Lemma 2, for any Y € ¥'(P) we have the
relations

AEREX)Y) = (XY + oY) X', E],

o(£(X))Y) = — pFEREX MY
If £(X)J = 0, then replacing the vector field Y by the fundamental vector field
Z, in the first equation, we have [X’, £] = O and therefore X’ € Y. Conversely,
if X’ belongs to 9, then it can be verified easily that [X’,£] = 0. And we have
at once (£(X)J)Y =0 for all Y € ¥(P) and therefore X is an almost analytic

vector field. Next we suppose a vector field X € X¥"(P) to be almost analytic.
Then according to Lemma 2, we have

KXY + oYX, £] + (LX) o(X)E =0,
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— PFEE MY — (RUY))e(X) = 0.

In the same way as above, we can see easily that o(X)= const. on P is
equivalent to X’ € 0. Q.E.D.

COROLLARY 1. On the same principal bundle as Theorem 5, every vector

Jfield X' on M*"*' belongs to V) if and only if its lift X with respect to the
connection o belongs to 8.

PROOF. Since the lift X is right invariant and satisfies w(}?) =0 on P,
by virtue of Theorem 5 we have £()~()J =0 if and only if X' = pX € §.
Q.E.D.

COROLLARY 2. In a normal almost contact manifold M*"*', for every

infinitesimal (p, &, n)-transformation X', $X’ belongs to Y if and only if n(X’)
= constant on M*"*!,

PROOF. We take a principal A-bundle P with an integrable connection o,
and give it a complex structure J by (1. 3) and (1. 4). For any X’ € §, if we take

a lift X in P with respect t0 o, then from the above Corollary 1, X is an almost
analytic vector field on P. Since J is a complex structure we have £(J)Z:)J = 0.

By virtue of Theorem 5, m(J‘)v() is constant on P if and only if p(Ji) belongs
to B, that is to say, — #(X") is constant on M if and only if ¢X  belongs
to b. Q.E.D.

It is known that in a contact manifold, the Lie algebra of all infinitesimal
contact transformations of M is infinite dimensional. While in an almost contact
structure associated with the contact structure, an infinitesimal transformation
of M which leaves invariant thetensors ¢ and 7 is necessarily a Killing vector
field. Hence the set of all such infinitesimal transformations is a finite dimen-
sional Lie algebra. In a manifold with an almost contact structure, we can
get the following theorem under an additional assumption of compactness on

M.

THEOREM 6. Let M*"*' be a compact differentiable manifold with a
normal almost contact structure. Then the Lie algebra Y) of all infinitesimal
(¢, &, n)-transformations on M***' is finite dimensional.

PrROOF. Take a principal circle bundle P(M, p, S') over M with an
integrable connection ®, and we define an almost complex structure J on P as-
sociated with this connection, by (1. 3) and (1. 4). Then by virtue of Theorem 2, P
is a complex manifold with complex structure J. Now we denote by 4, a set of all
right invariant almost analytic vector fields X on P such that o(X) = constant.
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It can be easily verified that §, is a subalgebra of §. We can identify the Lie
algebra % of S' with a 1-dimensional subalgebra of g, generated by a funda-
mental vector field Z,. Then there exists a natural exact sequence

0-UA—->g,—H—0.

To any X’ € 1, let its lift be X < g,. Then this mapping X'—X is clearly a
splitting of the above exact sequence, and therefore we have

G, =ADY,

which means that § may be considered as a subalgebra of 4,. From the
assumption of compactness of M, P is also a compact complex manifold.
Therefore § is a finite dimensional Lie algebra. Hence its subalgebra §,, and
also ) is finite dimensional. Q.E.D.

3. Almost contact metric structures. Suppose M be a manifold with an
almost contact metric structure (¢,&,7,9), and as in the previous sections
consider a principal A-bundle P(M, p, A) with base space M. We give to P an
almost complex structure making use of an infinitesimal connection @ by
the equations (1. 3) and (1. 4). Moreover, since M has a Riemannian metric
9, we can give a Riemannian metric to the manifold P by the following
relation

B 1) G(X,Y) = p*9(pX, pY) + o(X)o(Y)
for all right invariant vector fields X,Y. If X, AY is in ¥"(P) for functions f, h
on P and vector fields X,Y € X"(P), then we can easily verify that

G(FX, hY) = fAG(X, Y),

therefore we can extend this definition to the vector fields on X(P). The tensor
G of type (0, 2) is clearly symmetric. Moreover for any X € ¥'(P) we have

G(X, X) = pg(pX, pX) + o(X)a(X) Z 0,
and the vanishing of G(X,X) means the vanishing of g(pX, pX) and o(X) and

therefore X is at the same time vertical and horizontal, which implies X = 0.
Therefore G is positive definite. As this metric G is invariant by the operation
of the group A on the right, that is R¥G = G, the fundamental vector field
Z. is a unit Killing vector field with respect to the metric G. We shall prove
the following

THEOREM 7. The Riemannian metric G and the almost complex structure
J give an almost Hermitian structure on P.

PrROOF. For any two vector fields X,Y € %¥(P), we know that JX, JY
¢ %(P), and from the definition (3. 1), we have

GWJX,JY) = p*g(pIX, pIY) + o(JX)u(JY)
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= p*{9(@pX, ¢pY) + o(X)o(Y)g(&, &) + n(pX)m(pY)}
= p*9(pX, pY) + o(X)o(Y) = G(X,Y).

Therefore the metric G and the almost complex structure J give an almost
Hermitian structure on P and its fundamental 2-form is given by

AUX,Y) = G(X, JY). Q.E.D.

Next we shall study when this almost Hermitian structure reduces to a
Kihlerian structure. For this porpose, we give some lemmas.
LEMMA 3. For any vector fields X,Y,Z < X¥"(P), we have
3. 2) 2G(VsY,Z) = 2p*9(VxY', Z') + o(X)do(Y, Z) — o(Y)de(Z, X)
+ o(Z)do(Y, X) + 20(Z)(&(X)w(Y)),
where V (resp. V) denotes the covariant differentiation with respect to the
Riemannian connection on P (resp. on M).
PROOF. From the formula
2G(vyY,2Z) = £(X)GY,Z) + £Y)G(Z, X) — £(2)G(X,Y)
- GX, Y, Z]) + G, [Z, X)) + G(Z,[X,Y])
for any Riemannian metric G and for any vector fields X,Y, Z, we can verify
Lemma 3 without difficulty.
LEMMA 4. For any vector fields X,Y,Z < X(P), we have
3. 3) 20¢9(VaY) — VoY, Z') = o(X)de(Y, Z) + o(Y)dw(X, Z),
(Vi)Y + (Vro)X = 0, i.e, o is G-Killing.
PROOF. From the definition of metric G, we have
G(vsY,Z) = p*9(v¥Y),Z) + o(VsY)a(Z)
and by virtue of (3. 2) we have also
2059(VY) — VoY, Z') = o(X)dw(Y, Z) — o(Y)dw(Z, X)
+ o(Z2){(Vr0)Y + (Vrw)X]}.
If we replace Z in this equation by vertical vector field Z., then we have
(Vi)Y + (Vyo)X = 0, for all X,Y < %7(P).

This proves Lemma 4.

LEMMA 5. For any vector fields X,Y,Z € X"(P), we have
3. 4 2(vaY) — VxY') = o(X)x(Y", &) — o(Y)x(E, X'),
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29(p(vaY) — vY'), Z') = — o(X)x(Y', $Z') + o(Y)x(Z', X').

PROOF. The projections of JZ, and JZ—w(Z)JZ,are & and ¢Z’. Therefore
if we replace Z by JZ, or JZ — o(Z)JZ, in (3. 3), then we can obtain (3 .4)
from the anti-symmetry of ¢ with respect to metric g.

LEMMA 6. For any vector fields X,Y,Z < X'(P), we have
(3.5 2G(Vx)Y, Z) = p*129(Vx$)Y', Z') + 0¥ )X(Z', X) — n(Z (Y, X")
+ o {X(X, $Z") + 2((Vxm)Z)} — o(Z){X(X',¢Y") + 2(Vam)Y")}]
+ o(X){do(JY, Z) + do(Y, JZ)}.

PROOF. We may deduce it by straightforward calculation using (3. 4) and
the fact that ® is a G-Killing form on P.

If we denote the fundamental 2-form of the almost Hermitian structure on
P by Q, then P(J,G) is a Kihlerian manifold if Q is a closed form and J is
integrable. As is well known, these conditions are equivalent to VvJ = 0.
Investigating VJ, we can deduce the following theorem.

THEOREM 8. If the almost Hermitian manifold P(J,G) is Kihlerian,
then we have for all X,Y < X(P),

(3. 6) do(JX,Y) + do(X,JY) = 0,
3.7 29(Vw)Y', Z') = — 9(Y")x(Z", X) + o(Z")x(Y’, X"),
3.8 2(vaemY’ = x(pX',Y").

Therefore v is a closed form and M?"*' has a normal almost contact metric
structure. Conversely, if the structure tensors (¢, €, 1, g) and connection o satisfy
the conditions (3. 6), (3. 7) and (3. 8), then P(J,G) is a Kdihlerian manifold.

PROOF. Suppose that P(J,G) is a Kihlerian manifold. Then as the

almost complex structure J is covariant constant, we see that the right hand
side of (3. 5) vanishes for any vector fields X,Y,Z € X7(P). Therefore, if we
replace X with the vertical vector field Z,, then we have

do(JY,Z) + do(Y,JZ) =0
for Y,Z ¢ %¥"(P). We can deduce from this relation the following
XX, Y") + x(X',¢Y") = 0,
XX, 8 =0
for all XY’ € %¥(M). While if we replace Y with the vertical vector field Z,,
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then we get (3. 8)
XX, ¢Z) + 2(Vxm)Z =0

for X', Z’ ¢ X(M). Substituting these equations into (3. 5), we have (3. 7). Then
we have

2dn(X",Y") = 2(Vem)Y — 2(Vem)X’
= x(@X,Y") — x(¢Y", X) = 0.

Therefore 7 is a closed form on M, Next, as the almost complex structure J
is integrable, the Nijenhuis tensor N of J vanishes. Therefore, from Lemma 1
and (3. 6) we can obtain N, = 0 at once. The converse statement in the
theorem is evident. Q.E.D.

As is proved in [ 2], a manifold with an almost contact structure admits
a symmetric (¢, &, n)-connection if and only if the almost contact structure is
normal and 7 is closed. Therefore, we can see by virtue of Theorem 8 that
the following is true: if the almost Hermitian manifold P(J, G) is a Kihlerian
manifold, then M admits a symmetric (¢, £ 7)-connection. In general, the
metrical connection on M is not always (¢, &, n)-connection. But we can obtain
the following corollary from Theorem 8.

COROLLARY. Suppose that the almost Hermitian manifold P(J,G) is
Kihlerian manifold and that & is a Killing vector field on M*"*'. Then o
is an integrable connection and the metrical connection of the base space M*™*!
is a (¢, & n)-connection. The converse is also true.

By virtue of Theorem 8, we see that if P is a Kihlerian manifold, then
dn =0, and so M can not be a contact manifold. Therefore, on a contact
manifold M we can not admit a K#hlerian A-bundle defined by (1. 3), (1. 4)
and (8. 1) using an infinitesimal connection .

Next we study whether there exists a differentiable function p on P such

that a metric G defined by

G = pG

and the almost complex structure J give an almost Kihlerian structure on P.
For this purpose, we calculate the fundamental 2-form Q on P, then we have

Q=7+ N\ o,
where V¥ is a 2-form on M such that

WX, Y") = g(X', ¢Y").
If we calculate dQ = dp A\ Q + pdQ, then we obtain
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B 9)  iJZJiZ)dO = (Zap)o + (JZap)p*n — pP*(E(E)) — dp.

On the other hand, if we take an adapted coframe (7, .-, %, 1) in a neigh-
borhood U of the almost contact structure on M, then we can take (p*7,,
o ooy PPNony P, ©) as a coframe in p7'(U). Let its dual frame be (Z,,...,Z,,
JZ,,Z,). Then for any p € F(P), we have

2n

dp = (Zsp)o + (JZup)p*n + ; (Zip) "),

2n
PHEEm) = 3 AP ) for some A, € p*F(M),
k=1
because £(£)7 has no n-component. Then we have the following

THEOREM 9. Suppose that the almost Hermitian structure (J,G) on P
is defined by an integrable connection o and an almost contact metric
structure associated with a contact structure n on M***'. Then the almost

Hermitian structure (J, 5), G = pG, defines an almost Kihlerian structure on
P if and only if the function p satisfies the equation

dp = — po.

PROOF. Since M is a contact manifold, we have

£Em=0,
Q = p*dy + p'n N\ o.

Let P(J, (33 is an almost Kihlerian manifold, then do = 0, and therefore we
have

dp = (JZ.p)p*n + (Zplo
by virtue of (3. 9). We can easily see that
0=dQ=dp AQ+ pdQ
= (Zap + po N\ p*dy + (JZp)p*(n N\ dn).
As o A\ p*dn and p*(n A dn) is mutually independent forms on P, we obtain
Zip+p=0, (JZwp)=0.
Therefore, the necessity of the theorem is proved. Sufficiency is evident. Q.E.D.
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