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Let K = k(x,, 5, * *, x,) be a purely transcendental field over % of tran-
scendence degree n. Now we set ox; = x;,, for any integerj with 1=j==x
— 1, while ox, = x,. Then o induces an automorphism of K over k, which
will be also denoted by the same letter o. If we denote by L the set of all
elements of K which remain fixed under o, then K is a normal extension
of degree n with Galois group & = {I,0,0% -+, ¢""'}. Now it arises the
question “Is L purely transcendental over k?”, which is refered to as “Che-
valley’s Problem” by Dr. K. Masuda. Let p be the characteristic of £ and
assume that p does not divide n. For any positive integer z less than or
equal to 7, he proved that L is purely transcendental over %[1]. On the
same Journal of Nagoya, Dr. Kuniyoshi proved the purely-transcendency for
the case of nonzero characteristic p and n = p [2]. Let » be any positive
integer and p(> 0) the characteristic of %k Dr. Kuniyoshi proved further
that L is purely transcendental over &, if n = p" [3].

All the fields treated in this article are assumed to be of characteristic
Zero.

Already E. Noether showed that L is purely transcendental over k, if
the ground field %2 contains a primitive n-th root ¢. Accordingly one of our
concern is to diminish this restriction concerning the ground field Now we
can state the following main theorem:

MAIN THEOREM. L is purely transcendental over k,if one of the follow-
ing conditions holds, where | is an odd prime number:

(1) n =10 and k contains a primitive I"-th root of unity,

(i) n=1**" and k contains a primitive ["*'-th root of unity,

(iii) n = 2% and k contains a primitive 27*'-th root of unity,

(iv) n=2"" and k contains a primitive 27*'-th root of unity.

As a special case it holds that L is purely transcendental if » = 3* and
k contains primitive 3%-th roots of unity. But more precisely we can assert
the same result under the weaker condition that the ground field contains
merely cube roots of unity. Dr. Kuniyoshi conjectures that more generally
following fact will hold:
“If n=p" (p: prime number) and % contains p-th roots of unity, then L is
purely transcendental over k.”
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Our main theorem was first proved by the method of Dr. Kuniyoshi,
which was reported at the seminar of Téhoku Mathematical Institute, and
it concerns with certain properties of algebraic groups. In this article we
want to treat the same problem in more simplified form.

Before proceeding to the detailed proof, the author wants to express his
sincere gratitudes to Dr. Kuniyoshi and Professor Tannaka, who has en-
couraged him during his study about this subject.

Let k£ be a field of characteristic zero and » any positive integer, ¢ a
primitive n-th root of unity and & = k(). If K = k(x,, 25, + +, x,) is a purely
transcendental extension of £ of transcendence degree 7, the cyclic permuta-
tion o:xr;—x;., induces naturally an automorphism of K over k. The suffices
of the letters x; are considered modulo n. Let L be a field consisting of
all elements of K which are left fixed under o. The cyclic permutation
naturally induces an automorphism of K = k'(x,, x,,- - -, x,) over k. We will
denote this also by o. Let L’ be the fixed field in K of o K is a Galois
extension field over L of degree n and the Galois group ® is generated by
o. Similarly K’ is a Galois extension over L’ of degree s, and ® is regarded
also as its Galois group. As K is purely transcendental over £, K and &
are linearly disjoint over k. So if we denote the degree of fields by[ : ],
[K': K]=[L(¢): L1=[k :k]. Since any element of L(¢) is invariant under
o, L(¢) is contained in L’. We have L(¢)= L’ by the following formula.

. _ [K': L] _ [K':K]JK:L] _
W HOI= R L) I~ (L@ LIK LT~ ©

Therefore K,L" k" are all Galois extensions over K,L and k respectively.
Let G be the Galois group of K' with respect to K and 7 any element of
G. If we restrict 7 to L', it defines an automorphism of L’ over L. So G
can be regarded as the Galois group of L’ over L. Similarly G is regarded
as the Galois group of & with respect to k.
If a is any element of L', we will denote [L(a): L] by «a). Let {a,,a,,
t

«++, a,} be a set of elements of L’ satisfying a condition > «a;) = n, and
J=1

let {a;, a;, aj+ + +, @™~ g{#a)-D} be a set of all elements which are conjugate
with one another with respect to L, for j such that 1=j=¢ If a subfield
E (ayays«al™ a, ah e, af@D cooa, al, .., a ) of L' coin-
cides with L’ the set {a,, a, - + -,a,} of elements of L’ is called a system of
primitive generators of L’ with respect to k. Let L be purely transcendental
over %k and {a,, a,, + + *,a,} be a purely-transcendence basis of L. Then the
set{a,, a,, +++, a,} is clearly a system of primitive generators of L’ with
respect to k. However, if L’ has a system of primitive generators, L is
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purely transcendental over £ [1].

PROPOSITION 1. Let [ be an odd prime number and r any positive
integer and n = [*". Let k be a field of characteristic zero containing a primitive
I"-th root of wunity, and K = k(x,, 2y, + -, x,) a purely transcendental exten-
sion over k of transcendence degree n. If we define an automorphism o of K

over k by ox; = xj,, the invariant field L of o is purely transcendental
over k of transcendence degree n.

PROOF. Let %k be any overfield of £, K = k(x,, x5, « + -, x,) a purely tran-
scendental extension over % of transcendence degree n. Then K = k(x,, x,, * * -,
x,) is purely transcendental over %k of transcendence degree n. For a primi-
tive n-th root ¢ we put &= k&), & = k&), K = kE(x, 2y, + * *, x,) K = E(x,,
ZLg,++ + Zy). Let L,L,L and L" be the invariant fields of o:x;—z;,, in K, K,
K’ and K’ respectively. Now if L has a system of primitive generators with
respect to k2, we can easily construct a system of primitive generators of L’
with respect to 2. Hence, to prove the purely-transcendency of L over £, it
is enough to show that L is purely transcendental over k.

Let Q be the field of all rational numbers, and ¢ a primitive n-th root
of unity. Then 7»=¢" is a primitive ["-th root. By a remark just mentioned
we may assume the basic field 2 to be Q(). The monic irreducible equation
over k = Q(7) satisfied by ¢ being X" — » = 0, it follows that the conjugates
of ¢ over K(and also over L,and k) are &, ¢V, g207+1, g2+t g3v+1 o o p@-nife
So that the Galois group G of K’ with respect to K is a cyclic group and

T:¢—¢"* is a generator of it. If we put y, = > &z, (1 =i = n),
j=1

then

(1) oY = é §V500 ="'y,
and

(2) TV = Zn s = yarsay

=
Next we will define a system of elements as follows:

ao = y'll’

Qg = 7 (d=1,2,3,-+ I'— 1),
( yw+1)

Jj=0
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Yum .
Aiy m =<u—1 >m G=L2,ccr—1L1=m=0"-1,0mD=1),

Iyt + 1
j=0

A2
a; = YiYar+1Yara1Yar+1® ¢ Yar-nir+s

a, = 22 C=v=l-1, (v,)=1).

U

M1

Using the formula (1) we see easily,

oa, = oyn = §"7" yn = a,,

Yva &Y
GQryg = O (U1 4 = JI'=1 d
n—(jlaT-t41
(H yﬂ"“ﬂ) (H (é‘ unT )_’)’jw-tﬂ))
J=0 J=0
Yia
= V-1 4 =Qargq,
II yjlzr-l +1
Jj=0
n—ltm
odim = O Yum = § Yiam

B m -1 m
( ]I Yjtars +1) ( l‘[ (Cm—(ll:r-; +1) yjti"‘+1)>
Jj=0 =0

= ?yum___? = Qym s
( H Yijuar-s +1)
Jj=0
oa; = O(yfyzml Vsr4r®® -yw_1>n+1)
— (;2(7:—1) gn—(zzrﬂ) gn-—(slr+1) e e é‘"“(("“"'*”)(yf y2l'+1 ywﬂ e e y(tf-l)lru)
=y? Vars1Ysirg1® * * Yar-1yr+1 = Q1

Yo _ &0 Yo
ylv c’u(n—l)ylv ylv v

ca, =o

Consequently these a belong to L'
We have then by utilizing the formula (2),

TAy = TYn = y(l’+1)n = yn = Q.

Since the Galois group G of L’ with respect to L is generated by 7, we see
a, € L, whence

ao) = [L(an): L] =1.
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_ Yva _ Nr+1yird _ ird
TArg = T3 = b = 2

=1 -1 T Qr.a-
d d
( 11 yﬂ'+1) ( 11 y(l’+1)(ﬂ'+l)) ( II yjl'+1>
J=0 Jj=0

Jj=0

This means a,,; € L, and so «a, ) = [L(a,q): L] =1.

Now it is seen without difficulty that all elements of G which leave a;n.
fixed make a cyclic group [7] generated by ™
By the Galois theory we have

- l
aim) = [Llaym): L1 = (G:[7""]) = = =,
where ( : ) denotes the index of the subgroup.

Now taking the relation (2) in mind we see that only the identity mapping
7" of G leaves a, fixed. Hence «(a,) =[L(a,): L] =(G:[+"]) =1". Similarly
we have «(a,) = [". Therefore

-1

(ay) + Z (a,q) + Z > aym) Fe(a)+ > L(a,,)

i=1 lsmg 1 g=v=<lT—
m,l)= ,0)= 1

=1+{"-1)+ Z -0+ 0+ J-\(@-1)-nr
i=m]
= [
=n N
where (m,l)=1 means that m is relatively prime to L

Let M be a field obtained by adjoining each a and all its conjugates
over L to k. Then we see without difficulty

M(yl,yzm,yzm, ey, .')’(zf—1)tf+1) =M (yl,_’)’z,ya, e ,yn—l,yn)
= k, (yl)y2’ e ,yn—byn) = k, (xl>x2: MRS xn—l; xn) = K

’

Using the theorem of elementary divisors for a cyclic matrix

lT
2 0 Ll 1
1 2 0 1
A=
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there exist square matrices P,Q of degree /" with integral coefficients whose
determinants |P|, |Q| are + 1, and

by
bg 0

PAQ =B = bs

b

is diagonal, where the elements b, are integers satisfying b,., =0 (b,), i.e. b,

divides b,,,. Let p,; be the (i,7) element of the matrix P and g¢;; the (7,7)

element of Q. Let next  be an algebraically closed overfield of K’, and

denote by Q* the multiplicative group consisting of all non-zero elements of

Q. Let further H=Q*x Q* X -+« x Q* be a direct product of /" groups Q*
r -

and Y, Y, -++,Yy, I* variables. Then fo(Yy, Yo, Ys -+, =(H Y,
: =1

i ir 148

nyy, mys, -+ 10 Yjw) determines a group homomorphism fy of H

=1 j=1 j=1

into H. Similariy we define f,, fr and f5 It is easy to see by the fact A

= PBQ that it holds f4x = frfsfe. As the matrix B is diagonal,the order of
I

the kernel of f3, that is the group f3'(1,1,1,---,1), is ]I (abs. b)) =abs.|B|
S =1

=abs.|A|=[*" = n, where (abs.) denotes the absolute value of a number.

[A|=n is easily verified directly. As P, Q are unimodular, f», f, are auto-

morphisms. We see therefore the kernel of f, is of order n. And we

conclude as follows:

The kernel Of fA — {(Ca, g(l'+1)a’ C(M'H)a, ;(3l'+1)w, e
b ’ g((lr—l)lr+l)a); a=1? 2’ 3? e ’ n}‘

A set {a,,ar,ai,++-,a{" P} of all conjugates of a, over L is obviously
algebraically independent over &'. So that if we put U = &' (Y1, Vi1, Yors, = = *
Y-+ andB = k'(ay, al, af, -, a"), A is an algebraic extension field of
8. Now we will take any conjugate (2y, 2141, Zorr41, * = * » Yar—1yr41) Of an ordered
tuple (yl,yz'+1,yzlf+1,y3t'+1, e ,y(z'-l)z'u) over B.

Since ¥ Vi1 Vors1 Yirrar s+ ¢ y%l'—l)l'n = a,, we have 2izlizusiZiac-e-

2 0 1 1 1
Z Zr Z. Z3r Zar—
24y = a,. Hence <—1 ) ( ‘“) ( 2"“) ( ““) .o (————(‘ 1”’“) =1. By
M Vi1 Vo1 Y1 Nar-1yrr+1

the similar considerations to 2nd, 3rd ---, and /”-th components, it follows
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that (ﬁ, 41 , Zolr 1 e, R(r—1)1r+1
Y1 Yryr Yer N -nr+1
Zra=¢" My, (j=0,1,2,---,0I"—1), for certain a’s. Consequently % is a
normal extension of B of degree less than or equal to 7. Since ACK',B
- M/, B (yl, Vrr1y Yorrers © * ® ,yw_;)zu,,) =% and M’(yl, N1y Yorgr, * 00 y(tr—1)zr+1)
=K', we see [K': M'] < [%:%8]. Hence we have M'=L’, because M'CcL'Cc K’,
and [K': L] = n.
Therefore these a are a system of primitive generators of L' with
respect to £'. This completes the proof of Propositi n 1.

) belongs to the kernel of f,. Accordingly

PROPOSITION 2. Let | be an odd prime number and r any positive
integer and n=[*"*'. Let k be a field of characteristic zero containing a
primitive I"*'-th root of unity. If K=Fk(x,, 2y, X3, ,x,) is a purely tran-
scendental extension of k of transcendence degree n, the fixed field L of the
automorphism o: x;— x;4, is purely transcendental over k.

PROOF. Let ¢ be a primitive n-th root of unity. Then 5=¢” is primitive
["*'-th root of unity. As we pointed out at the beginning of the proof of
Proposition 1, it is enough to prove the theorem for the case 2 =Q(#). The
monic irreducible equation of ¢ over k=Q(n) is X — 5 =0. Hence the con-
jugates of ¢ over K are ¢, &, g¥m+1 gL p@-ni Tt follows that the
automorphism 7:¢ —¢""*' is a generator of the Galois group G of K’ with
respect to K.

n

Putting y,=> &x;, we see

=1
(1) oy, =8y,
(2) TV = Yarani -

We will define the system a as follows.

Ay = Y >
P Nira
nd r-1 d (d= 1’ 2’3""»”” - 1)’
(]I yjl"*'+1)
j=0
di,m=7_1—3ﬂ———m (i=1,2,3,...,,—_1 )
(j];[o yjum-¢+1) 1l=m<[*+ — 1, (m, l) =1

P S T O R | 7 l
a; = Y1 Yrapr Y1 Yaragr o c 000 Yar—-nrr++1
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a, =22 @=v=r+v—1, (v,l)=1).

)

M

Using the formula (1') we see easily that ca=a for each a. Consequently
these a belong to L.
Using the formula (2") we have,

Ta, = a,,
TAr,q = Qr,a -
Hence
W(a,) = [L(ay): L] =1,
a,q.) =[La,q): L1 =1.
The subgroup of G which leaves a, , fixed is found without difficulty to be
a cyclic group [+""]. This brings ¢(a;n)=(G:[+]) =1""". We see at once
that the only element of G which leaves a, fixed is the identity mapping

I, and the only element which leaves a, invariant is also I
Accordingly it follows  «(a,) = (a,) =1".

Therefore
1r1-1 r-1
(ao) + 22 (ars) + 2 Wam) + (@) + 2 ua,)
d=1 i=1 |=m=si™1-1 2=ps=l7+1-1
(m, H)=1 .0 =1
— l2r+1
=n .

Let M’ be a field obtained by adjoining each a and all its conjugates

over L to k. Then M(yi, Yiruss, Yurasr, * * * 5 Yar—iwasr) = B (Y1, Y2, Y55 * =+, V)
= K'.If we make an endomorphism f; of a multiplicative group H=0*xQ*

X+« xQ* from a cyclic matrix

lT
lr
I+1 1-1 1 [ I
I 041 I—1 [ !
A= e :
I-1 1 1 L I+1

we see as in the proof of Proposition 1 that the kernel of f is
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{(Cﬂ, C(l“l-i-])a, §(2l"l+l)a’ §(3l’“+1)w, cee, g((l'—l)l”‘+l) )’ a = 1’ 2’ 3, e, n}.

A=K (y1, Vis1, Yarmss, =+ Yor—ynsr) 15 an algebraic extension field of B
=k'(a,, aj,a”, - -,al" V). For any conjugate (2;, Zi++1, Ko 41, Lairriss, * * * 5 L@r—1irsn)
with respect to ¥ of an ordered tuple (¥, Y. as1, Yarss, * * =, Yor-1yrs1) WE CAD
prove that (z—l, Zrua - Zwm - Rerwe M) belongs to the kernel

V10 Yrrer Yayaar o Vs Narsnirey
of f4. So, Zjrmy = ¢V W yny (7=0,1,2,3,+++,0"—1) for certain integers
a’s. This shows that % is a normal extension of B of degree less than or
equal to n. Since n = [K:L1=<[K:M]=[%:8]<n, we have L' = M.

Therefore these a make a system of primitive generators of L’ with
respect to k’. This completes the proof of Proposition 2.

PROPOSITION 3. Let r be a positive integer greater than or equal to 20
and n=2, Let k be a field of characteristic zero containing a primitive
27*-th root of unity and K=k(x,, 2, Z;s,+++, xn) be a purely transcendental
extension of k transcendence degree n. Then the invariant field L in K under
an automorphism o : x;— x;., is purely transcendental over k.

PROOF. Let ¢ be a primitive n-th root of unity. Then 7=¢*" is a
primitive 27**-th root of unity. We may assume the basic field is £ = Q(7).
Since the monic irreducible equation of ¢ over & = Q(y) is X¥" —y = 0, the
conjugates of ¢ over K are

C’ C2’*l+1’ §2-2”1+1, ga-z’*lﬂ, cee, g(z"l-—l)-2"'+1 .

So that the Galois group G of K’ with respect to K is generated by 7:¢

— T,
n

Putting y. =2 .¢"x;, we have easily
J=1

(1”) oy = gn—tyt >
(27) TV = Y+ -
We will now define the system a as follows. a, is simply defined by
Ay = Yn.

Obviously there exists a positive integer & such that (27" -2"+1)b=1
(mod. 27*1). We will fix such an integer b, and define

(%) When r=1, the purely-transcendency has been proved by Dr. Masuda [1], as was already
mentioned.
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— Yya .
Ar-1,a = Wl_gd—ﬂ (d=1,2,3,-++,2r1—1).

(T )
i=o0
Next we will fix positive integers ¢; for z=1,2,-++,7r—2, such that ¢, =2""2
— 2772 (mod. 2"*7'), and define

1 y —
Gy = Do (1—1,2,3,---,7"—2. )
(,-];[0 ngzy-g_ch‘H) 1 é m _S_ or+1 __1, (m’ 2) — 1,
R 4 4 4
A, = Y1 Yornq1 Yougrngr Yagragr © 0 0 Yior-1-1) woray1

a, =2 @=0v=2"-1 @2 =1).
1

Obviously ca=a for each a by (1”). Hence these a belong to L’. We will
make use of the formula (2”) for calculating the «.

TAy = a,,

Ta, iq = a,-,, immediately.
Hence

t(ay) =1,

(ary,q)=1.

All elements of G which leave a,, invariant make a group [7
by 7%, accordingly u(a; ) = (G: [+¥]) = 271,
Since only element of G which leaves a, fixed is the identity mapping,

or-i-1

] generated

t(a) =271,
Quite similarly
u(a,) =21,
Therefore
or+1_1 r—2
(a,) + Z "(ar—l,d) + Z Z W(a,m) + o(a,) + Z ‘(av)
d=1 i=1 1=Sm=2r+1-1 2=V=2T+1-1
m,2) =1 (7,2) =1
= oo
=n.

Let M be a field obtained by adjoining each a and all its conjugates
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. 4
with respect L to k. Then M (yi, Youis, Yaarast, Yagnss, * * * 5 Yaionams) = K.
A = k’(yl,y27+l+1,y2.zrﬂ+1,' .. ,y(zr—l_l).27+l+1) is an algebraic extension of B
=k (a,a,al,--+,a® ). Taking |A|=n into account, where

9r-1
5 3 4 4-s 4
4 5 3 4-ns 4
A=
3 4 4 45

is a cyclic matrix, ¥ proves to be a normal extension of % of degree less
than or equal to =.

But,as n = [K': L= [K:M]<[U: B n, we have L' = M.
Therefore these a make a system of primitive generators of L’ with
respect to %'.

PROPOSITION 4. Let r be any positive integer and n=2"*' and k a
field of characteristic zero containing a primitive 27*'-th root. The invariant
JSield L of an automorphism o:x;— x;,, of K is purely transcendental over
k, where K = k(x,, x5, ++,x,) is a purely transcendental extension over k of
transcendence degree n.

PROOF. Let ¢ be a primitive 7n-th root of unity. Then =¢* is a
primitive 27*!-th root of unity. We may assume £ = Q(»). Since the monic
irreducible equation of ¢ over k= Q(y) is X* — 5 =0, the conjugates of ¢
with respect to %k are

1 LT o+l T 1) 2741
g, Ly prea garn’...,g(z DRt

So that the Galois group G of K’ with respect to K is generated by 7: ¢

—

n

Putting now v =2 tHx;, we have
j=1
") oy = 8"y,
2") Vi = Yeraani -

We will define a system a as follows,

Ay = Yn,
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aT,d:TAﬂL“b_d (d=1,2,3,"',27+1—1),
(I[ y,-2r++1>

Jj=0

where b is a fixed positive integer satisfying (22" —2"+1)b =1 (mod. 27*!),

Gy = Do (i =1,2,3,++,7—1. )
(I[ yi2"-m—2’"6«+1) 1=m=2+-1 (m2)=1/"
Jj=0

where the ¢; are fixed positive integers satisfying ¢;=2""'—2""*"! (mod. 2%,
for 7=1,2,3,.-.,r—1,

a, = yfyémx yg-zmn y§.2m+1 s y?zf—1)~2'*l+1 ’
a, =i—g @=v=2+-1, (v,2)=1).
1

These a are contained in L'.

Now a,) =1,
L(ar,d) =1 s
L(ai,m) = 21‘-—1',,
"(al) = ZT >
a,) =2".
Hence
2411 r—1
Wa,) + Z oa,,q) + Z Z aym) + a,) + Z Wa,)
=l i=1 1=Sm=2"*1-1 PAEESIat ) |
(m,2) =1 ,2) =1
— 9+l
=n.

Taking the relation |A|=#n into account, where

27‘
31 2 2 2
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is a cyclic matrix, a field M’ obtained by adjoining each a and all its con-
jugates with respect to L to &’ coincides with L’

REMARK. Let 2 be a field of characteristic zero containing a primitive
3rd root of unity and K==k(x,, x,, x;, - - -, ;) a purely transcendental extension
over k of transcendence degree 27. Then the fixed field of an automorphism
o:x;— x;,, of K is purely transcendental over k.

PROOF. Let ¢ be a primitive 27-th root of unity. Then »=¢° is a
primitive 3rd root of unity. We may assume 2=Q(y). The monic irreducible
equation of ¢ over k= Q(n) is X°—# =0, hence the Galois group G of K’
with respect to K is generated by 7:¢ — &*.

27

Putting ¥ =2 ¢z, we see
Jj=1
oy, =" i,
TYV1 = Yas «

We will now define a’s as follows.

Ay = Yar
ay = Y1V
_ Y
az - 2 9
N
a; = S T—

8

I[ Ysj+1

Jj=0

a,=—; Yis ;
(II y3}+l)
j=0
as = 2 >
Y1Y10Y19
as Ve

- (V1 Y10Y10)" ~
These a are certainly contained in L.

Now, a,) =1,
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Wa) =9,
Wa) =9,
Was) =1,
da) =1,
Wa;) =3,
(ag) = 3.
Therefore z o(ay) = 27.

j=o
Thus
01 0110O0O0O0
001011000

101100000
completes the proof of our remark.
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