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1. Let M be an n-dimensional differentiable manifold of class C®. Let
M, be the tangent space at each point x of the manifold M and M¢ the
complexification of M,. A (1,1) tensor field of class C® defines an endo-
morphism on each tangent space MY Such an endomorphism is denoted
by F. Suppose F satisfies the condition F?=A*E where A*==1 and E is the
identity mapping. F is said to be integrable if at each point of the manifold
there exists a coordinate neighborhood in which the field F' has numerical
components. Let M; and M, be the eigen spaces of F associated with the
eigen values A and —N\ respectively. It is known that F is integrable if and
only if the distributions x—M, and x—M are involutive.

On M we consider a structure {F, G} defined by two fields F, G of class
C* satisfying the following conditions:

(a) F?=MNE, G* = p?E where A, p satisfy A = =1, u? = 1.
We take A, p to be 7 or 1.
(b) FG = GF.

DEFINITION. The structure {F,G} satisfying (a), (b) is said to be
integrable if at each point of the manifold there is a coordinate neighborhood
in which the fields F,G have simultaneously numerical components.

If A*>=—1 or u>*=—1 then F or G is an almost complex structure. The
dimension # of M turns out to be an even number. So in this case if {F, G}
is integrable, the coordinate neighborhood is a complex coordinate neighbor-
hood. We are going to investigate a necessary and sufficient condition for
such a structure to be integrable. To do this, we define a (1,2) tensor field
[F, F'] assciated with two (1,1) tensor fields F, F’' as follows: for any two
vector fields X, Y

(1) I[FFIXY) =[FX,FY]|-F[X,FY]—-F[FX,Y]+ FF[X,Y]
+[FX,FY] - F[X,FY] - FIFX,Y]+ FF[X,Y].
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Thus —;-[F, F] is the Nijenhuis tensor of F, and [F,F] =0 and [G,G] =0

mean that F, G are integrable respectively. The result is

THEOREM. The structure {F,G} satisfying (a), (b) is integrable if and
only if [F, F1=0, [G, G]1=0 and [F, G]=0.

Let x—M, and x—M, be the distributions we mentioned above. Let N;
and N, be the eigen spaces of G associated with the eigen values p and —pu
respectively. By the above definition, the structure {F, G} is integrable if
and only if the distributions x«—M;NN;, x—M,NN;, x—>M;NN;, x—
M; N N; are involutive and the distributions x—M,N N, DM, NN, , x—
M,n N, DM, N N, are involutive.

2. The vector subspaces M, M,', N; and N, are invariant by F and G.
In fact, let «# be any vector in M, then F(Gu)=G(Fu)=G0u)=NG() since
FG=GF. This proves that M, is invariant by G. Similar proofs hold good
for the other subspaces.

LEMMA. MS = M;NN,® M,NN,; & M, NN, D M;,NN; . (Direct sum)
PROOF. Put

P’ = 1/2)(E+A\F), P’ = (1/2)(E—\F),
Q = 1/2)E+pG), Q" = (1/2)(E—uG).

Then P’, P” are projections from M¢ to the subspaces M, M, or M], M,
respectively, Q’, Q" are projections from MY to the subspaces N, N, or
N;', N, respectively. For instance, take the image P'(M%). The following
relations are clear:

P’F:FP’:%P', P"F:FP”:——i—P”,

(2) :
, D1 ) ) 1
0G=6Q=,Q, QG=60'=-—0".

Thus if A =1, F(P°M) = AP'M;. Hence PMS =M,. If A* = —1, F(P'"M5)
=—AP'M.. Hence PM=DM,;. P is a projection since P'P' = P’. We can
check that the other mappings P”, Q’, Q" have the above mentioned property
by similar processes.

The following relations are also easy to verify.
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P+P'=E Q+Q =E.
PP =PP =0, QQ' =Q'Q =0.
PQ =QP, PQ' =QP,P'Q=QP, P'Q" =Q'P".
E=PQ +PQ +P'Q +PQ",

(3)

Thus we have
M;=PQ +PQ"+P'Q +P'Q")M,
= (M;NN;) @ (M;NN;) D (M NN;) DM NN

Since the products of any two of P'Q’, P'Q”, P"Q’, P"Q" are zero, the sum
is a direct sum. This proves our lemma.

3. Now we are going to prove the theorem. If the structure {F, G} is
integrable, it is clear that F' and G are integrable respectively and [F, G]=0.
Conversely, suppose F' and G are both integrable and [F, G]=0. It is known
that the distributions M": x—M, and M": x—M, are involutive if and only
if P’ [P'X,PY]=0, P[P"X, P"Y]=0 for any complex vector fields X and Y.
Similarly G is integrable if and only if Q"[Q'X,Q'Y]=0, Q[Q"X,Q"Y]=0 for
any complex fields X and Y. x—M, N N,®M; NN, and x—M;N N,/ DM, N N,
are involutive if and only if (P’'Q"+P"Q)(P'Q +P'Q"NX, (PQ +P'Q")Y]=0
and (P'Q'+P"ONPQ"+P'QHX, (PQ"'+P’'Q)Y]=0 for any complex fields
X and Y. Assuming that P’[P'X, PY]=0, P[P'X, P'Y]=0, Q"[Q'X,QY1=0
and Q[Q"X, Q"Y]=0, these two conditions are equivalent to

(4) PQ+P'Q)(PQX, P'QY]+ [PQX,PQY]) =0,
PQ+PQNY(PQ'X,PQY]+ [P'QX,PQ'Y])=0.
To prove the distributions
x—> M NN, x— MNN,, x— M;NN, x—M,NN;
are all involutive, we want to show
PQ +P'Q+PQNNPQX,PQY]=0

for any complex vector fields X and Y. This result implies that one of the
above distributions is involutive.

F and G being integrable, P"[P'(Q'X), P(QY)] =0 and Q’[Q (P'X),
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Q'(P'Y)]=0 for any vector fields X and Y. These imply (P’ Q"+ P Q' +P"Q")
[PQX,PQY]=0 since PQ =QP and P'Q"=Q"P".

Similarly we can prove the other distributions are involutive.

Finally, to prove the distributions

x—->MNN, &M,/ NN,, x—M,NN, DM, N,

are involutive, substituting P’Q'X and P’Q”Y in X and Y of (1) and making
use of the relations (2), (3) we can easily show that

(P'Q + PQIPQX, QY] =0
for any complex fields X and Y. Similarly we can prove
(PQ +P'QIPQX, P'QY] =0

for any complex fields X and Y. Hence the relations (4) follow. Thus we
complete the proof of our theorem.
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