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Introduction. In the paper [5], some almost complex structures of the
tangent bundle of an almost contact manifold were studied. They are defined
by linear connections and an almost contact structure of the base space.
Their integrability conditions are closely related to the curvature tensors.
“Among the almost complex structures there is one which does not depend
on the linear connection. Its integrability is equivalent to the normality of
the almost contact structure.” But the proof of the latter fact consists of
highly complicated computations. In this report, we take different approach
and define another kind of almost complex structure which is related essen-
tially to the torsion tensor of the linear connection. By taking special case,
we give another verification of the above quoted fact “-..” which is easier
to follow than the former. In the last section, we treat transformations or
infinitesimal transformations of a restricted type.

1. Preliminary. 7'M and = denote (the total space of) the tangent bundle
of an almost contact manifold M and the natural projection of T'M onto M.
Let U(z) be a coordinate neighborhood in M with local coordinates =z,
i=1,2,-++, m =dim M. Then for a point y of T M, we can take (z,y’) as
local coordinates of y where «' are local coordinates of 7y in U and y’

are components of y with respect to the natural frame <%) The coordinate
transformation in 7 '(U) N = %(U’), when U(z’) N U'(x’") is non-empty, is

given by

ox’t
oz V-

=t =2,y =

If M has a linear connection YV, there corresponds a connection map K, :
(TM)y — M,y, y € TM, where (T'M), (or M,,) is the tangent space at y (or
my) to TM (or M). For X=(X’, X™*%) the expression of K,X by the local
coordinates is

(1. 1) (KyX) = X" + 5" 1. X0,
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=Y o

' ox? 2 ox"
oxs

(K and K) and define Q by

where TV If we take two linear connections YV and ‘%

(1. 2) KX=K,X+Qy,mX),

then the relations

1. 3) Vi = VoE+ QEY),
1. 4) Vmu = Vymu —n-Qu,y),
(1. 5) Vipru = Vi + Qdu, ) — Q) ,

hold good, where y and « are vector fields on M and ¢, £,» are the tensors
which define an almost contact structure on M.

The vector field #° on TM is called the vertical lift of a vector field «
on M if #° has components (0, %*), namely if Ku°=wu and nu#°=0. And we
call the vector field Z on T'M the extended vector field or extension of # when

. l i . . . —
% has components (u’, %y’), this is characterised by 7% =u and

(1. 6) Ku=Yyu+T(yu)),

where T denotes the torsion tensor of the linear connection V. The following
relations are useful to calculate the integrability condition of the almost
complex structure in §3,

1. 7) [#°,v°] =0,
(L. 8) (%, v°] = [u, v]°,
1. 9) (%, 0] = [u,v].

To see these, it is enough to express each vector by the local coordinates, for
example, (1. 8) is shown as follows:

2 ot o °
—_— o1 i 7 J
[u, v ] - [u axt + axr y ayt > 4 ayj ]

_ 2 o D0
= w55 5y L oy u, v EXE

The next four tensors are of importance in the theory of an almost



THE TANGENT BUNDLE OF AN ALMOST CONTACT MANIFOLD 9
contact structure
S(u,v) = [u,v] + ¢lpu, v] + $plu, vl — [$u, Pv]
+ {ven(@) —u-n()}E,
Si(u, v) = L(pu)ym - v — L(pv)y - u,
Sy(u) = &(E)p-u,
Sy(w) = (Em - u,

where & denotes the operator of Lie derivation. If 5(z) and #(v) are constant,
S(u,v) is equal to the sum of the first four terms and

Si(u, v) = —y{l¢u, v] — [¢v, ul} .

2. Definition. We define (1,1)-tensor J on T M using a connection map
K by

2. 1) myJ X = ¢m, X + [(n(KyX) + Vyn - my XE,
2. 2) CKJX = 6K, X — n(m,X)E + Vb - muX
+ [ﬂ(KyX) + Vyn - my X V4,

where yeTM, X is any tangent vector field on TM. We have omitted
subscripts 7y in the right hand side for brevity, we adopt these abbreviations
in the following.

PROPOSITION 2-1. J defines an almost complex structure on TM. For
two linear connections 7 and <, J and J are equal if and only if

2. 3) Qu,v) — Qv,u) + ¢ - Qu, pv) — ¢ - Ql¢v,u) =0
Jor any vector fields u,v on M.

PrROOF. First nJJX = — 7X and KJJX = —KX follow by direct
calculation from (2. 1) and (2. 2). Next, if we utilize (1. 2) and(1. 4), we have

I X = ¢y X+ (K, X)+ Vo - m, X1 E

= ¢7r11X4‘["7(K1/X)+77 ° Q(y,'"'yX)"‘vﬂ?? : "”'yX_"? ° Q(’"'yXay)] .

Therefore we get
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(2. 4) md X — m X = n[Qy, ™, X) — Qm, X, )1 €.
On the other hand
RJIX = K,JX + Qy, mJX).

And here we assume that m,JX = m,JX, then
(2.5)  K,JX = ¢K,X—n(myX)e-+V yb  m, X

+ (9B, X)+V - m,X] = Q(y, m, I X)

= K,JX+¢ - Qy, m,X)+Q¢pm, X, y)— ¢+ Qmy X, y)— Ay, ¢, X)
+ [ K, X)+ V- m, X1{QE, y)— Qy, E)],

where we have used (1.3), (1.4), (1.5) and (2.4). Thus, if J =J, it follows
from (2. 4) that

2. 6) 7 [Q(y, mX) — Q(m,X, )] =0

and, further from (2.5)

2.7 ¢ Q(y, mX)—¢- Q(m, X, +Q(¢m X, y)—Q(y, ¢ X)
+ [W(KyX)+ Vo my X] [QE»)—-Q(y,8]1=0.

We put X=E° in (2.7), then we have

2. 8) QEy) —Q»,8 =0,

Operating ¢ to (2.7), and utilizing (2. 6) and (2. 8), we have (2. 3).
Conversely we assume (2.3). If we put v=§, u =y, we have(2.8). If we
operate 5 and ¢ to (2. 3) replaced u, v by y, m,X, we have (2.6) and (2.7).

Thereby wJX=nJX and KJX=KJX hold good.

THEOREM 2-2. The tangent bundle TM of an almost contact manifold
M has an almost complex structure J associating with a linear connection V.
J depends only on the torsion of /. Therefore, if we take a symmetric
connection as /, J does not depend on the connection.

PrROOF. If we denote by T and T the torsion tensors of the two linear

connections YV and V, we have
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Q(u’ ‘U) - Q(‘U, u) = T(u’ 'U) - T(u’ ‘U) .

And so by Proposition 2-1, we see that T =T means J=J. Next we suppose
that the linear connection ¥ which is used in the definition of J is symmetric.

Let V be a flat connection (here we can assume that a flat connection exists,
by restricting ourselves to a small coordinate neighborhood, if necessary). As

the torsion tensors of V and % are equal (zero), J and J coincide completely.

Clearly the expression of J by local coordinates includes only ¢, & # and their
partial derivatives. And so does J. We call such an almost complex structure
the natural almost complex structure.

3. Integrability of J. For the convenience of the calculation, we suppose
that, in this section, the torsion tensor 7" of WV satisfies

(3. 1) T(u,v) + ¢ T(u, dv) = 0
for any vector fields # and v on M.
LEMMA 3-1. If g(u)=a is constant, then
3. 2) Ju = du — af®.
PROOF. By virtue of (1.6) and the definition (2.1) and (2.2), we have
T J % = du + (- T(y, w)E,

K,Jz = YV (pu)+¢ - T(y, u)—at+(n-T(y,u)) V,&.

Under the assumption (3.1), -7(y,u) =0 and ¢-T(y,u) = T(y,¢x) hold.
Therefore we get m,J# = m,¢u and

KyJua = (pu) + T(y, pu) — a
= Ky(¢u — a£®).
LEMMA 3-2. If nu)=a is constant, then
(3. 3) Ju® = (pu)° + ak.

PROOF. In the similar fashion, we have

mJu® = af = m,(ag),
K,Ju® = ¢pu + av,& = K((¢u)° + af).
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This proves Lemma 3-2. Now, we denote by N the Nijenhuis tensor of J,
i.e., for any vector fields X, Y on T'M

NX,Y)=[X, Y]+ JJX, Y|+ J[X,JY] - [JX,JY].

LEMMA 3-3. If g(u)=a and n(v)=8B are constant, we have

(3. 4 my Nu®,v°) = —[aSy(v) — BS ()] &,
(3. 5) K, Nu®, v°) = —aSy(v)+BS,(u)—[aS;(v)—BS,(u)] V&,
(3. 6) m, N@, v°) = —[Si(u, v)— BV (Ss(w))] £ +BSx(u) ,
3.7 KN, v°) = S(u, v)—[S:(x, v) =BV y(Ss(w))] V&

+BT(y, So(w))+B [V 4(Sa())— Sx() €],
(3. 8) my N, v) = S(u, v)— V(Si(&, v)) « E+[aSs(v)—BS,(w)] &,
(3.9 KyN#,v) = V,(S(u, v))+T(y, S(u, v))+S,(u,v) - &

+aSy(v) = BSy(u)— Vy(Si(u, v)) + Vy &
+[aSy(v)—BS,(w)] V4 .
PROOF. By virtue of (1.7), (1.8), (1.9), Lemma 3-1 and 3-2, we get
my Nu®, v°) = my[u®, v°]+ 7 J[Ju®, v° |+ myJ [u°, Jv°]—my[Ju®, Jv°]
= mJ[ag v+ mJ[u®, BE]—m[(¢u)°, BE]—m [aE, ($v)°]
= am,J[§ v]°+Bm,J[u, £1°
and by the definition (2. 1)
= (anlg vl + Bylu, E) &
= —[a8&)y - v—B3(E)n - u]&.
Thus we obtain (3.4). In the next place
K,Nu®,v°%) = KyJ[ag, v°]+ K,J [«°, BE]— K,[(pu)°, BE]— K, [aE, ($v)°]
= agl§, v] + an([§ v])- V¢
+Bplu, E1+Bn([u, E]) - V ,E—Bldu, E]—alE, $v]
= —[a8&)n - v—BR(E) n - ul VyE—alE) ¢ -v+BRE) b u,
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this proves (3.5). The verifications for (3.6)~(3.9) may be done similarly,
and so we shall omit them.

THEOREM 3-4. The natural almost complex structure J of TM is
integrable if and only if the almost contact structure is normal.

PrROOF. If J is integrable, by (3.4) and (3.8) we see that S(x,v)
=V,(S\(u,v))- £ Since y is an arbitrary point of TM, S(u,v)=0, namely
the almost contact structure is normal. Conversely if S=0 we have S,=S,
=5,=0, consequently, N=0.

REMARK. So far as J is concerned, the assumption (3.1) is equivalent
to T=0 by Proposition 2-1.

4. Transformations. Let w:(x") — (£%) be a transformation of M, then

an extended transformation u of T'M is characterized by (&%, y") — (:c"', %“;CC] yj).

If we write its differential by the same letter, we have

@ 1) Rt =,

4. 2) e = (e,

for the extension or vertical lift of a vector field # on M. To see these, let

X=(X! X™*") be any vector field on 7'M, then the image pX by the dif-
ferential of u is given by

ax’l S 82x,i r S ax,l m+r
(axs > ox"ox? X+ 8:c’X )

From this, (4.1) and (4. 2) follow.

LEMMA 4-1. Suppose that n(u)=a is constant and J is the natural almost
complex structure (\/ : symmetric connection). Then for an extended trans-
Jormation u we have

4. 3)  wJpu = dputy(n - pu) - E,
(4. 4) K,Jpu = 7 (ppu)+ vv(’i cpre) s N E—(n - pu) €,
(4. 5) myJpu® = (n - pu) €,

(4. 6) KyJpu® = puu+(n - pu) V& .
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On the other hand, as for pJ, we have

4. 7) i = pdu,
4. 8) KypJu =V (ppu) — apk,
(4. 9) mypJu’ =auf,
(4. 10) KypJu® = pdpu + av,(u€),

where n(pu) = p='* (u¥y - w).
Proofs are very easy because of (4.1) and (4. 2).

THEOREM 4-2. An extended transformation u is almost analytic with
respect to the natural almost complex structure J of TM if and only if two
relations pu=pp and p*n=oy hold for some constant o.

PrOOF. If Ju=pJ, from (4.3) and (4.7) we get

$u=pd, V@ Hpknuw)=0.

The relation ¢pu=pu¢ implies p*n =on for some scaler field ¢ on M. And so
by Vyap*s)=0, do=0 holds. That is to say o is constant. Conversely
if pu=p¢p and p*p=ay are valid for constant o, we have ué=cf. Then (4.3)
~(4.10) mean Ju=pud .

COROLLARY 4-3. An extension u of a wvector field u on M is almost
analytic with respect to the natural almost complex structure if and only if
Ru)p=0 and ™ u)yy=cn hold for some constant c.

Analogously to the preceeding Corollary, we have

THEOREM 4-4. A wvertical lift u® is almost analytic with respect to the
natural almost complex structure if and only if w is an infinitesimal auto-
morphism of the almost contact structure.

PROOF. Let v be any vector field on M such that 5(v) is constant, then

my W) v = 7y [u®, Jv] — myJ [1°, U]
= — plu,v]- &
=@@)n-v)E.
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And
K,8@®)J - v = [u,pv] — plu,v] — nlu,v]- V&
=) v+ (Lw)n-v) V.
Similarly we have
wy (W) +v° =0
K,8@")J - v° = n(v)lu, &].

From these we see that («°)J=0 if and only if R(u)¢p=0, (x)»p=0 and
(v, ] =0.

REMARK 1. If the almost contact structure is normal, the words ‘almost
complex’ and ‘almost analytic’ turn to ‘complex’ and ‘analytic’ in Theorem
4-2, Corollary 4-3 and Theorem 4-4.

REMARK 2. With respect to the local coordinates, the natural almost
complex structure J has following components ([5] §5)

i AT a j i
¢+ Ly S 22
T a(b; T 8EL s 87’.7 & ) T a&z
y ox" + Y ox" Y ox E 7 ¢'J' + Y ox" 7;
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