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1. Introduction. In [3] and [5], infinitesimal transformations on K-contact
and normal contact Riemannian manifolds were studied, and global transformations
on almost contact and contact Riemannian manifolds were discussed in [4].
In this note, we shall add some results concerning global transformations on
K-contact and normal contact Riemannian manifolds. In §2, some preliminary
notions and identities are given for later use. In §3, it will be shown that
homothetic and affine transformations on K-contact Riemannian manifolds must
be isometries. In §4, transformations on #-Einstein manifolds will be concerned.
The author wishes to thank Professor Sasaki and Mr. Tanno for their suggestions
and kind advices.

2. Preliminaries ((1], [2]). Let M be an n(=2m+1,m = 1) dimensional
C~-manifold with a contact structure . We take an arbitrary point x and
a local coordinate system (z*,U) around x. If we put 2¢;,=0;7,—0,7;, there
exists a Riemannian metric g;; in M such that ¢!=¢""¢;, and &'=g"», define
a (¢, & n, g)-structure with #; and ¢;;. That is,

g9, =1, rank (¢}) =n—1,
(1.1) P =0, Pidh= —8 + En,
_(]jiEi = nj {/n‘f)fr‘ﬁt = Gkn — Nk Nn

_hold good. This structure is called a contact metric structure, and the manifold
with this structure is called a contact Riemannian manifold. If we define,

(1 2) ¢kh — gk7'¢;_t — gkiyhr(i)ir s

this is a skew-symmetric contravariant tensor.
For a contact Riemannian manifold, torsion tensor fields N;;* and N can
be defined. The condition Ni = 0 is equivalent to the fact that £ is a Killing
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vector, and the contact Riemannian manifold which satisfies this condition is
called a K-contact Riemannian manifold. In a K-contact Riemannian manifold,

(1- 3) Vim = ¢u »
(L 4) de)ji + Rijkrﬂr = 0>
(L. 5) Rknhfk«fi = ’7;‘&% - &, Rkjihfkﬁ‘” = Gii — MM

hold good, where R;;" is the curvature tensor.

On the other hand, the contact Riemannian manifold which satisfies N;;*=0
is called a normal contact Riemannian manifold. It is known that a normal
contact Riemannian manifold is K-contact. In this case, we have

(1. 6) Yk ¢ji = N5 Jki — NiGkj»
(1.7) gkRkjiT =& g;z*"h& s Ry’ Nr = Nk G5s— N5 Gki >
(1.8) iR +(1/2) ™ R, i = (n—2) ¢},

where we have put
R;;=R,;7 and R] =¢"R,.

Now, K-contact Riemannian manifold (m >1) in which Ricci’s tensor takes
the form

(1 9) Rji = agji + b?},ﬂl

is called a K-contact 7-Einstein manifold, where a and & become constants.
Then,

(1.10) a+b=n—-1

holds good and in a normal contact 7-Einstein manifold, we get

1

(1. 11) 5

¢ Ry’ = (b—1)¢}.

In the sequel we will be concerned with differentiable transformations on
M. These transformations induce algebra automorphisms of algebra over real
numbers of all tensor fields defined on M, and they preserve types and
commute with contractions. The notation ‘bar’ will be used to denote the
geometric objects which are transformed by the induced transformation.
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By the automorphism of a contact Riemannian manifold M, we mean the
transformation of M which leaves invariant ¢, &,7;, and g¢;; of ($,& 9, ¢)-
structure.

3. Transformations on K-contact Riemannian manifolds.

PROPOSITION 1. (4]) In a contact Riemannian manifold M, any con-
Sformal transformation p which is also a contact transformation is an
isometry, and if 7(8)>0 holds, p is an automor phism.

PROOF. By definition we can write §;; = pg;;, 9°° = (1/p)g¢", and 7,=a1;
for some positive scalar p and scalar ¢. By (1.1); &" = (¢/p)& holds good.
Contracting both sides of ¢,,=0¢;;+(1/2)(0,0-n,—,5-n;) with &, we know that
¢, = a¢;; and consequently ¢} = (a/p)¢p: is true. Now we have ¢’=p?*=p=1 by
1.1),. Q.E.D.

THEOREM 1. In a K-contact Riemannian manifold M, any homothetic
transformation p is an isometrwy.

PROOF. We can write §,;; = pg;;, and §7* = (1/p)g’* where p is a positive

constant. Because a homothetic transformation is an affine transformation,
we have

2.1 PRe;inEYE" = p gy — 757
by (1.5). Transvecting (2.1) with &, we get
2.2) Plgkn—memn) EXE" = p—7; 7, 8 E .
But since ¢.,E*E"=1/p and 7. E*=(1/p)&* 77, hold good, we have
2.3) p(l—p) = (L—=p)E 7,)".
So we get p=1 or (&7%,)'=p. In the second case,
Ne = E7,) me — kb7
is true by (1.1),. Since p is a homothetic transformation, we have |7,]?
= ¢*7mn; =p. On the other hand, [@& 7.)n)* = (&%, =p is true and,
& 7,)n. and ¢LP?7, are mutually orthogonal, so |¢i¢t%,||=0 holds good. That

is, p is a contact transformation. Then by Proposition 1 we know that u is
isometric. Q.E.D.
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THEOREM 2. In a K-contact Riemannian manifold M, any affine
transformation p is an isometry.

PROOF. Since p is an affine transformation, by Ricci’s identity,
0= Vszyik - Vm vl_gik = —leia?ak - leka?ai s

that is,
(2 4) leiayak + leka?ai = 0
holds good. Transvecting (2.4) with &£¢, we have by (1.5)
@. 5) 98" = (fa'fbyab) Nk -
Now, transvecting (2. 4) with &€&, we get
(2.6) (& — 80) Jar + ERimi"E'Gie =0
Substituting (2.5) into (2. 6), we obtain
(2 7) gmlc = (éagb gab) Jmik -
Thus p is a conformal transformation. But any affine transformtion which is
also a conformal transformation must be homothetic. So Theorem 2 reduces to
Theorem 1. Q.E.D.

PROPOSITION 2% In a K-contact Riemannian manifold M, any pro-
jective transformation p which is at the same time a contact transformation
with constant associated function o is an isometry. Moreover, if o is
positive, p is an automorphism.

PROOF. Since u is a projective transformation, we have

Ti =T+ p ¥ + p8

for some covariant vector field p,, where I' is Christoffel’s symbols. Then,

2.8) G =07, =57, = oy — o(puim;+ pym:)

*) This result is also obtained by Mr. Tanno, and in infinitesimal case in a normal contact
Riemannian manifold by Mr. Mizusawa. ([5])
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holds good. Adding to (2.8) the identity which is obtained from (2.8) by

permuting 7 and j, we get

(2.9 bim; + pims = 0.

Now transvecting (2.9) with ¢’* and & respectively, we have p, = 0. Thus
projective transformation which is also a contact transformation with constant
associsted function must be an affine transformation. Then Proposition 2
reduces to Theorem 2 and Proposition 1. Q.E.D.

4. Transformations on 7-Einstein manifolds.

PROPOSITION 3. In a K-contact n-Einstein manifold (b0, m > 1), an
isometry w which satisfies 7(E) > 0 is an automorphism.

PROOF. Since R;; = R;; holds good, we have #%,;%; = 5,9,. Transvecting
this identity with &, we know that u is a contact transformation. Thus
Proposition 3 reduces to Proposition 1. Q.E.D.

In the sequel we will be concerned with two theorems which are studied
in [3] in infinitesimal case.

THEOREM 3. In a normal contact 3 Einstein manifold M (b+#0, m>1),
any conformal transformation w is an isometry, and if it satisfies j(&) >0, p
is an automorphism.

PROOF. If we put §,,=pg;;, where p is a positive scalar, and 7=(1/2)log p,
then we have

3.1 Ty = Th + (1.8 + 7,8, — ™ gs) >

where 7, =9, 7 and ™=¢"7, Next,

(3. 2) Rkjl'h — Rkjih + BzA” - 8‘7’Akl + Alfégu - A.’;qkl
- (SQgﬁ - 8?’91“) T T

holds good, where A;;=7;7,—</;r; is symmetric and Ai=¢""A,;. In particular,
we have

3. 3) Rik =R, +(n —2) Ajlc + A7 Gix — (” - 1) T, T Jik -

Contracting (3.2) with 7, and using (1.7) we get .
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B4 P+ g =T gi) = —Ris” Br+ (A 15— A5 50) + (A goi— AL ;) 71 -
And next (3.5) comes from (1.9) and (3. 3).

(3.5) (n—=2)Au={alp=1) + (n—D)7,7" — A} gs + (G Gs—mes) -
Now transvecting (3. 4) with (1/2)¢*, we get by (1. 11)

(3.6) (p=1+b+7. )Py, = ¢"Au7g; + $1AT7,.
Next, contracting (3.5) with ¢*7; and ¢} ¢'" 7, respectivily, we have
3.7 (n=2)¢" A7, = Al
3.8) (=25 AL7, = (@-+bp)Pt T,
by virtue of (1.1) and (1. 2) where we have put

a=alp-1)+ (n—1) 7,7 — A}.
Substituting (3.7) and (3. 8) into (3. 6), we obtain
(3.9 {(n—=2Xp—1+b+7,7") —bp—2a} ¢i7,; = 0.
On the other hand, transvecting (3.5) with ¢,
(3.10) 2A%7 = nr,. 7" + (n—b)p—1)
holds good. Then using (3.10) we have

(n=2)p—1+b+71,7") —bp—2a = b(n—3) 0.

Thus, from (3.9) we know that ¢/%;=0, that is, p is a contact transformation.
Then Theorem 3 reduces to Proposition 1. Q.E.D.

THEOREM 4. In a normal contact - Einstein manifold M (b#0, m >1),
any projective transformation p is an isometry. Moreover if 7(&)>0 holds
good, p is an automor phism.

PROOF. By definition of projective transformation, we get

(3.11) Th =T% + ¥ + p.3;
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for some covariant vector p,. If we put A;;=p;p.— ;D
(3.12) Ry = Ry + 82 A, — 8t Ay,
and especially

(3.13) Ry = Ry + (n—1) 4,

hold good.

LEMMA 1. In a normal contact n-Einstein manifold, we have for
some scalar a

(3.14) Gr; = gy + Ags) -

PROOF OF LEMMA 1. By Ricci’s identity and (3. 12) we get
(3.15) Ry Gas+Rus*Gar = A iGrs+AjTei— A Tn—Axs Juu -
Transvecting (3. 15) with &€&, we have

(3- 16) éa“:‘b yab(gkj-l_Akj) = (1+§‘a55 Aab) s + Er(—g—kr"}_?jrﬂk)
+ EE(Aus Toe—Aar Tbs) -

Adding to (3.16) the identity which is obtained from (3.16) by permuting %
and j, we get (3.14) unless ¢,;+A,; = 0. Next, if ¢,;+A4,; = 0, operating V/,
to the both sides of V,p;, = pyp;+ gij» and using Ricci’s identity,

(3- 17) RzijPr = ki b - gus 2
holds good. Transvecting (3. 17) with (1/2)¢%, we get ¢7p,=0 by virtue of &x<0.

So we can write p, = on. By differentiating this identity covariantly and
taking notice of the shew-symmetric property of ¢,,, we obtain

(3.18) 209, = Vo — Vioen.
Contracting (3. 18) with &, we have V,0 = B7,. Substituting this into (3. 18)
we get ¢ = 0. Thus in this case u is an affine transformation and consequently

an isometry by virtue of Theorem 2.

LEMMA 2. In a normal contact n-Einstein manifold, if a of Lemma
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1 is a constant, p is an isometry.
PROOF OF LEMMA 2. Substituting g;; = a(g;;+A,;;) into

VG = 20695 + PiGxs + P5Gix»

we have
VeV iy = 2PN o5 + DNy + PNk D) — 4PePibs — 2P0 9is — Pitks — P Gik -

Then, using Ricci’s identity we know that p,=o%, hclds and that w is an affine
transformation by the same method as Lemma 1.

On the other hand, next (3.19) comes from (3.12) and (1. 7).

(3.19) Ri;i" 0, + 1eBsi — 7580 = 7G50 — 75k -
Now, transvecting (3. 19) with (1/2) ¢*/, we get

7;{" e + G—D ¢l — ¢" A} =0

by virtue of (1.11). Using (3.14) this identity can be turned into

(3.20) A—a)(¢i + ¢ A)n; = bi7;.

On the other hand, from (3.13) and (3.14) we have

(3.21) a(l—a)(grs+Ax) = b(7en s —mem — Aii) -

Transvecting (3.21) with ¢*,

(3.22) al—a)(pi+¢“ Au) 7, = —bPY A7,

holds good. By these identities we get

(3.23) {p—(1—a)1-a)}¢i7; = 0.

If b=(1—a)(1—a), our theorem reduces to Lemma 2 and Proposition 3. If ¢{7;=0,
w is a contact transformation. We can put 7;=o7%;. Then by (3.13) and (3.14),

9= Ci (s + Camymy

holds good, where ¢,=b/{a—(n—1)/a} and ¢,=b(1—0*)/{a—(n—1)/a}. That is,
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97t = (1/c)g’* — (co/ci(c,+cy)) EE

is true. If a—(n—1)/a=0, our theorem reduces to Lemma 2. Thus, we get
E'=d'¥ and hence o is a constant. Then by Proposition 2 we know that
Theorem 4 is true. Q.E.D.
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