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ON THE TENSOR PRODUCTS OF C*-ALGEBERAS

TAKATERU OKAYASU
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T.Turumaru [6] introduced a tensor product AI@MA2 of two C*-algebras
A, and A,, which is the C*-algebra obtained as the completion of the *-algebraic
tensor product A,(OA, of A, and A, with respect to the a-norm | |..
As Wulfsohn [7] established, the a-norm has the property:
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for every faithful representations 7, of A, and m, of A,. It was observed in [5]
that the a-norm is not necessarily the unique compatible norm in A,()A, and
that it is the least one among the all compatible norms. On the other hand,
A. Guichardet [4] gave, with the corresponding tensor product, the greatest
compatible norm || ||, in A,()A, the v-norm. These arguments will bring forward
many interesting problems on the relations between compatible norms in A,(DA,
and corresponding tensor products, and some of them will be considered in this
paper. We shall discuss on B¥*-norms in A,()A, in Theorems 1 and 2, and on the
enveloping C*-algebras of *-Banach algebras in Theorem 3. The auther wishes
to express his hearty thanks to Prof. M. Fukamiya and Dr. M. Takesaki for
their many valuable suggestions.

Let A,,A, be *-Banach algebras,” A;()A, the *-algebraic tensor product of
them. For norms| |g, || |ls in A (DA, we say that | [z is smaller than | |z in
symbols || |o#=| lls if |«|s=|u|s for all uc A,(DA,. Of course the relation “ =’
has the partial ordering property. A norm | |z in A;(DA, is said to be
compatible if it satisfies the condition

I, @ |s= || 1 || [, [, 1 € Ays 2y € A, (c£[5])

Now let A,, A, be C*-algebras. The C*-algebra AI@BA2 obtained as the
completion of A,(DA, with respect to a compatible B¥-norm | |z in A,(DA,? is

1) By a *-Banach algebra we mean any Banach algebra with an isometric involution.
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called the tensor product of A, and A, with respect to | [z The a-norm in
A (DA, is defined by the formula

llot]| = ”'"'1®77'2(u)“, ue A1®A2,

where 7, m, are any fixed faithful representations of A,, A,, respectively.??
The value |u|. of course does not depend on the choice of =, and =, The
v-norm is defined by the formula

l[ee]l=sups|m(@)], w< A(DA,,
where 7 runs over the set of all representations of A,(9DA, such that
™) |z, @)l = [[4]l[zall, 21 € Apzs € A,°

For a *-Banach algebra A having at least one faithful representation, the
enveloping C*-algebra C¥(A) of A means the C*-algebra obtained as the
completion of A with respect to the B*-norm in A

| s=sups||lm(2)|l, z < A,

where 7 denotes any representation of A. This notion is of course a generali-
zation of that of the group C*-algebra C*¥(G) of a locally compact group G,
the enveloping C*-algebra of LY(G).

THEOREM 1. Let A, A, be *-Banach algebras. Then each B*-norm in
A,(DA, is compatible.

To prove this we prepare

LEMMA 1. Let A,, A, be the *-Banach algebras obtained as the ad-
Jjunctions of the identities to *-Banach algebras A,, A,, respectively. Then
each B¥-norm || ||g in A (DA: can be extented to a B*-norm in A, ,(DA:,,.

2) B¥*mnorm means any muliplicative norm || ||g satisfying the condition [u*ulg=]|ul} for
all «.

3) We mean by a representation of a *-algebra any *-homomorphism into the algebra of all
bounded linear operators on some Hilbert space.

4) In general, for representations x; of A, and =, of A,, = X7, means the representation of
A;(OA, on the tensor product Hilbert space of representation spaces of w; and =, defined
by the formula

m@my () =Sy (T4, 1) Bma(XTas k) 8 =4T1, k72,6 € A;O A,

5) This definitin of the y-norm will be simplified in Corollary of Theorem 1 by omitting

the condition (*) for .
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PROOF. For any v e A, (DA, we put

11l 5= supu|vuls,
where « runs over A,(DA, with |«]s = 1. This is a multiplicative norm in 4, ,©O
A;,, and an extension of | [z Moreover it is a B¥-norm. In fact, for any positive
number & <1, there exists an element u< A,()DA; with |u#|z=1 such that
€llvll g = |vufs Then

&l vl =lluv|z =lw*v*vullp =[lv*vul = ll v*v |l o

Since & is arbitrary, we have

ol = llv*vig

and the opposite inequality is obvious. g.e.d.

PROOF OF THEOREM 1. We can assume that A, and A, have identities
which are denoted by 1’s. Let | |z be a B¥*norm in A,(-)A:. The mapping

A
A, > x2,—x,R1 c A;®pA, is a homomorphism (in fact an isomorphism) of A, into

A, @BAg, hence
lz.®1ls =l 2., 2, € A,
Analogously we have
1@x:ls =[x, 22 € As,
and therefore,
lz: @z 6= [(2:@1)A QD) lls =z [l | 2., 2, € Ay, 25 € A,

which completes the proof.
COROLLARY. Let A,,A, be C*-algebras, then
lell, =supx [7(@)], e AOA,,

where w runs over the set of all representations of A,(DA,.

PROOF. For any u € A,()A,,|«|l, =sup, |p(«)|, where p runs over the set of
all faithful representations of A,()A; which satisfiy (¥). Moreover the right-hand
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side is equal to sup, |o(«)|, where o runs over the set of all faithful represen-

tations, because by Theorem 1 we know that any faithful representation of
A,(OA: necessarily satisfies (¥). Then, 7 denoting the restriction on A,(DA4; of a

faithful representation of A1§,,Az, we have
], = sup, [p(w) || =sup, |o(@)|=Im(w)||= [u].»

and also the desired formula. q.e.d.

THEOREM 2. Let A, A, be C*-algebras, then the set of all B*-norms in
A (DA, becomes a complete lattice under the ordering “=” with the
least ellement || |. and the greatest element | |,.

PROOF. For a given set N of B*norms in A,(DA,, we put
ll2|l = sups || m(w) ||, € A,(DA,,

where 7 runs over the set of all representations of A;()A: which are continuous
with respect to every | | in IN. Here, remark that this set contains every
representations of the product type 7 ®@:.|| ||s is a B¥-norm and is smaller than
each | g€ N. And for every B*norm | || in A,(DA, which is smaller than
each || llge NV, |l ll& =l lls Hence || |lg, is the infimum of N. Also we put

”u”ﬂnzsup“ 1Bex llecll gy 2 € A1®A1,

then this is not only a B¥*-norm in A,()A, but also the supremum of N. g.e.d.

ay
Theorem 2 has an interpretation. For each u € A,®,A4,, choosing a sequence
{u,} in A,(DA, converging to u with respect to | [,, we can define well a

homomorphism 7 of AI@HA2 onto Al@ﬁA2 by
. A
Wﬁ(u)z " “B —hmnum ue A1®u 2

The kernal m3*(0)=1I; of 7 is a closed two-sided ideal in Al@,,A2 with Iz;N
A,(DA,={0}. We consider the correspondence || ||s—I; of the set of all B*-norms

in A (DA, onto the set of all closed two-sided ideals in A1§HA2 intersecting
N
A,(OA, only at 0. This becomes one-to-one because A,®,A,/I; is isomorphic to

Ay
A,®sA,, and moreover order-preversing. Now Theorem 2 makes us state

COROLLARY. The set of all closed two-sided ideals in Aléé),,A2 intersecting
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A(ODA, only at 0 becomes a complete lattice under the inclusion ordering
with the least element {0}=1, and the greatest element I,.

The following lemma is essentially due to Guichardet [3].

LEMMA 2. Let A,, A,be *-Banach algebras with approximating identities.
For any representation w of A,(DA, which is continuous with respect to the
v-norm | ||, in A(DA,, there exist representations ' of A, and w® of A,
such that '

m(x, Qx,) =7 (2,7 (2,) = ()7 (), Xy € A,y X5 € A,
PROOF. Just as in the proof of Proposition 1 of [3], we put
7'(x,)=strong-lim,m(x, Qe »), 2, € A,
7% (x,)=strong-lim,m(e; ;Q x3), L5 € As,

{eve}, {€,,} being approximating identities of A,, A,, respectively. Then =!, =?
are required representations. g.e.d.

THEOREM 3. Let A,,A, be *-Banach algebras with approximating identi-
ties each of which has at least one faithful representation. Then the enveloping
N
C*-algebra C*(AI@MAZ), A, ®,A; being the projective tensor product of A, and
A,, is isomorphic to the tensor product C’\"(AI)@UC*(AQ of the enveloping
C*-algebras C*(A,) and C*(A,).
PROOF. Under the natural identifications, we may consider that the *-algebra

A, (DA, is contained both in C*(A1</8?,,A2) and in C*(A, )‘@,,C*(Ag). We shall
prove that | [,=| [[+® in A;(DA.,. Since | ||, in A,(DA, is compatible by Theorem
L | L=l ll,, and the restriction = on A,;(A, of a faithful repesentation of C¥(A,)

%7O*(A2) can be extended to a representation of A1§7 5. Then,

lleelly= llm(2e) || = sup, | p@)]| = |l u € ALDA,,

where p denotes any representation of A;®,A,. Next we see the opposite
inequality. Since the restriction o on A,()A, of a faithful representation of

A
C*(A,;®,A,) is continuous with respect to || |y, there exist representations o
of A, and o? of A, such that o (x,Qx,)=0'(x)o¥x,), 2,€ A}, x,€ A,. We can
extend ¢!, ¢® to representations oy, o, of C*¥(A)), C¥(A,), respectively. Then

'r(u)—: Z kdl(xl, k)"'z(xz, k,) for u:'kal, QL € C%(Ax)@C*(Az)

is a representation of C¥*(A,)(DC*(A,) and an extension of o. Thus

6) We sall denote the norm in the enveloping C*-algelna by || .
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Il x=lle@)l = @) =lx|., » « A OA,. .

To complete the proof, it is sufficient to see that A,()A, is dense in C¥(A,R®,A4,)
with respect to | |« and also that it is dense in C*(AQ@,, C*(A,) with respect
to || |,. Since A,@).,A2 is dense in C’\‘(Al@),Az) with respect to || [+ and A,(DA4,
is dense in A,@yA2 with respect to || |, which is greater than | ||x, A,(DA, is

dense in Cee(AlgyAg) with respect to | |x Let ueC*(Al)§uC*< A,), then
there is a is a sequence {x,7} in C¥(A,) and {x,}} in C¥(4,) with z,7#0
such as
Kn
llee— Zk=1$1,k‘®xz,,’§[lu——>0, n—oo,

And there exist sequences {y,%} in A, with y,%#0 and {y,7} in A, such that

1

n__ n < -
120 E =0 bl = S a2l

1

nknmaxkﬂyl,m *

”xZ,Z_y&;c‘”*é 9n:1: 2’ MY

Then,

flee— Z ky1,2®yz,2!! v

é“u_ ka1,7cl®x2,"lz”v+ ” Z kL1 EQ Tk — Zkyl, Z®yz,ﬂ|p
=l e+ i@ =y DR i+ X iyt (@ i — v D),

=l - clot 22 el —yn bl e+ 20y kel i —yakl <

=f-- b b+ SO qed

COROLLARY ([4]). Let G,,G, be locally compact groups, then C*(G,XxG,),
G, %X G, being the direct product of G, and G,, is isomorphic to C*¥(G,) @uC*(Gz).

The proof is obtained immediately via the Grothendieck theorem ([2],
’/I‘\heorem 1 and etc.) which asserts that the projective tensor product L'(G),)
®yL(G,) is isomorphic to LG, XG,).
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