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1. In this paper we shall deal with perturbation theory for semi-groups of
operators of class (Co) defined on a Banach space.

Let {T(ξ; A); ξ ^ 0} be a semi-group of operators of class (Co) and let A
be the infinitesimal generator of [T(ξ; A);ξ ^ 0}. R.S.Phillips [2] first proved
that if B is a bounded linear operator,, then A-\~B generates a semi-group of
operators of class (Co). Later he has introduced the following class 5β(A) of
perturbing operators [1].

DEFINITION 1. A linear operator B is said to belong to the class 5β(A) if
(a) D(B)=D(A) and BR(\;A)n is a bounded linear operator for some λ

in the resolvent set of A,
(b) BT(ξ; A) defined on D(A) is bounded for all ξ > 0,

(c) I \\BT(ξ;A)\\Adξ<oo9 zvhere the subscript A means that the norm is
Jo

taken relative to the subspace D(A).

We shall now consider the class [B] of operators satisfying the following
conditions:

(a') D(B) ΏD(A) and BR(X; A) is a bounded linear operator for some λ in
the resolvent set of A.

(b') There exists a constant K > 0 such that

Jo
\\BT(t A)x\\dξ ^ 2q*|| for all x € D(A).

Then we can show that if A is the infinitesimal generator of a semi-group
{T(t;A);ξ^0} (or group {T(ξ; Λ);-oo< ξ <oo}) of class ( Q and Bz{B],
then for sufficiently small \S\, A+βB generates a semi-group (or group) of
class (Co).

It is obvious that if {T(ξ; A); — oo< ξ <oo] is a group of operators of class
(Co), then each B € 5β(A) is bounded on D(A).

1) The notations D(A) and i^(λ Λ) denote the domain of operator A and the resolvent of
operator A, respectively.
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On the other hand, in this group case, it is shown by an example (see section

4) that our class contains unbounded operators. Therefore our class properly

includes the class 5β(A). Main results are given in section 3.

2. Let X be Banach space and 93(X) be the Banach algebra of all bounded

linear operators from X into itself.

DEFINITION 2. {T(ξ); ξ ^ 0} is said to be a semi-group of operators of

class (Co) if
(i) Ί\ξ) € »(X) for each ξ^O,
(ii) Γ(0) = 7 (the identity) and T(ξ + η) = T{ζ)T(v) for each £y η ^ 0,
(iii) lim T(ξ)x = x for each xzX.

ξ-*0+

The infinitesimal generator A of {T(£); £ ̂  0} is denned as the limit in
norm

(2.1) lim -\- [T(h)-I]x =
Λ 0 + ft

whenever this limit exists. And if A is the infinitesimal generator of a semi-
group of operators, we denote the corresponding semi-group by {T(ξ\ A); ξ §: 0}.

The following theorem is due to R.S.Phillips (see [1] or [2]).

THEOREM I. Let {T(ξ; A); ξ^0} be a semi-group of class (Co) and

suppose that B £ S5(X). Then A+B defined on D(A) is again the infinitesimal

generator of a semi-group of class (Co) and

(2.2) T(t, A+B)=JZ Sk(ξ) for * ̂  0,
fc=0

where S0(ξ) = T(ξ; A) and Sk(ξ)x= [ T(ξ-σ; A)BSk^(σ)xdσ for xzXandk^: 1;

the series (2.2) converges absolutely, uniformly with respect to ξ in any
compact interval. For each k, Sk(ξ) is strongly continuous for ξ^0.

We also use the following theorem which was given by H.F.Trotter [3].

THEOREM II. Let {T(£; An);ξ ^ 0}n=1|2|... be a sequence of semi-groups of

class (Co) satisfying the condition

|jT(£ An)|| ^ Cexp(yξ) for ξ^0y

where C and 7 are constants independent of n and ξ. Suppose that

(i) A z^lim Anx exists on a dense subset of Xy
n—»°°

(ii) for some λ > Ίy the range 9ΐ(λ — A) of X — A is dense in X.

Then the closure of A is the infinitesimal generator of a semi-group [T(ξ, A);

ξ^0} of class (Co), and T(ξ; A)x=]ha T(ξ; An)x for xeX and ξ^Q.
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3. We first remark that if {T(£; A); £ ̂  0} is a semi-group of class (Co),
then there exist real constants M > 0 and ω ̂  0 such that
(3.1) \\T(t; A)\\^ M exp(ωέ) for £ ̂  0.

LEMMA 1. Le£ {T(£; A); £ ̂  0} £έ> <z semi-group of class (Co) α/zJ suppose

that Bn € S(X) /or mcΛ positive integer n.

if

(3.2) sup f ||βnT(έ; A)x| |^ <°° /or mcΛ i ί X ,

ίÂ w rλ = sup rλ(^:) w finite for each λ>ω, where
ll^ll^i

rλ(x)=sup ( β-«||5n7Xi; A) x\\dξ for x e X

PROOF. Let us put

^ ) = s u p Γ \\BnT(t, A)x\\dξ for x s X.
n Jo

It is easy to see that p(x) has the following properties:
(a) 0 ̂  p(x)<oo for each x e X.
(b) ρ(x-\-y) ̂  P(x)+P(y) and p(ax)= \a\ρ(x) for :̂,y € X and any complex

number a.
(c) (̂̂ O is a lower semi-continuous function defined on the whole space X.
Therefore by the Gelfand lemma there exists a constant K > 0 such that

p(x)^K\\x\\ for xzX.
Then for each λ > ω and each x € X we have

Γe-v\\BnT(t, A)x\\dk= Σ f+1 e-^\\

^ Σ, e~λk f \\BnT(t A)[T(k; A)x]\\c%

; A)x\\

\\x\\ =MK[1 -e-^-ψ^xl

Thus 0 ̂  rλ = sup nία:) <oo for each λ > ω. This concludes the proof.
\\χ\\kι

Since rλ defined on the open interval (ω, oo) is a non-negative, monotone
non-increasing function of λ, the limit
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(3.3) r=lim rx

exists and 0 ^ r <°o.

LEMMA 2. Let {T(£; A); £ i^ 0} be a semi-group of class (Co) and suppose
that Bn € 83(X) for each positive integer n. By Theorem I, for each n, A+Bn

defined on D(A) generates a semi-group {T(ξ, A+Bn); £ §: 0} of class (Co) and

T(ξ; A+Bn)= ΣSPXt) for k ̂  0,
k=0

•where S^n\k) = T { t , A ) a n d S ί n ) ( £ ) x = ί T ( £ - σ ; A ) B n S Ά ( σ ) x d σ f o r x & X a n d
Jo

if

(3.2) sup f \\BnT(k; A)x\\dk <°o for each xzX,

n J

then

(3.4) sup ||Sf>(έ)||^M(n)*
n

for λ > ω, £ ̂  0 aw J >fe ̂  0.
PROOF. From the Fubini theorem we have

(3.5) Snt)*

for w ̂  1, k^l9 έ ^ 0 and x^X. It follows from Lemma 1 that 0 fg r λ <°o
and rλ(^:) ^ r\\x\ for λ > ω and J: € X.

We shall now prove (3.4) by induction. For k—0, this is obvious from (3.1).
Suppose that it is true for k=m. Then, by (3.5),

| f
Jo

=|| f S%Kt-v)BnT(η;A)xdη\\

f <?«-'» \\BnT(V;A)xldτ,
Jo
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ί£M(r λ )Vf f e-χ*\\BnT(η A)x\\dη
Jo

^ M(rλ)
meλιrλ(x) ^

for λ > to, £ = 0 and xz X. Hence we have

sup | |&

for λ > ω and £ ̂  0. This concludes the proof.
From these lemmas and Trotter's theorem (Theorem Π) we have the

following

THEOREM 1. Let {T(£;A);ξ^0} be a semi-group of class (Co) and
suppose that Bn € 35(X) for each positive integer n.

If lim Bnx=Bx for x € D(A) and if
n—*<χ>

(3.2) sup Γ \\BnT(t, A)x\\dζ<oo for each xzX,
n Jo

then there exists an S0>0 which is finite or oo such that for each 8 with
|£ | < £0> A+SB defined on D(A) generates a semi-group of class (Co).

PROOF. We put S0 = l/r if r ^ O , and we put £o = °° if r = 0 . The theorem
is trivial for 8=0. For given S with 0 < |£ | < £0, there exists a positive number
λe > ω such that

| £ ] r λ ε < l .

Since Bn=£Bn € S5(X), it follows from Theorem I that A + Bn generates a
semi-group {T(ξ; A + g n ) ; 5 ^ 0} of class (Co) and

(3.6) T(f A+8Bn) = 7Xf; A + § n ) = Σ s^(t) for £ ̂  0,

Further *SJ:n)(f)=θ**S5;n)(f) and hence by (3.4) we get

(3.7) sup \\Sίn\ξ) || ^ M( I £ I ru)
keλεξ

for k ^ 0 and f ^ 0. Hence by (3.6) we have

oo

(3.8) \\m,A+£Bn)\\ =g£ \\
fc=0
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for

Since Bn € SB Or) and i?(λ; A)x = I e~λξT(ξ; A)xdξ for λ>α> and x € X,

we have

8BnR(X;A)x=£ f e-λξBnT(ξ;Λ)xJξ

for x € X. Let λ be a real number with λ §: Xε. Hence

|| for x e X.

Passing to the limit as n-*oo we have ||£δi?(λ;A)Λ:|| ^ |θ|rλjJΛ;|| for x e X , so
that

\\SBR(\; A) |i ̂  I £ I rλ ^ 161 rλε < 1.

Then [ λ - ( A + f β ) ] - r exists and [X-(

This shows that A+£B defined on D(A) is a closed linear operator and 9ϊ(λ

Thus it follows from Theorem II that A+SB defined on D(A) is the
infinitesimal generator of a semi-group {T(£; A + ^ J B ) ; ̂  §: 0} of class (Co), and
T(ξ;A+eB)x=\imT(ξ;A + £Bn)x for ĉ € X and £ ^ ( λ This concludes the proof.

THEOREM 2. L^ί {T(f; A ) ; 5 ^ 0 } be a semi-group of class (Co).
Suppose that

(i) β is a linear operator with D(B)ΏD(A) and BR(X\A)z*&(X) for
some λ > ω,

(ii) there exists a constant K > 0 such that

f\\BT(ξ;A)x\\dξ^K\\x\\

for all x e D(A).
Then there exists an £0 > 0 -which is finite or oo 5wcA £/ια£ /or eαcA f
|£ | <S0, A+εB defined on D(A) generates a semi-group of class (Co).

P R O O F . Let us put

Bn=nBR(n;A)
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for each positive integer n with n > ω, and let us put Bn=0 for each positive
integer n with n rg ω. From the resolvent equation we have

BR(n; A)=BR(X; A) - {n-X)BR(X; A)R(n; A)

for n>ω. It follows from this formula and the assumption (i) that Bn £ 23(X)
for all n §: 1. Then we have

lim Br)x=Bx

for x € D(A). In fact, for each x e D(A) there exists an element y € X such that
x=R(\;A)y. Hence Bnx=nBR(n;Ά)R(\; A)y=BR(X; A)[nR(n; A)y]->BR{X; A)y
—Bx as n—>oo.

Furthermore from the assumption (ii) we have

Γ \\BnT(ξ; A)x\\dξ= f \\nBR(n;A)T{ξ;A)x\\dξ

= f \\BT(ξ;A)[nR(n;A)x]\\dξ

^ K\\nR(n; A)x\\ ̂  ~^MK\[x\\

f or n > ω and x € X. Hence

supf ||£nT(i=;A);«<oo
n JO

for each x £ X. The result now follows from Theorem 1. This concludes the
proof.

COROLLARY 1. Let {T(ξ;A);ξ^0} be a semi-group of class (Co).
Suppose that
(i ') B is a closed linear operator with D(B)Z)D(A),
(ii') there exists a constant K > 0 such that

for all x e
Then there exists an £0 > 0 which is finite or oo such that for each 6 with
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\S\ < So, A+εB defined on D(A) generates a semi-group of class (Co).

PROOF. For any λ > ω, BR(K; A) is a closed linear operator defined on the
whole space X and therefore it is bounded by the closed graph theorem. Thus
(i) implies the assumption (i) of Theorem 2. This completes the proof.

THEOREM 3. Let [T(ξ; A); ξ^O} be a semi-group of class (Co).
Suppose that
(Γ) B is a linear operator with D(B)DD(A) and BR(X; A) z S5(X) for

some λ > ω (or B is a closed linear operator with D{B)'DD(A)),

(ii") BT(ξ; A) defined on D{A) is bounded for all ξ>0 and

ϊ W(ξ)xldξ <oo*> for each xeX,

where for each ξ > 0, U(ξ) denotes the linear bounded extension of BT(ξ; A)
to the whole space X.
Then there exists an £0 > 0 which is finite or oo such that for each S with
| £ | < £ 0 , A+aB defined on D(A) generates a semi-group of class (Co).

PROOF. Let us put p(x)= I \\U{ξ)x\\dξ for xzX. If lim xn = xy then it
Jo w-»°°

follows from the Fatou lemma that

p(x)= Γlim \\U(ξ)xn\\dξ
JQ n- oo

^lim f \\U(ξ)xn\\dξ=ljm p{xn).

Thus p{x) is a lower semi-continuous function defined on the whole space X.
Furthermore 0^£(»<oo, p(x+y)^p(x)+p(y) and ρ(ax)=\a\ρ(x) for x,
yzX and any complex number oί. Therefore by the Gelfand lemma there exists
a constant K > 0 such that

Jo
\\U(ξ)x\\dξ=p(x) ^ K\\x\\ for all x s X

This implies the condition (ii) of Theorem 2, and hence the theorem follows
from Theorem 2 and Corollary 1. This completes the proof.

2) We note that for each xξX, U(ξ)x is Bochner measurable on (0, oo).
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The following result is due to R.S.Phillips [1].

COROLLARY 2. Let {ΊX£; A); ξ ^ 0} be a semi-group of class (Co). If
β ζ $(A), then for each complex number £, A+8B defined on D(A) generates
a semi-group of class (Co).

PROOF. B e 5J3(A) implies the assumptions of Theorem 3. We now prove
that £0 = oo. We define Bn similarly as in the proof of Theorem 2. For each
x £,Xy n > ω and λ > ω

ΛOO ΛOO

e-λmBnT(ξ;A)x\\dξ= e-^\\BT(ξ;A)[nR(n;A)x]\\dξ

= fe-λt\\BT(ξ;A)[nR(n;A)x]\\dξ+ f e^\\BT(ξ;A)[nR(n;A)x]\\dξ

= ΨΛ Ϊe-^\\BT{ξ;A)\\Adξ+e^\\BT(l)\\A [ e'^\\T(ξ; A)\\dξ]\\x\\.
n — ωlJo Jo J

Hence if we define rλ similarly as in Lemma 1, then for each λ > ω we have

λ»~ω

where M' is a positive constant independent of λ. The above right hand side
tends to zero when λ —>oo, and hence r=lim rλ=0. Thus it follows from the

λ—» oo

definition of £0 in Theorem 1 that θo =
 σ° This completes the proof.

4. In this sect in we deal with groups of operators of class (Co). We note
that if [T(ξ; A); — 00 < ξ <oo} is a group of operators of class (Co), then there
exist real constants M > 0. and ω ̂  0 such that

(4.1) ||7Xft A) II^ M exp(ω|ξ\) for all fc

and

(4.2) {λ; | λ |>ω)cp(A),

where p(A) is the resolvent set of A.

THEOREM 4. Let {7X£;A);-oo<g<oo} be a group of class (Co).
Suppose that
(i) B is a linear operator with D(B)DD(A) and BR(\;A)eϊβ(X) for

some real λ with |λ | >ω, {or B is a closed linear operator with D(B)Z)D(A)y)
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(ii) there exists a constant K > 0 such that

f\\BΠt,A)x\\dξ^K\\x\\
t/0

for all x € D(A).
Then there exists an £0 > 0 which is finite or oo such that for each £ with
|£|<£0, A+SB defined on D{A) generates a group of class (Co).

PROOF. From the resolvent equation we get

BR(μ; A)=BR(\; A) - (μ -λ)BR(λ; A)R(μ; A)

for all real μ with |/*|>ω. Then by (i) we have

(4.3) BR(μ;A)z%(X)

for all real μ with \μ\>ω. (If B is a closed linear operator with D{B)DD(A),

then we have the same result from the closed graph theorem.)
Setting T+(ξ) = T(ξ;A) f o r g ^ O , {T+(£);f^0} is a semi-group of class

(Co) and A is its infinitesimal generator. Thus by Theorem 2 there exists an
£x > 0 which is finite or oo such that for each £ with |£|<£i> A+SB defined
on D(A) generates a semi-group {T+(ξ;A+€B);ξ^ 0} of class (Co).

We next put T-(ξ) = 1\-ξ;A) for ξ^O. Then {T.(f);f^0} is a semi-
group of class (Co) and —A is its infinitesimal generator. By (4.2), μeρ(-A)

for μ > ω, and by (4.3) and R(μ; —A)=—R(—μ;A) we have

Bi?(>; -A) e »(X) for each μ > ω.

Moreover by the assumption (ii)

Γ | | B T . ( ^ | | ^ = f \\BT(-ξ;A)x\\dξ

= f ||B7Xl-fcA)7X-l)Λ||

= f \\BT(ξ;A)n-ϊ)x\\dξ

for all X€D(—A)=D(A). These imply the assumptions of Theorem 2. Then
there exists an £2 > 0 which is finite or oo such that for each £ with |£| < £2,
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—A-SB defined on D(A) generates a semi-group {T_(f; —A—£B); ξ^ 0} of
class (Co).

We now put eo=mm(8u82). Setting Sε(ξ) = T+(ξ;A+εB)T-(ξ; -A-SB) for
each £ with | £ | < £ 0 , Sε(ξ)x(x e D(A)) is (strongly) continuously differentiable
f or ξ ̂  0 and

and further Sε(ξ)x —• r as £ —> 0. It follows that S6(ξ)x=x for each :r € D(A)
and since Z)(A) is dense in X the same is true for each x € X. Thus Z+(J;
A+£B)T_(£; - A - 6 β ) = 7; a similar argument shows that T_(£; - A -
A + fJ3) = / and hence T_(£; -A-βJS) = [T+(ft A + βB)]-1. We define

-(-fc-A-fJS) forf<0,

where | θ | < β0. Then it is easy to see that {T(ξ;A+βB); - o o < £ < o o } is a
group of class (Co) and A + εB is its infinitesimal generator. This concludes the
proof.

If {T(ξ;A); - o o < g < o o } is a group of class (Co), then each # € $ ( A ) is
bounded on D(A). In fact, the assumption ||BT(5; A)||4<oo for ξ > 0 implies that

||Ac|| - HtBTXfe A)]2\-fc A)x\\MBT(ξ; A)|U||7X-fc A)\\ \\x\\

for x e D(A).
Finally we show that there exists an unbounded operator satisfying the

assumptions of Theorem 4.

EXAMPLE. We consider the Lebesgue space L1( — ooy oo) and we define

(4.4) [T(ξ)x](t)=x(t + ξ)

for all real ξ and x € Lλ{ — oo, oo). It is easy to see that {T(ξ); — oo< ξ <oo] is
a group of operators of class (Co) and D{A) is the class of all absolutely
continuous functions such that x(t) and x'if) belong to Lx(—co.oo).

Let b(t) be a function such that b(t) € Lλ{— oo? oo) and bit) ξLJ^—oo, oo),
and we define an operator B by

(4.5) [Bx](t)=b(t)x(t)

for Λ(ί) € Lj( —oo, oo) such that b(t)x(t) € L^—oo, oo). If J: ̂ X>(A), then x€ L^
(-00,00). This shows that
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We shall next prove that B is a closed linear operator. Suppose xn <= D{B),

\xn-x\\= [ \xn(t)-x{t)\dt^0 znά \\Bxn-y\\= J

Then there exists a subsequence {nt} such that limxnι(t) = x(t) a.e. t, and for
arbitrary S > 0 there exists a positive integer ne such that

f |6(O*»,t(O-;y(OI<&<S
• ' - c o

for n ^ rcε. Hence

[ \b(t)xni(t)-y{t)\dt<e

for wέ ^ nε. Passing to the limit as nt —>oo, by the Fatou lemma, we have

f \b(t)x(t)-y(t)\dt^6;

so that b(t)x(t)=y(i) a.e. t. Consequently x^D(B) and Bx—y. Thus β is a
closed linear operator.

Further

f \\BT(ξ)x\\dξ= j [j \b(t)x(t+ξ)\dt]dξ= χ\\

for all x z D(A).

Therefore the operator B satisfies the assumptions of Theorem 4. But the
operator JS isn't bounded since b ^LJ^—oo, oo).
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