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ON THE STRONG LAW OF LARGE NUMBERS
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1. In the present note fix), — oo<;r<oo, will denote a real function
satisfying the following conditions

(1.1) ff(x)dx=0, f f(xγdx=l, f(x+l) = f(x),

and R(N) will denote

R(N)=

where SN(x) is the iV-th order partial sum of the Fourier series of fix). By
nx < n2 < (for simplicity we shall occasionally denote ns by n(s)) we shall
denote an arbitrary sequence of positive integers satisfying

(1.2) ^Θ> 5 1,2,

P.Erdos [1] proved the following

THEOREM A. If fix) and {ns} satisfies (1.1) and (1.2) respectively, and
for a>l9

then for almost every x,

(1.4)
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In his paper, Erdos conjectured that the condition (1. 3) would be replaced
by the following condition

(L

Thus, there are both cases 0 < a ^ 1 in (1. 3) or (1. 5) in which we are
interested.

Our object of the present note will prove the following theorem, which
contains Theorem A in the two points, i.e. a and the rapidity of tending to 0
in (1. 4).

THEOREM. Let f(x) satisfy (1.1) and (1. 3), and let {nk} satisfy (1. 2).
If a real number Ί satisfies

(1.6) y>j--a for 0 < # =g J- or Ί=-2 for^<a,

then for almost every x,

(L7) k ^
Without any loss of generality we may suppose 7 < 0 for — < cί, so we

obtain the following corollary.

COROLLARY. If (1. 3) is satisfied for # > — , then for almost every x,

(1. 4) holds.

If we use the same method as the proof of Theorem A, we can prove the

following theorem, which is weaker than our theorem in the case 0 < oί^ —.
Δι

THEOREM B. // (1. 3) is satisfied, then for almost every x,

where 0 ^ a < 5 and 28 > I—a.



ON THE STRONG LAW OF LARGE NUMBERS 261

REMARK. The proof of the case a=0 of Theorem B proceeds the same as
that of the case cί > 0 of the theorem, but in our Theorem these do not hold.
Therefore the case a = 0 of our Theorem holds by Theorem B.

2. LEMMA. Let τ(s) and μ(s) be strictly increasing sequences of integers
satisfying for s = 1, 2,

(2. 1) τ(s)> μ(s)> 1.

If f(x) and {ns} satisfy (1.3) and (1.2), respectively, then for any positive
integers M and N such that 0 ^ M < N, we have

(2. 2) I Σcs[ST(s)(nsx)-Sμ{s)(nsx)γ dx
s = M

= Λ

(2. 3) Γ £ cs\f(nsx)-Sμ{s){nsx)γ dx
Jo _ „

iV-M A c*
< A

(\og(N-M)r ^

where As denote absolute constants respectively.

This lemma was proved by author in [2]. Though the proof of Theorem
is in need of (2. 3) and (2. 4) only, we prove the most complicated case (2. 2),
because (2. 3) and (2. 4) are analogous to (2. 2).

P R O O F . Putting

7(5, t)= Jo [Sτis)(nsx)-Sμ{s)(nsx)][Snt)(ntx)-Sμit)(ntx)]dx,

and let the Fourier series of f(x) be

/0*0~~ Σ apcσs(2vrpx+θp)9

p=l
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then for any pair of integers (p, q) such that

nsp = ntq, μ(s) ^ p^ r(s), μ(t) ^q^ τ(t)

5,01 = •
(P,Q)

, untq/ns

2

1
ι(loglog/t(ί))"(log(ί-5))α '

where t > s. lί s=t, then by the same way we obtain

Therefore we have

/

I iV

•2AΣΣ

cf
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N-M f dί

This is (2. 2).

3. We shall prove Theorem by two steps separately.
(I) the first step. We consider an equation

If d > 1 then it has only one root bigger than ea'\ and if 0 < a fg 1 then it
has only one root bigger than 1. If we denote this root by λ(s), where 5 > 50^

),
then it is easily seen that for s §: s0

(3. 1)

Let us put

(3.2)

λ(5)

exp[λ(s)]

Then we have for any real Ί and a such that a > 0,

3 - 1 .

lθgτ(5)

(3. 3) = Λ

53/4

Now we consider a trigonometric series

*) If 0 < α ^ l then 50 = l and if l < α then 50 =
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(3-4) Σ - J ^

and our object of this step (I), is to prove the almost everywhere convergence
of (3. 4) without any restriction concerning a > 0 and Ί.

We define by induction, a sequence {vk} of positive integers, i.e.

(3.5) ^ ^ ^

(3. 6) log τ(z/0) ̂  max(l +log θ, log τ(>0)).

Thus defined sequence {vk} evidently satisfies,

(3. 7) 0 < v0 < vx < ->oo.

Let us put for £=0,1, 2,

(3.8) Xk(x)= Σ „* Sris)(nsx).

Then frequencies of each term of this trigonometric series lie in an interval

(3. 9) Jk = [n(vk),τ(yk+ι)n(yk+1)],

so that Jk-ι and «7fc+1 are mutually disjoint, and in addition there exists a gap
[r(yk)n(yk)9 n(yk+1)] in these intervals. From (3. 5) and (3. 6), this gap intervals
satisfy the following formula.

(3.10) /* w*\ § ^ 1 " * -ΓT ^e * =0,1, 2,
V J i<yM?k) i{vk)

Now from (3.10), (2. 4), (3. 5) and (3. 3) we have
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< 4
S2(lθgs)2τ(lθglθgτ(s))«

This shows that the series ^Z X2k(χ) and ^ Xaλ +iĈ O converge in the L2-mean,

respectively, and there exist L2 integrable functions /^( r) and h2(x) such that

Combining these and the well known Kolmogoroff theorem [3], then the series

]P Xk(x) converges almost everywhere.
0

Now for the proof of the convergence of (3. 4), it is sufficient that,

Making use of the well known Menchoff's devices, we have the left hand
side of (3.11)

log(y*+i-yfc) (vk+ι-vk)2-v-l Γl r-vk+(u+l)2υ ^ 2

_ Λ
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By (3. 3) this last series is convergent, so that we obtain (3.11),
Thus we complete our object of this step, i.e. for any a > 0 and 7.

converges almost everywhere.
(II) the second step. In this step we shall prove

(3.12) a e >

5 1 5
provided that (i) 0 < a ^ — and 7 > — —a, or (ii) a > -77and 7= - 2 . Its proof

Δ Δ Δ

is analogous with Erdos' one and only different point is to make use of (2. 3).

Let 0 < a ίg — and Ί > -^r — a. For the proof of (3.12) we may suppose
Δ Δ

that Ί is sufficiently near to -77- — oί, so we assume that
Δ

(3.13)

(3.13) < a ̂  - | and - 2 ^ - | - α < y < 0.

Now we proceed on the same line as Erdδs. For any positive integers z
and N such that O^z

(3.14) \Λnsx)-Sτ{s)(nsx)Y dx

<c A
N

(logiV)«

Therefore putting

z+N1

Σ >
then
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mM{z9 Ny λ ) ^ A M 1

 λ

Nγy+a Σ 1 , ) γ .

Hence we consider special cases of the above formula

(3.15) mM(l,2"-l,λ)< 9 ; f ΐ + a K

(3.16) mM[2n+2u'2n-k,2n-\

A(k+iy

where 0 ̂  u < 2*"1, 0 ̂  k ̂  n, 0<w<oo and λ is a positive number.
Writing

Mn=M(l, 2»-l, λ)u (01} 'M2"+2« 2-*,2-*,

then

=P+Q

Making use of (3.1), (3.13) and (3.13'), then whether or not 27+Λ^O, we
have

p=

^ 5(lθgs)2γ+α(lθglθgτ(5))«
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A

£ s(\ogsr^

and

^,tί tr.
n + k(rJ_L\27+a. /LJ

A ^ 1

- Λ 2 Z ^

That is to say

(3.17) mMn<oo.

Now we suppose that 2n < m < 2n+1 and | Ύ | ^
Borel-Cantelli lemma,

(3.18)

provided that

and let us apply the

1 n-k

\jMn,

where m ( lim sup Mn I =0.

If (3.13') holds, then - 2 < 7 < 0 and from (3.18)
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n - l _,

[f(nsx)-SτW(nsx)]

[n/2] n-l

T + v

f -,IYI °° 1

( 1 F Σ

M

Irl

^ Σ
+ 1 ;
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On the other hand if (3.13) holds, then 0 < γ < 2 and

Since λ > 0 is an arbitrary positive number, in both cases (3.13) and (3.13 ),
we obtain, for almost every x,

Thus from (3.19) and the convergence of (3.4), we conclude that (3.13) and
(3.13') imply (1.7).

Lastly we must consider the case (ii) a > —and 7 =—2. But in this case

we can apply the same methods as the above calculus, so that we omit it.
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