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In a recent paper [1] J. Krzyz and M. Reade have proved the following two
theorems.

THEOREM 1. Suppose that

f(z) = z + a2z* + ........

and

g(z) =

are analytic in the unit disc D and suppose that Re '̂ r- >0 in D. If g(z)

is univalent in D, then f(z) is univalent and star-like in the disc \z\ <2—V~3~
This result is sharp.

THEOREM 2. Suppose that

f(z) = z

and

g(z) = z

are regular in the unit discD, and suppose that ^-^- —l<linD. If g(z)
g(z)

is univalent in D, then f(z) is univalent and star-like in \z\< ——.
«j

This result is sharp.

In this note we shall prove the following theorem which generalizes the
above two theorems.
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THEOREM 3. Suppose that

f(z) = z + azz
2 +

and

g(z) = z

are regular in the unit disc D, and suppose that ^-f^r — oί <oί (oί> j in
g(z) \ 2 /

D. If g(z) is univalent in D, then f(z) is univalent and star-like in

121 < mini r, tanhί—-jj, where r is the smallest positive root of the equation

(l - —V ~ 3(Ί - —V - 3* + 1 = 0.
V a > \ a /

The number r is sharp in the sense that f(z) is not star-like in a larger
circle.

The proof of the theorem depends on the following lemma due to J. Krzyz
and M. Reade [1].

LEMMA. Let

g(z) = z + bzz
2 +

be analytic and univalent in the unit disc D. Then the inequality

holds for | z | ̂  tanh -ί- = 0.46212 .
Δt

The bound (1) is sharp for each z, it is attained by a rotation of the Koebe's

function K(z)= * .
(,1 z)

PROOF OF THEOREM 3. Let



R. M. GOEL400

then

(3)

Let

(4)

then

(̂0) = 0 and

Therefore,

/ r~ \ i / \

V " ) YΊv2-) ==

here 9>(z) is analytic for |z| <1 and \φ(z)\ ^I. From (2), (3) and (4) we get

f(z) _ l + zφ(z)

By differentiating and simplifying (6) we have

(7)
(1+ ̂ «))l + - —

Taking the real parts on both sides of (7) and using (1) gives

(8) Re

Now, for

l+\z\

(2—1-

(-1- -

(-1- -1) zφ(z)) I ̂  (1 -



THE RADIUS OF UNIVALENCE

On the other hand, for a ̂  1,

Hence, in either case, we have

401

(9)

(8) gives in connection with (9)

1— \z\

ϊ+W\ 1- JL1 zφ(z)I + (-1- -l) \zφ(z)I2

where we used the estimate \φ'(z)\ ^ \ \2 [2, p. 18].

After some simplification we get

(10)v ' — - \zφ(z)\

It can be easily proved that

(11)
\zφ(z)\(l-\Z\*)+\Z\\l-\

Hence from (10) and (11) we have

(12) Re
L — z

f(z) J = 1+|*|
--1 *



402 R. M. GOEL

which holds for |^|^tanh-—.

The function .f(z) will be star-like if Re Γ zf& 1 > 0, that is if
L f(z) J

1-1*1
ι+l* l

or, if

(13)

Let

P(x) = l-

Now we observe that P(0)= 1>0 and P(l) = -2^2-—^ <0. Therefore the

smallest positive root of the equation P(x) — 0, lies between 0 and 1. If we
denote this root by r, it follows that the inequality (13) holds for x=\z <r.

Hence, we conclude that/^z) is univalent and star-like for \z\ <minf r, tanhί — j j.

We proceed to show that the result is best possible. Take

</(*) =
(I-*)2 '

1 +

Now

1 Λ*) _
a. g(z)

l+z -1
(i--

when I z I <1 and — 1
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Also

*f (*) -
/(*) ~~

1
z

i 1 i 2
1 l+z ' l-« j

(i-0 1
+(v-02

= 0.

When

It follows that vanishes at z=r, showing that the number r can not

be improved.
This completes the proof of the theorem.

REMARK : Theorems 1 and 2 are special cases of Theorem 3 and follow
from it by taking oί= oo and 1 respectively.
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