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Introduction. In this paper we shall show some properties of product
manifolds by means of the characteristic classes. For this purpose the
Hirzebruch's multiplicative sequences play the basic role. It will be shown that
the Fermat's problem is related with topology by means of the multiplicative
sequences.

1. Throughout this paper we shall deal with the compact orientable
differentiable manifolds and use the following notations:

Xn a compact orientable differentiable manifold of dimension n.

pt( € Hu(Xn, Z)) . . . .Pontrjagin class.

Jt( * H4i(Xn, Z)) . . . .dual Pontrjagin class, (l + Σ A ) U + Σ A ) = 1 •
\ iS l / \ i^l /

wt( € H'(Xn, Z2)) . . . .Stiefel-Whitney class.

wt( € H*(Xn, Z2)) . . . -dual Stief el-Whitney class. (l + Σ wi) (l + Σ«M = * •
\ i^l / \ ί^l /

p'ί(ζ Hu(Xn, Z)) . . . .a characteristic class defined by a differential form

dίl[ΛΛΩΛΛ ΩyllΛ]

where Ω denotes the curvature form and cί denotes some constant. ([!])

First we recall the known facts:

(a) Differentiable imbedding.

If XWC En+r, then wt = Q (i ̂  r) and A = 0 (2ί ̂  r) ,

where En+r denotes the euclidean space of dimension n-\-r. ([9])

(b) If X4ne£8n_2α, then A(X/ίn)=0 mod2ί+1, and if moreover q=2 mod 4,
then
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where A(X4n) denotes the A-genus of Xίn. ([2])

(c) If X4n is connected and almost parallelizable, then

A = 0 (n-l^i^l). ([3])

(d) If Xn admits a continuous field of (n — &)-frame, then

P'i = 0 (2ί ̂  £ + 1) and wi = 0 (ί ̂  £ + 1). ([4])

(e) If Xn is ^-parallelizable, then

Pi = 0 (k ̂  4; ̂  4) and w, = 0 (k^j^ 1). ([5])

(f) If Xw admits a Riemannian metric on which the g-sectional curvature
is constant, then

pj = 0 (2j ̂  q g: 2) ,

where g denotes an even integer. ([6])

Next we put

and define a multiplicative series

(1. 2) 1 + Σ^i(A> > A)*' = H (1+ΊV + + ̂ ^n + •••)>

where cfs denote some rational numbers. For example the index and the
A-genus are expressed as follows:

(1.3)

(1.4) i + £Lt(A, •••,/».)«'= Π = Π
i

(1. 5)

(1.6) ι

λsι

θ2fc+l/02A:-l_- |\
1 , V^ / - |\fc ^ W _ Z/_"
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where Bk denotes the k-th Bernoulli number. ([7])
It is known that for any pair of manifolds X4w and Y4n the following

relations hold :

(1. 7) KΛ(plt "', Pn)[Xίn + Y4 „] = Kn(plt •",

and

(1. 8) Kr+t(plt , ρr+s)[Xtr Xίs] = Kτ(plf , ρr)[Xtτ} K,(plt " , p.)[Xu] .

Moreover it is known that two manifolds Xn and Yn are cobordant if and
only if all Pontrjagin and Stiefel- Whitney numbers of Xn coincide with those
of Yn. The torsions of the cobordism group are of order 2. ([8])

2.

THEOREM 1. Let X±n be a connected and almost parallelizable manifold
and let Y±n be a manifold with constant q-sectional curvature (2n gr q ̂  2).
Then, in general, X±n and Y4n belong to the different cobordism classes. If
X47ϊ~-Ύ4rϊ, then it necessary that

2X4 n-0 and 2Y,n - 0 ,

'where ~~ denotes "cobordant".

PROOF. From (c) we have

(2.1) A = 0 (n-l^ί^l)

in Xίn. On the other hand we have from (f)

(2.2) Λ = 0 (2j^q^2)

in Y4w. Therefore the Pontrjagin numbers of X4n are zero except pn[Xίn], while
PτiXin\ = Q' Hence, in general, Xίn and Y4 n differ in their Pontrjagin numbers
and they belong to the different cobordism classes. The exceptional case is
the one where pn[X^n] = 0. Then the cobordism components of Xίn consist only
of torsions, i.e. 2X4w is bord. Q.E.D.

Next we consider the product manifolds. Let 2X4n^O, i.e. the cobordism
components of the X4w consist only of torsions. Then the manifold Xin

k

= X±n Xίn ..... X4w is of the same property. The converse is also true, i.e.
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(2. 3) 2X4n* ~ 0 — 2Xtn ~ 0 ,

because

X*n ~ Σ ^..^P^c) P2i*(<0 mod torsion,

where Pi(c) denotes the complex projective space of complex dimension z", and
oί's denote some rational numbers.

THEOREM 2. Let X4?i, Y4?ϊ and Zin be any triplet of manifolds for
which

where [Kn(pl , , />„)} denotes a multiplicative sequence, for example the
index, the A- genus etc.. Then the relation of the form

X±n

k + Ytn

k ^ Ztn

k mod torsion

doesn't hold, where k ̂  3 and we assume that the equation

xk 4. yk = zk xyz ^ 0

doesnt admit any integral solution.

PROOF. If

(2. 4) X4n* 4- Y in* - Z4n* mod torsion,

then we have

(2. 5) ^,[X4/] + Kkn[Y<n*] = Kkn[Z,n

k}

which leads to

(2. 6) (κn[x.ny + (κn[Yίn\γ = (κn[z,n}γ .

Since Kn[Xίn]9 ^^[^4^] and Kn[Zίn\ are non-zero rational numbers, the Fermat's
equation

(2. 7) xk + yk = zk

must have an integral solution, Q.E.D.
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3. Let a product manifold Xίn

k be connected and almost parallelizable.
Then we have from the formula given in [3]

02fcn/02fcn-l _
Λ) -IN _ / - k\ __ ^ \Δ __

± n 4 n — (2kn) !

and

(3. 2)

Hence we have

(3.3)

and

— 1/ίc

(3.4)

Of course r and A are integers. Therefore, if either

(2kn)\

is irrational, then we have

(3. 5) Pn[X*n\ = 0

which leads to

(3.6) A»[*4n*] = 0.

Hence we have

(3.7) 2X4n*-0, i.e. 2X 4 n^O.

Thus we have the

THEOREM 3. If X^n

k is connected and almost parallelizable and either

-Bknr w |2(2fcθΓJ
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is irrational, then 2X±n — 0.

Next we consider an equation of the form

(3. 8) M4fcX4n

m+M4α+w)X4w

m-1 + • + M4α+m?0 - 0 mod torsion,

where k,m,n^I and M4ί's denote some known manifolds and X4w denotes
unknown manifold. Let Kn(pl , , pn) be any multiplicative sequence. Then
(3. 8) becomes

(3. 9) a0X
m + ̂ X™'1 + + αw = 0

where

at = ^fc+ni(/>ι , , A+ni)tM4<*+nt>] , i = 0, 1, , ra ,

Therefore, if (3. 9) doesn't have any rational solution, then the relation (3. 8)
is impossible. For example the relation

(3. 11) X4n

2 + 3P2JC(c)X,k + P4fc(c) — 0 mod torsion

is impossible, because (3. 1) leads to

(3. 12) τ(X4fc)
2 + 3τ(X4fc) + 1-0 ([7] p. 85).
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