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A NOTE ON CONVERGENCE AND SUMMABILITY FACTORS

J. CLEO KURTZ

(Received June 20, 1967)

This paper deals with summability factors of the type which transform
summable series into absolutely summable series, i.e., factors of type (A4, |B|).
All matrices under consideration will be normal (a,,=0 for &£ > n; a,, # 0).
Theorem 1 gives the summability factors of type (A4, |B|) for a class of
matrices where A satisfies a certain mean value theorem and |A|C|B].
In Theorem 2 the inclusion requirement is dropped and A is taken to be
a weighted arithmetical mean. Theorem 3 gives (4, |I|) factors, A having
a mean value theorem. Theorem 4 uses an induction argument to obtain
factors of type (A¥, |B|), where A¥*=AP*, P is a weighted mean, and the
factors are known for (A, |B|). Finally, applications are given for specific
methods.

1. Definitions and theorems.

DEFINITION 1. If a method A has the property that given integers
n,m with n=m there exists an integer n° and a constant K depending
only on A such that
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then A is said to have a mean value theorem.

DEFINITION 2. If > a,&, € |B| whenever ) a, € A we say that
&, € (4, |B)).

DEFINITION 3. The matrices A and A are defined by the equations

n

n
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ApiSk = Z ApkQr; Op — Op_y = Z: Ak A
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where as usual s, = @, + «++ + a,.
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LEMMA 1. If A has a mean value theorem and s, < A, then s,,=O<-a—1——>.

PROOF. See[4], Lemma 1.

THEOREM 1. Suppose A has a mean value theorem, > @, =1, an X0

k=0
as n/10, an>0k=n),- ‘/Z\nk/‘ls k/’(k =n,m >n). Also assume B is
regular, bnk = bn+1,k (k é 77-) ‘Al |B| and O (:k+1 k+1>
k+1,k+1

Then &,<(A,|B|) if and only if

(l) enzzdkan; Z Iak‘<oo
k=n k=0
.. = b,
(i) > g, | <oo.
n=0 nn

PROOF. A partial summation gives the formula

n A n A n A
Z bnkakek = Z bnkskAgk + Z (Akbnk)skek+l

k=0 k=0 k=0

=A,+ B,.

The author has shown ([4], The proof of Theorem 1) that condition (i) is
sufficient for >_ 5,A& € | A|, hence by the assumed inclusion we have ) |A, | <oo.

n=0
For the remaining term we have the estimation

o

o) z [estl 5~ (5B |

—o %k

M

n=k

< O(l) S“ bk+l k+1 [ek+1\ < o .

oo @k+1,k+1

Thus the conditions are seen to be sufficient. To show the necessity of (ii) we
introduce the inverse matrix.
LN n no n
Z bnkakek = Z O'j Z bnka kjSk = Z AM-O'J- .
k=0 j=0 k=4 7=0

Since the matrix (A,;) transforms every convergent sequence into an absolutely
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convergent series it is necessary [7] that

Il
M

= bun
2 1A L &l <o
n=0 n=0 nn

The necessity of (i) follows from a theorem of Peyerimhoff [6] since

&, < (4, |B]) implies &, € (4, B).

THEOREM 2. Let P be a weighted mean with p,,>() P, — oo and

n

B :O(P"“> Suppose in addition that B sasisfies Z b =1,b,,\0 as
Pn Pn+1 k=0

n/ o, b, =0(0u1n41). Then & < (P, |B|) if and only if

(i) e= % a(1-32); T la <o
(i1) z.: LPuban |€,] << oo

PROOF. The necessity follows from Theorem 1. Computing the B transform

of 3" a,& we obtain the formula

Z bnkakgk Z g; Z bnkplcjgk
For the sufficiency it clearly suffices to show that

oo,

n A _,
Dbt k€| <

w oo
j=0 n=j

A straightforward computation gives the formula

5 &A, b,., + Pb,,,A

=1+ 11+ III.

n ~ _, P
2 buih ks = > &l b,, 1
k=i

PJ P.H'l

For 1 we calculate

> D \elZIAbwl—zi

[&] << o0,
joPJ n=j
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In case II we use the representation (i) to obtain

A& - = .
( ij > B =>" |a;| < . (Note that our assumptions
n=j+1 Jj=0

imply/1\3 is positive and absolutely regular [4].) In case III we have

> P,|A

J=0

Z P'j [81+2| Z ] Ajbn,j+ll = 2 Z ! 181+z|b_1+1,j+1
j=0 LJ+1 n=j+1 j=0 £7+1

P,
= 0(1) Z ! : bjiaj4a|Ejral < oo

Fm0

THEOREM 3. If A has a mean value theorem and a,,, .., = O(a,,), then

&, € (A, |I|) if and only if Z lae nl

n=0 nn

PROOF. The necessity follows again from Theorem 1. On the other
hand,

Z | @il —Z || |5k — Sk- 1|<O(1)Z

k=0 n=0 k=0

using Lemma 1 and the condition on the diagonal elements of A.

DEFINITION 4. If &, =" a.a;, with > |a,|< o we say that &,
— k=n k=0
=&,(4,a).

DEFINITION 5. If 5,_, € A whenever s,< A we use the notation ACA.
The notation |A|&|A| is defined analogously.

THEOREM 4. Let P be a weighted mean and suppose A, B and P satisfy
the following condions.

(1) £>0; p_m,%:l _0(11;1)

(2) A has a mean value theorem;a, ., n.1 = O(a,,) and Y |a. | <M

k=0

(3) > bu=1; b, \0asn oo

k=0
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(4) B = 0@,0); 2en = O Lo

nn an+1,'n+l

(5) ASAP; |B| < |B|.

If 5

n=0

xe,,(A_ﬁ‘,a). < oo implies &, € (AP*, |B|) for k=1,2,---

Bun 8,,(A a)| < oo implies &, € (A, |B|), then also Z

(5) e

n=0

LEMMA 2. Let D=CP. If D and C have bounded columns, and if
CS D, then for every a= {a,};>_ |a,| <o

n=0

oo

(@) there existsB ={B,};3. |8.|< o such that &,(D,a) =&,C,B)

n=0

(b) there exists a¥ = {V,}; Z |7, | < oo such that A&, (D, a)— v &.(C,v).

n=0 'n 1

PROOF. See [3].

LEMMA 3. IfS bu=1, bu \ 0 asn 7 oo, and 5 a = =O(b,.), then

k=0

S |Bas = L5 Buens | = Ou0).
n=kKk
PROOF
has N P _ had oo
Z bnk Pk ' n,k+1 éz I/b\'nk_/\n.k+l‘ +% Z Z\'n,k+l=0(bkk)-
nmk k n=k k n=k+1

LEMMA 4. If A has a mean value theorem, a,., .., =0(a,,), and P&'—”—
n+1

=0 (L), then s, < AP* implies 5, =0 (2 (£=))

PROOF. See [5], Theorem 1.14.

PROOF OF THEOREM 4. Consider first the case 2=1, and let 9,
= Pp" A&,(AP,a). By Lemma 2, 8,=8,(A,Y) and



118 J.C.KURTZ

oo

x| ns, |00 |5 Letee, 4 2

hence 8,(A,v) < (A, |B|). Setting B = BP'P and performing a partial
summation yields the formula

bun g,

nn

n+l.n+lP'n+1

Enri | [ <00,
an+1,n+lpn+l k

S brauAP, @)= 3 (BP'), (AP, @) Py(a)+ zbnk 1;" 2 pg, \(AP,a) P, ()

k=0 k=0 k= k-

n

= }: (BP )nkek(AP a)Pk(a )+ Z bnksk 1(A rY)PIc (@)

k=0

=I1+11

k
where Py(a;) = z Dua, = o 50— P, Now if ¥ a, < AP then 3 Py(a) < A,

k=1 4=
hence > SkPk(a,-) € |B|, but then also 8,‘_,/1}’,‘_,(&-) ¢ |B].

For I we have the estimation

oo n

Z Z(/B?’)nkekﬁc(ai) =

n=0| k=0

o3| &

<oy | D

oo | Pelrx

nk P n,k+1
k

oo | Pl

making use of Lemma 1 and Lemma 3. This completes the proof for £2=1.
The induction step is completely analogous to the case just proved. We
simply write AP**' = (AP*)P and use Lemma 4 instead of Lemma 1.
COROLLARY. Let P™ be a weighted mean which satisfies the conditions
k
of Theorem 4 for each i =1,2,---, and set A* = A [ P®. Suppose also
i=1
that ACAPWC - .. CA*,
If Z bun. &4, a)|< oc implies €, € (A, | B)), then also Z
implzes 8 e(A ,| B)).

7!
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2. Applications. In Theorem 1, take A= (C,a) and B=(C,B), where
l<a=p=1L

A typical application of Theorem 2 is the case P =(R,log(n + 1),1), the
discontinuous Riesz mean of order 1, and B =(C,8), with 0=/ =1. It is
easily seen that P is equivalent to the weighted mean Q, with ¢,=1/(n+1).
Using this fact together with Lemma 2, part (a), we invert the representation
(1) of Theorem 2 and arrive at the equivalent statement that &, € (P, |B|) if
and only if

@1y > n log n|A%,| <o
Gi)’ > n'* log n|&,| <.
n=1

If 8=0, then (ii)" alone is necessary and sufficient, which one may also obtain
immediately from Theorem 3.

Finally, we let A=(C,a) 0 <a=<1) and B=P = (C,1). Theorem 2 and
Theorem 4 together give the summability factors (C,, |C,|) for a > 0.

The theorems proved here clearly cover a much wider class of methods
than just the Cesaro means, but on the other hand it would be desirable to
be able to offer a complete generalization of the Cesaro results. One would
at least expect Theorem 1 to be true when |B|< |A|, perhaps with other
minor restrictions. This question remains open.
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