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1. Introduction. Let X={X,, &, 7 =1} be a martingale on a probability
space (Q,F, P), where &, CJ.C - -- are sub-o-fields of §. Denote d,=x,—x,_,,
Zo=0, s, =(x; + +++ + x,)/n for n=1,2,---.

The classical martingale convergence theorem asserts that

limz, =lim(d, +---d,)=d, +dy + - -+ (1)

n—oo0 n

exists (and is finite) almost surely, if X is L'-bounded: sup E{|x,|}< . D.G.
Austin [1] (see also Burkholder [2]) proved that the series

di+di+ .- (2)

converges almost surely under the same assumption on X. And, D.L.
Burkholder [2] obtained further remarkable properties of the Austin series (2).

In this note we shall prove, along the Burkholder way, some results on
the following two series

N(X)=Z_—|—x~"—;$¢ (3)
and
m(X) = 3 |25l (4)

k=1

where 7n, <n,< ... are positive integers such that ¢, =n../n,=q, >1
(k=1,2,.-.) with constants g, and q,.

In the case of L>bounded martingale, the sequence {d,} forms an
orthogonal system, and the almost sure convergence of the three series (2), (3)
and (4) will be easily obtained (see for example [6] 1I, Chap. XIII, XIV, XV).
The last two series correspond to the so-called Littlewood-Paley functions for
Walsh and trigonometric series.
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Throughout the paper we denote by A an absolute positive constant and
by A, a positive constant depending on the indexed parameter p, both letters
are not necessarily the same in each occurrence. Further, the martingales
treated in this paper are assumed to be real; this convention does not restrict
the generality of the results.

-2. Convergence of martingales and the series A(X) and =(X).

THEOREM 2.1. If X={x,, Fn,n=1} is an L'-bounded martingale, then
the series MX) and m(X) converge almost surely.

PROOF. Denote by A, = A(X) and 7, = m,(X) the n-th partial sums of
MX) and m(X) respectively. Then

N

1
7\:N = Z'n_‘ (:rn"‘sn)2

n=1

-2 4 (e 1)4)2

N 1 n N 1 n k-1
=3 g2 (k=1di+ 2> 5> > (j-1)(k-1)d,d;
n=1 7’1 k=1 n=1 n k=1 j=1
= SP + 259
say. Clearly,
N N N
SP =Y k-1r2diS n* =AY d}
k=1 n=k k=1

which is bounded as N— oo, almost surely by the Austin theorem stated in
k-1
§1. On the other hand, as > (j—1)d; =(k—1)(xx-1—5Si-1),

j=1

S(2) = Zn—s Z (k 1)2 ]c(xk, 1™ Sk l)

n=1

2

:Z(k 1) (xlc 17— Sk- 1)d Zn

k=1

2

= Z(k 1) (xg-1—$5-10(Cio1—Cy) dy
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oo

where C;_,= ) n*~j?as j—oco. The sums

n=j

SP = Z (k—1)*(xp-1—5-1) Cxondy (N=1,2,--+)

k=1

form a martingale transform defined by Burkholder [2], since the k-th
multiplier (5—1)*(x;-,—5;-1) Ci-, is clearly measurable J;-,. As limx,=lims,

n—o0 n—roo

exists almost surely by the convergence theorem, the multipliers are bounded
almost surely. Hence by the Burkholder theorem ([2] Theorem 1), lim S
N—oo

exists almost surely. Now, by the Abel transformation,

SP =Cy

Z (A—1)*(xp-1—Si-1) A

N
2 (& —sm) dy |

j=1

N k
=Cy X @R=D| T @m— 5,20 d;| + CaN?
k=1 Jj=1

Since x;_; — s;-, is measurable &,.; and bounded in ;j almost surely,

k
lim 3 (x;-, — s;-1)d; also exists almost surely by the same theorem of
k—oo i1

Burkholder, therefore

SP < Cy 3 (2k—1) O() + Cy N?O(1) = O(1)

k=1

almost surely, where O(1) means a finite valued random variable independent
of N. So that, |SP|=|SP|+|S®| = OQ) almost surely, and hence |Ay|
=|SP|+2|SP|=0(@1) almost surely. This proves the almost sure convergence
of MX).

Similar estimation will be applied to the series m(X). We notice that,
as n, < mn, < --- form a lacunary sequence of integers,

Diy= 2. n?= A5 (j=L2,--+).

k=g

Now, expanding as before,

(X)) = 3 (Zne—Su)?

N 1 nE N 1 e J—-1
=2 2 G- di+22 -5 32 (—-1(-1)d.d,
k1 M o k-1 e G i
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= TP+ 2T

say. Then,

Ty =3 G-1'd} &

j=1 k=g
nN
—AY 4}
Jj=1

which is bounded in N almost surely by the Austin theorem. And,

Nk

N
T9 =2 n* 2 (j—1)x5-1—5;-) d;

k=1 j=1

= Z (j—'1)2(.1';_1—5,-_1)(D;_1—Dn~) d, .
j=1

Since the multiplier (j—1)%(x;_;—s;_,) D;_; is measurable ,_;, and is O(1) as
j — oo almost surely, the martingale transform

T9 = Z U—=D*x;o1—s;-1) Ds_1dj_,

Jj=1

converges as N — oo almost surely, and as we have just shown
nN

TR = D,y 3 (G—1)x;-1—5;-1)d; =S5, = O(1)
j=1

as N— oo, almost surely. Therefore
TP = TP + |TV] = 0Q)
as N— oo, and my(X)=|T®| +2|T®|=0(1) as N— oo almost surely. q.ed.
This Theorem can be carried over to the submartingale case.

COROLLARY 22. If X = {x,, §n,n =1} is an L'-bounded submartingale,
then both series MX) and m(X) converge almost surely.

PROOF. The submartingale can be written as
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Tn =2, + DA n=1,2,+++, A, =0)

j=1

where {z,,J., n =1} is a martingale, A;=0 and A; is measurable ;_,
(j=1,2,--+). Denote

dnzxn—xn-x’ dn:xn_xn—1;

= (@it T, Sa= (Tt - 4T,
n n

then

dn = d;l. + An,

, 1 2 .
Sn=5n+_—2(n—]+1)A.“
n

and

xn—snz(x;,—s;)+LZ(j—l)Aj.
n

As the sequence {z,} is L'-bounded, so is the sequence {zx,}, and
> A; < oo almost surely (Doob [3] p. 297, Theorem 1.2). Therefore

Jj=1

oo

R RS N N

n=1 n

and the first series in the last hand side is convergent almost surely by

Theorem 2.1; the last series is also convergent, in fact, by the Minkowski
inequality,

oo n 27J1/2 o o 1Nz A2 1/2
> L (zi-va)) | =x|z YA
n=1n j=1 j=1Ln=j n
<. > 1 1/2
ész,-(Z_:';—ﬁ—

< AS A,
j=1

which is convergent almost surely.
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The series m(X) will be treated similarly.

LEMMA 23. If {x4Fnn=1} is a martingale and E{NX)"?} < oo,
then sup Ef|xzy—sy|} = AE{NX)2.

PROOF. As we see easily {n(x,—s,)} forms a martingale, the sequence
{n|x,—s,|} is a submartingale and the submartingale inequality shows that, if

N < n, then

E{N|zy — sy|} = E{n|x, — sal} -

Hence
B{lzv—ssl} = 3 BIN|zv—syl}

1 2N

= E{n|x,—s,
e 5, v
1 2N

= | 2l
1 { 2N 1/2 2N 1/2

S R N

n=N+1 n=N+1

1 2N 1/2
é AE {I:Tf Z (xn_sn)2] }
éAE{[ 5 (x,.;sm ]’}
= AEMX)Y ged

REMARK. In the case p=1, the inequalities sup E{|zy|?} < oo and
sup E{|sy|?} < oo are equivalent (see [5]), and then by Theorem 3.1 in the
N

next §, the conclusion of Lemma 2.3 will be extended to

sup E{|xzy—sy|?} = A ENX)"?} .

THEOREM 24. Let X = {z,,Fn,n =1} be a martingale, and suppose
that E{sup|d,|} < oo. If one of the expectations E{NMX)"?} and E{m(X)'?}

is finite, then lim x, exists almost surely.

n—s00
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PrROOF. (i) Let E{MX)Y?} be finite. There exists a finite constant K
such that
1 N 1 n 27J1/2
E{Ay(X)'?} = EII:Z Py (Z (k—1) dk) :I } <K
n=1 k=1

for all N. By the Khinchin inequality of the Rademacher system (see for
example [6] I, p.213), the second side is not less than

AEU:

> 3;13(/? > (k—1)d, ‘ dt}

n=1

4f o
;AfolE}

vV

I IEAS

|a

i(k—l) d, R,c_l(t)”dt - Af1 E{

i (k—1)d, RN(t)\ }dt

say, where R, ,(£) = >_n~*?r,(t). Hence
n=j )

IV <AK + AI®
for all N, and

IP = AE

i(k—l) dy,

}f |Ru(t)| dt

(=)

)

|

‘NL‘(k—l) dy

k=1

IA

AE

IA

AE

—

1 N
- > (k—=1)d
= AE{|xy — sy|}
= AK
by Lemma 2.3. Therefore I < AK for all N, that is,

I3

i (k—1) R;_s(2) d;

k=1

}dt<AK
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N

for all N. Since {Z (B—1)R._.(2) dk} is a martingale for any fixed ¢, the

k=1
integrand of the left hand side is nondecreasing in N, so that

[ 2w

N

|
Y (k=) R, () s de< AK,
k=1 !

N
S (B—1)R,_,(2) dk]\ } < oo for almost all £. Applying the

k=1

and then sup E{
N

Austin theorem,

i (B—1)*R,_(¢)’d} < o

k=1
for almost all (¢, @) €[0,1[ X Q, and then for almost all fixed » € Q, the above
inequality holds for all z< E,c([0,1[, where E, is a full set. Hence by the

Egorov theorem, for such ®, there exist a constant K=K, and a set
F=F,CcE,, |F| >0 such that

Z (k_‘l)z Rlc—l(t)z dl? <K
k=1
for all te F. Integrating both sides on F and using the Khinchin inequality,
KIF| = % (k=17 df [ Reoi(oy de
F

k=1

ZAY (k=1pdi > n
k=1 n=k

v

A di,
k=1

that is, > di < oo almost surely. By a theorem of Burkholder ([2] Theorem
k=1
4), lim x, exists almost surely.

(i) Now, let E{m(X)"?} = M < oo. Then for all N, as in (i),

M=z=E {[i (:cm—snk)2]l/2}

k=1
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ol 2
_a f { rk(t) H

J<nk<n1v
1 ny
0 j=1

= AJP — ATY

1, N

2 7)o — Sn)

k=1

v

j——l)d,S,-_l(t)’} dt — AfE{

5 G—1)d, S, (2) \} dt
i=1

1\%

say, where S;_,(t) = >_ r()/n; .

k
J=ng

For any positive integer j, let %, be such that 7, =< j < 7,,,, then by the
condition 7,,,/7, = g, it is obtained that

Zn_2> Z ngt = ngha > g3t

]Sn T=ko+1
1t follows that
n 1
7y = A€ M 101 4
=1 0
1 1/2
= 48{| 2 G-a,|(= ;)
P
ny2ny
éAE{ *ZU 1)d, }
N j=1

= AE{|Zny — Snyl}
= AE{=(X)"*}
=AM,

and JP < AM + AM < AM for all N. As in the case of A(X), the sequence

2 G-DLS0]  (V=12e0)

forms an L'-bounded martingale for almost all t,. and the Austin theorem
implies that
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i G=12d;S;-\(2)* < oo

Jj=1

for almost all (£, w)€[0,1[x Q. Hence, just as for MX), D d? < oo almost
j=1
surely, and lim x, exists almost surely. q.e.d.

n—>c0

THEOREM 25. Let X = {z,F.,n=1} be a martingale and let
E{supld |} < oo. Then (i) lim x, exists almost surely on the set {NX) << oo

N0

and sup|x,—s,| < oo}, (1) MX) < oo almost surely on {supx, << oo}, (iil)

lim x, exists almost surely on {m(X) << oo} and (iv) n(X) < oo almost surely

n—oc0

on {sup x, < co}.
PROOF. (i) Let ¢ be a positive constant. Define
m = m(w) = inf{n; M(X)=c? or |x,—s,| =c}

where put inf ¢p=o0. Since 7m(w) is a stopping time, if Z,==Zm,. the sequence

)? = {Z, Fn,m =1} forms a martingale (see Doob [3]). Denote c/i: = Tn — Tna
(£,=0) and ;‘\,.=(f£1 + .-+ + 7,)/n. On the set {m(w) < oo},

i sn\Z

_m-l Ix —S ] oo v_l_ n
-l g L [Send]
=c+ 2 %{[Z(J—l)da]

n=m j=1

Since

+ﬁld|

xm_sml = ‘ ;

é |x'm.—1 "Sm—ll + ‘dm|

=< ¢ + sup|d,]|,
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it follows that

ME) = ¢ + Al + supld,| ) = A(c + sup|d.|)°.

On {m(w)=oc}, clearly )»(&) < ¢®. Hence E{)\.()?)W} < oo. From Theorem 2.4
lim 7, exists almost surely, so that lim x, exists almost surely on {Mx) < c¢

n—oo n—roo

and sup|x,—s,| < c}, and hence on {Mx) < oo and sup|x,—s,| < =} as ¢ is

arbitrary.

(ii) Let ¢>0. If m=inf{n;|x,| =c}, then m is a stopping time, and

N\ N\
so if we put Z. = Zman, X = {Z,} forms a martingale. Moreover X is

L'-bounded, since

]-’T\nl = |xm/\n - x(M/\n)—ll + |I(MAn>—1l = S}llpldnl +c.

Therefore by Theorem 2.1 7»(5(\)< oo almost surely. On the set {sup|z,|<c},
7\.(}/1'\): MX) and as c¢ is arbitrary, MX) < oo almost surely on {sup|x,|< oo}.

But, by the Doob theorem ([3] Theorem 4.1 (iv), p. 320) the last set is
equivalent to the set {supx, << oo}.

(iii) Let ¢ >0, and let m =inf{k; 7, (X) = ¢?*}. Then n,., is a stopping
time ; if we define 7, =z, for n<n,_, and %, = z,,, for n=n,_,, then
N
X={%,} forms a martingale. Let c/i: = Zp—Zr-1 (Zo=0) and /s\,, =z +---

P
+Zx)/k. Since n(X)=c on {m=o0}, and on {m < oo},

~ m-1 o
”(X) = Z (x":—sn;)2 + Z (Em —/-;n;)2
j=1 j=m

oo ny 2
§c2+2%[ (i—l)c/i\i]
i=1

j=m J

=c*+ Ac?,

N\
we have E{n(X)"?} < co, hence lim Z, exists almost surely by Theorem 2.4.

Nn—o0
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As Z,=x, on {m=oc0}, limx, exists almost surely on {z(X)<<c¢?}. Let c—oo

and the results follows.

(iv) Let ¢>0, m=inf{n, |x,| =c}, £» = ZTupn- Then clearly |Z,|
=< ¢ + sup|d,| and X = {Z.} is an L'-bounded martingale. Therefore, by

Theorem 2.1 n(&) < oo almost surely. Hence n(X):n(S(\) < oo almost surely
on {m = oo} = {sup |x,| <c}. Let ¢— oo, and noting that the sets

{sup|x,| < oo} and {supx, < o} are equivalent, we get the conclusion. q.e.d.

3. Inequalities.

THEOREM 3.1. Let {x,;, §n,n =1} be a martingale, then for 1 < p<< oo
the following inequalities hold for N=1,2,---

(1) A E{|zy |7} = EQu(@)”} = A, E{|zx["},
(if) A, E{|z0, "} = E{nn(X)*} = A, E{|x,, (7} .

For the proof we use the following lemma concerning the Rademacher
functions 7,(¢) (n=1,2,---).

LEMMA 32. Let a;,b;, (j,n=1,2,---) be any constants. Then for
r=1,

N N p/2 1N N 2 Jp/2 N N /2
m@wZ%)éfhhﬁwmwﬁ]wngWZﬁJ.
o Lima -1

j=1 =a=1 j=1 n=1

PROOF. In the case p=2, using the Holder inequality, the second side
of the conclusion is not smaller than

1 N N 2 /2
[ i Za§.<z bj,,,r,,(t)) dt]

which is, by the orthonormality of the Rademacher system, equal to

N N p/2
@@Z%>.

j=1 n=1
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Hence the first inequality of the conclusion holds with A, = 1.
In the case 1 < p=<2, if we write

1 N N D 4-2p
f [Z aﬁ(Zb nrn(t)> ]dt f STPSYT dt
0 j=1 n=1

where, for simplicity, S denote the integrand in the left hand side; then by
the Holder inequality,

2 2-p

1 1 _p 4-p i-p 1 4-2p4-p 4=p
detg(f St dt) (f S‘“”dt)
0 0 0
2 2-
(5" o
= S* dt
J J

p
=
Expanding the integrand S? of the second integral in the last side and
using the independence property or multiplicative orthonormality of the
Rademacher system, we get easily

1 N N 2
f SzdtgA(Z a;zb;,,) .
0 j=1 n=1
On the other hand '

[ Sdt_i f (z b,,.rn(t))

0 \n=1

Mz

b2
f

1

)

and combining the above inequalities, we get
2(8-p)

1 ,{Ep /| N N i-p
Sar.=([ sa) 4 (Sazn.)
0

n=1 j=1  n=1

from which it follows the first inequality of the conclusion.
The second inequality of the conclusion is also easily proved. In fact
for 1=<p=2,

/2

1 1 /2 N N
[sae= ([ sa) - (Caza.)
<0 j=1 n=1

b
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and for 2 < p, by the Minkowski inequality and the Khinchin inequality,

[ <3[4

<.
[
I~

1A
™ =
&,

I M =

Thus the Lemma was proved.

PROOF OF THEOREM 3.1. (i) Since, for p>1

p/2

AE{|zy|"} = E{(i d?) L= AE{|zx|?} (N=1,2,---)
Jj=1 )

by the Burkholder theorem ([2] Theorem 9), it is sufficient to prove (i) and
N D/2

(ii) replacing E{|zy|?} by E{(Z df-) } . Now
j=1

1, N T(t) n D
gA,,EU > S (-1 4, dt}
0 in=1 j=1
by the Khinchin inequality, and
1 N D
£
=Apﬁ E§ > "nﬁ—,} }dt
=j

éAnij{[é Goa(z 52 [ e

n=j

by the Burkholder theorem quoted above, since the sequence

forms a martingale for all £. The last integral is equal to
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1[N N r (t) 2 To/2
[ Eo-rals ) T o
0 =1 n=j
and by Lemma 3.2 this is not less than

oaf0-valt 5T =05}

n=j

[NPey

The second inequality of (i) was proved.
Similarly, the first inequality of (i) is shown, because the inverse
inequalities in the above argument are also true.

(i) This case is also treated along the same line. In fact,

1

E ”ti (xnk—snk)z]plz } é ALDE {f i rk(t)(xnk—sm)’}p dt}

SR, 2 U-14d,

k j=1
=A,,f E{>G-1d; ¥ %(—t)—[ }dt
0 j=1 P k

jsm=ny

=a,[® [ﬁg_md;( > ﬂ)]}dt
i=1

P
}dt

k N

Jsm=ny

—ae[SG-yas LT
| =

J=ns=ny

( ny 1;/2\L
= ApE' (Z d?) >
(\5= )
and all the inequalities can be reversed.
The Theorem was proved completely.

Recently R.F.Gundy [4] introduced a mapping of class B, and gave an
elegant proof of the weak type inequalities of Burkholder ([2] Theorem 8).
If the series MX) and n(X) are considered mappings of a martingale X, as
we may checked easily, they are of class B of Gundy. Hence it follows the
following result and from which the second inequalities of (i) and (ii) of
Theorem 3.1 may be deduced by the Marcinkiewicz interpolation theorem.
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THEOREM 3.3. If X is a martingale, then for all a >0

aP{MX) > a] = Asuwp E{|z.]},
and

aP{n(X)>a} = AsupEf|z.|} .
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