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1. Introduction. In the theory of the classical Hardy classes H? (1 < p
= oo) there is an elegant factorization theorem of H?-functions. A function
fin H? is a function in LP(—w,7), where we shall identify the interval
(—r, ) with the unit circle in the complex plane, whose negative Fourier
coefficients are zero:

(1.1) —Zé;fei"‘f(t)dtzo (n=1,2,3---).

Every function f in H” produces an analytic function F in the open unit disc
by the Poisson integral formula:

1.2) F(z)—— f(t)R [e +z}dt

If this is the case, F(z) converges to the value f{¢) for almost all £ when =z
approa hes non-tangentially to the point €', and it follows that

1.3) Lm || 7 [l =] 5,
where F, is the function in L*(—,w) defined by F,(¢) = F(re'), and || - |,
denotes the norm in L?(—a, 7) normalized so that | 1],=1.

An inner function I in HP” is a function in H? with |I| =1 almost
everywhere, and an outer function ¢ in H? is a function in H” such that

(1. 4) flog1gldt—log1 fgdt1>—°°

Then every non-zero function f in H” has the form

(1.5) f=1g,
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where I is an inner function in H” and ¢ is an outer function in H?. In
this formula I (and hence also g) is unique up to within a constant factor of
modulus 1. Furthermore, every inner function I can be decomposed into the
form

(1.6) I=F%kBS

where k£ is a complex number with modulus 1, B is the Blaschke product
induced from the zeros of I (as an analytic function in the open unit disc),
and S, called a singular function, is an inner function which has the form (as
a function in the open unit disc)

(L.7) S(z) = exp (—- f e“idm(t)) (2] <1)

elt—z

for some non-negative singular measure 7 on the unit circle. About these
facts, refer to Hoffman’s book [4] and Privaloff’s one [6].

In this paper, we are interested in the factorization formula (1.6) of inner
functions. One may question what characterize Blaschke products and singular
functions as functions on the unit circle. We may answer to this question
as follows. In the set U of the inner functions, a linear fractional map (of
the unit disc onto itself) as a function on the unit circle plays a role as a
“prime” in U, since the only inner functions which divide it in U are the
constant multiples of it and the constant inner functions. Then a Blaschke
product may be characterized as a countable product of “primes” in U, and
a singular function may be characterized as an inner function which any
“prime” does not divide in U.

In this direction, we want to get the factorization formula (1.6) of inner
functions in some general function algebras.

2. Notations, definitions, and a theorem. Let X be a compact Hausdorff
space and A a logmodular algebra on X. As is well-known ([1], [5]), every
non-zero complex homomorphism of A has a unique (non-negative) representing

measure for it. Let m be a probability measure on X which is multiplicative
on A:

2.1 ffgdm = (ffdm)(fgdm) (figeA.

Then m satisfies Jensen’s inequality

= [1ogifldm  (sea),

2.2) log ] f Fdm
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and is an Arens-Singer measure :

2. 3) 1og;ffdm}=flog|f|dm (fe A1),

where A~! denotes the set of those functions in A which have an inverse
in A.
Suppose now that m is an arbitrary probability measure on X. Then,

A, is the space of all functions f in A with f fdm=0. For each positive
number p=1, H?(dm) denotes the closure of A in the normed space L?(dm),
and F*(dm) denotes the set of all 2 in L=(dm) such that f fhdm =0 for all f

in A,. It follows that H*(dm) is a weak-star closed subspace of L=(dm).
An outer function ¢ in H?(dm) is a function in H”(dm) such that

(2.4) loglfgdmi=flog|g|dm>—oo,

and an inner function I in H?(dm) is a function in H"(dm) with |I| =1
almost everywhere.
These notations and definitions are used throughout this paper.

THEOREM 21. Let m be a probability measure on X which is
multiplicative on A. If m is not a point mass on X, then m is a con-
tinuous measure. If this is the case, H*(dm) contains a non-constant inner
function I and a non-constant outer function g such that Ig coincides with
a function in A except for a set of measure zero.

We need a lemma.

LEMMA 22. Let m be an arbitrary probability measure on X, and h

any function in L' (dm) with fhdm =d > 0. Suppose that

2.5) log

f(h—z) dm[%flog]h——ﬂdm

Sor all complex numbers z such that |z| <d. Then we have h = d almost
everywhere.

PROOF. We shall first show that for each real number >0, the function
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log|h—rexp[it]| is absolutely summable on the product space X X(—m, )
with respect to the product measure dm dt, where dt is the Lebesgue measure

4
on the interval (—, 7) normalized so that | d¢t =1. Since

|h—rett| — log|h—re't| >0,

Fubini’s theorem applies, and we have
ff {|h—re'| — log|h—re'|} dmdt
XV -7
gf|h|dm+r—”flog|h—re“|dt dm
X Vx|V g
=f|h|dm +r—fmax(log|hl,logr)dm
p.¢ X
éflhldm+r—logr<00,
X

for all »>0. This clearly implies that the function log|h— rexpl[iz]| is
absolutely summable for all » > 0.
Suppose that A satisfies the hypotheses in the Lemma. Then we have

(2.6) logld—re't| = flog]h— ret|ldm (0O <r<d)

for all real numbers . Since log|h —rexp[it]| is absolutely summable as
a function of two variables, integrating both sides of (2.6) with respect to ¢,
we see that

1ogdg“flog|h—re“idt}dm
X -7
=fmax(log|h|,log rydm
X
:floglhldm + m(E;) log r O<r<d,

where E, is the subset of X on which || =# and E, is its complement.
Letting » — d, it follows that
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logd;f log|h| dm + m(Ej) logd,
Ey
or equivalently, that

m(E,) logd \éf log|h| dm.
Eq

This implies that |h|=d almost everywhere on E,;, and hence that |h| =d
almost everywhere on X. Since f hdm = d, we must have that A=d almost

everywhere. This completes the proof.

PROOF OF THEOREM 2.1. Let m be as in the Theorem. The first
statement there is well-known, and is essentially contained in [5]. (See also
[8].) We shall omit the proof.

In order to prove the last assertion, let K be the closed support of .
Since 7 is a non-zero continuous measure, K is a perfect set. Since A
separates the points of X, A contains a function f such that the set f{iK) is
not entirely contained in any circle in the complex plane. Then, Lemma 2.2,
combined with Jensen’s inequality (2.2), shows that

2.6) floglf—zldm>1og}f(f—z)dm]>—oo

for some complex number z. Putting A=jf—=2, we see that & is in A and
that f hdm+0. Therefore, A has the form hA=1Ig, where I is an inner function

in H*(dm) and g is an outer function in H>(dm) [5]. h is not an outer
function by (2.6), and hence I can not be constant. Since |g|=|k|, and
since |h| is a non-constant continuous function on K, g is also non-constant.
This establishes the Theorem.

3. Factorizations of H'(dm)-functions. Hereafter, 7 denotes a fixed
probability measure on X which satisfies (2.1). To avoid trivialities, we shall
assume that m is not a point mass on X. Thus H>(dm) contains at least
one inner function which is not constant. We shall often identify two inner
functions I and J in H>(dm) (and write I=J) if I is a constant multiple of
J. If Iis not a constant multiple of J, we say that I and J are essentially
distinct.

DEFINITION 3.1. For any function f in H?(dm) and any inner function
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I in H=(dm) such that fI is also in H?(dm), we say that I divides f or that
f dominates I, and write I < f or f> L

Let U denote the set of all inner functions in H*(dm). The following
theorem is an easy consequence of the above definition, and we omit the
proof.

THEOREM 3.2. The relation << restricted in the set U is transitive,
and has the properties :

(1) For any I and J in U, we have I<J and J<1I if and only if
I=J (that is, if and only if I is a constant multiple of J);

Gy If I, 1, J, and J, are in U, the statement that I, <<I, and J, < J,
implies that I.J, < L,J,.

Thus, in particular, U is a partially ordered set with respect to the order
“<”  To state our main theorem, we need some definitions.

DEFINITION 3.3. An LF-function L is a function in U such that any
I in U which divides L is either 1 or L. A singular function S is a function
in U such that the only LF-function which divides S is 1.

DEFINITIONS 3.4. A finite Blaschke product B is a function in U which
is expressible in the form

3.1 B=1Ip...-Ity,
where {p,} is a set of positive integers, and {I,} is a set of essentially distinct

LF-funtions. An infinite Blaschke product B is a function in U which is
expressible in the form

(3.2) B=Ii’"'°1€"'--,

where {p,} is a sequence of positive integers, {I,} is a sequence of essentially
distinct LF-funtions, and the convergence of the infinite product in the right-
hand side of (3.2) is that in the weak-star topology of L=(dm).

Using these definitions, our main theorem is stated as follows.

THEOREM 35. Every function f in H'(dm) with f fdm #0 has the
form f=BSg, where B is a (finite or infinite) Blaschke product, S is a
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singular function, and g is an outer funtion in HYdm). This factorization
of f is unique up to a constant factor of modulus 1.

The proof will be accomplished in a series of theorems. The following
theorem will be frequently used in the remainder part of this paper.

THEOREM A. Let T be a closed subspace of H*(dm) which is invariant
under multiplication by the functions in A. Suppose that f fdm #0 for
some f in T. Then T has the form T=I1Hdm) for some function I in U.

This theorem is originally due to Beurling [2]; see also [3], [7], and [5].

THEOREM 3.6. Let E be a non-empty subset of Hdm), and suppose
that there exists an element I, in U such that:

(a) 1, divides all the functions in E;
(b) fh(jo dm #0 for some h, in E.

Then we can find an element in U which divides the functions in E and
which is the largest one in U with this property.

PROOF. Let T be the smallest closed subspace of H*(dm) that contains E
and is invariant under multiplication by the functions in A. Since I, divides

all the members in E by (a), I,T is a closed invariant subspace of H*dm).
By (b), I,T contains h,I,, f hoI,dm # 0, and hence I,T must have the form

1, T=GH*dm) for some G in U by Theorem A. Thus T = GI,H*dm), and
we see that GI, is a function in U which divides the functions in E.

If Iis any element in U which divides all the members of E, it is
trivially true that IH*dm) contains T. But, this implies that I divides GI,,
and hence that GI, is the largest divisor of E. This establishes the Theorem.

DEFINITION 3.7. Suppose that E is a non-empty subset of U. The
G.CD. of E is defined to be the (essentially unique) largest lower bound of
it with respect to the order “<”, provided that it exists. If E consists of the
finite elements I,,---,Iy, we denote the G.C.D. of it by the notation
I 1 /\ e /\ IN-

Thus, Theorem 3.6 gives a sufficient condition for existence of G.C.D.
We list below some rather trivial properties of the operation “A”.
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THEOREM 3.8. Let I, J, and K be any elements in U. Then we have:
(i) I N J exists, provided that fldm;tO or that I>K, J> K, and at

least one of the integrals f IKdm and f JKdm is different from 0;

(1) UANNDANK=INUJANK)=IAJAK, if all of them exist;
(i) IfI<J, and if both I A\ K and J \ K exist, then I N K<J A\ K.

PrROOF. To prove (i), it suffices to take 1 or K as I, in Theorem 3.6.
The statements (ii) and (iii) are trivial and we omit the proofs.

THEOREM 39. Let N be a natural number, and let I and I, (k =1,
-+, N) be any elements in U such that I1>1, for all k. Then we have
I>1 -1y provided that:

@ I, AL =1 foraljkwithj+kG,k=1---,N);
(b) flfkdmio for some k (k=1,--+,N).

PROOF. We may assume that N=2 and that flfldm;ﬁo. Let T be

the intersection of HXdm) and II,---IyHXdm). T is a closed invariant
subspace of H*dm), and contains all the elements II,, 2 =1,---,N. Since

f IT,dm+0, we have T=GH?*dm) for some G in H?, by Theorem A. Since
G is in II, .-+ IyH¥dm), we must have

(3.3) G=1II---I;G

for some G’ in H¥dm). We must also have

(3.4) IT,=GI, ((&=1,---,N)

for some I, in H¥dm), because II, is contained in T for every k=1,---, N.
Note that G and all the I’s are actually functions in U. Let J=1,---1,
and let J, = JI, for k=1,.-., N. It follows from (3.3) and (3.4) that

(3.5) J,=IG (k=1,---,N).

In case N=2, (3.5) becomes
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(3.6) I, =I;G' and I, =I,G,

which implies that G is a constant, since I, A I, =1 by (a). This combined

with (3.3) shows that IL ], is in U, or equivalently, that I> I, I,, and we
get the desired conclusion.
Returning to the general case, we have that

3.7 ledmszZ---INdm:(flzdm)---O‘INdm)iO.

To see this, applying the result in case N=2, we have I > I,I, for all £ =2,
«++,N. Since f IT,dm=0, it follows that

0= [15,dm ;(fzilikdm)<flkdm) (k=2,--,N),

and hence (3.7) is true. Therefore, Theorem 3.6 guarantees the existence of
the G.C.D. J, A +++ AJdy, and (8.5) shows that J, A -+ A Jy > G'. But it is
easy to see that J, A --- A Jy =1, using (@), (3.7), and the definitions of
the J’s. Thus G'=1, and the fact I>1,.--1Iy follows from (3.3). This
completes the proof.

COROLLARY 3.10. Let N be a natural number, and let J and I, (k=1,

«++,N) be any elements in U such that dem;éO and such that I, -1y

> J. If the set {I,} satisfies condition () in Theorem 39, then we have
J>J e dy, where J,=L,NJ for k=1,---,N. If, in addition,

fIl oo o Indm=#0, then we have J = J, -« + Jy.

PROOF. Since f Jdm =0, all the J.’s exist. Since the set {[} satisfies

condition (a) in Theorem 3.9, it is easy to see that the set {J,} also does that.
Thus it is clear that all the conditions in Theorem 3.9 are satisfied for J and
{J.}, and hence we have the first desired conclusion. To prove the last
statement, let J=JJ,««+Jy, and let I=(,J,)--+UyJy). It is trivial that J
and [ are in U, that

(3.8) I>J, I>1.J, (k=1,--+-,N)

and that
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JALJ =1 (k=1,---,N)

3.9) _ -
LiJ; N L J, =1 U, k=1,---,N; 7% k).

Thus, Theorem 3.9 applies since f Idm+0, and we see that I>J' I, ie., that
1> J. Hence J =1, and this completes the proof.

THEOREM 311. Let M and N are two natural numbers, and let I,
(i=1,---,M) and J; (j=1,---,N) be essentially distinct non-constant LF-
Sfunctions such that

(3.10) fIl---IMdm;ﬁO, and le---JNdm;éO.

Suppose that both the sets {I,} and {J;} satisfy condition (a) in Theorem
3.9, and that

(3.11) poeInS=Jp.. . JyT,

where S and T are singular functions, p, and q; are positive integers for
all i and j. Then we have M=N, S=T, and J,,--+,Jy is a permutation
Of Ila"'7IN-

PROOF. We shall first show that if I and J are essentially distinct
L F-functions, and if f I1Jdm=0, then I A J2 =1 for all positive integers p

and q. To do this, let K=1I? AJ? for fixed p and q. Since I is an LF-funtion,
INK=1 or I. In case IANK=1, we have I? > IK (i.e., I*"' > K) by Theorem
3.9, and inductively we see that 1 > K, i.e., that K=1. In case I\ K=1, we
have <K< J% Since I and J are essentially distinct LF-functions, we have
J*> JI by applying Theorem 39. By induction, we see 1>1, ie, I =1.
Therefore, K=I1? AJ'=1AJ%=1, and this gives the required conclusion.

Now put I=1I{ - - - I’ ; we claim that K=IAT=1. In fact, let K;=KAI¥
for all 2. As shown above, I*AI%»=1 for all 7, 2 with ik, since [, and I,
are essentially distinct LF-functions if i#%; thus Corollary 3.10 applies, and
we see that K=K,---Ky. Since K, < K< T, and since T is a singular
function, each K; must be a singular function. But, I > K|, and each I;
is an LF-funtion; it is easy to see (by using the preceding arguments) that
K;=1 for all 7, and hence that K=1. Now since IA7T =1, and since both
I and T divide IS=JT, we can apply the Theorem 39, and we see that
IS>IT. Therefore S> T, and similarly S << T ; hence S=T.

To complete the proof, we note that the set {I?} satisfies condition (a) in
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Theorem 39. Since I= I --- Il = JfieeeJ%, we have I > J¢; thus Corollary
3.10 applies, and we get Je=(JEAIR) .. (JO AI'M). Repeating the arguments
which we have often used above, we see that J,=I, and gq,= p; for some 1.
By induction, we have the desired conclusion.

THEOREM 3.12. Let D be a non-empty subset of U which is directed
with respect to the order “<”, that is, which has the property: for each
pair I and J in D, we can find a K in D such that I <K and J< K.
Suppose that

(3.12) ini”fldm}:leD§>0.
[

Then we can find a J in U which dominates all the functions in D and
which is the smallest one in U with this property.

PROOF. For each I, in D, let D(I,) be the set of all T in D with I,<I.
Since D is directed, it is easy to see that the family of all the sets D(I), I
in D, has the finite intersection property. Since the closed unit ball of
H=(dm) is compact in the weak-star topology of L*(dm), this assures that
there exists a J in the unit ball of H*(dm) which lies in the weak-star closure
of D(I) for every I in D. We want to show that this J has all the required
properties. Let I, be an arbitrary element in D. Take any function f in
A, and any real number & >0. Since fI, is a function in LYdm), and
since J is in the weak-star closure of D(l,), there exists an I, in D with
I, < I, such that

Uffo(J—L)dm‘<e.
Since 1,1, is in H=(dm) and since f is in A,, we see that

[ 11 dm = (ffdm)(fl,fodm) 0.

Therefore we have

[ ritam|<| [ ria-tyam| +| [ 1T am|<e.

But since & was arbitrary, we must have

(3.13) f fJL,dm =0.
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This holds for every f in A,, and hence JI, is a function in H=(dm). Since
I, is an arbitrary element in D, it follows that J dominates all the members
in D. In order to prove that |J| =1 almost everywhere, we note that

(3.14) ldem >d>0

for some d, as is easily seen from (3.12). Now for given & >0, we can find
an I in D such that

(3.15) ‘f(J—I)dm'<8, !fJ(i—j)dml<e,
because J is in the weak-star closure of D. Thus we have

3.16) f]Jvdm g[fdem'— ’fJ(f~j)dnz

| foin] {14 -
Z}dem‘/([dem‘+8)—8.

Since € can be taken arbitrarily small, and since f Jdm=0 by (3.14), it must
be

ZIijdm

(3.17) flJl“’dm_Z_l.

But, since |J| =<1 almost everywhere, this implies that |J| =1 almost
everywhere. Thus we conclude that J is an inner function in H<>(dm)
which dominates all the members in D.

Finally, let I’ be a function in U such that /< I" for all I in D. Let f
in A, and & >0 be arbitrary. We can find an I, in D such that

[ f FIJ-I)dm|<¢,

since fI' is a function in LYdm). Noting that I' I, belongs to H=(dm), we
see that
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Fff[’fdm)§]ffl’(j-—fl)dm}+Ufl’fldm’<8+0=£.

Since & can be taken arbitrarily small, this implies that I'J is an H=(dm)-
function, that is, that J<< I'. It follows that J is the smallest upper bound
of D.

The Theorem is now completely established.

COROLLARY 313. Let I, I,,---,1,, --- be a sequence of inner
Sfunctions in H>(dm). Then we have:

Q) If L<L<---<I,<---, and if for some natural number N
the limit

(3.18) lim | I,Iydm

n—ro0

exists and is different from O, then the sequence {I,} converges to an inner
Sunction in H>(dm) in the weak-star topology of L=(dm). The limit point
of this sequence is the smallest upper bound in U of the set {I,};

(i) If there exists a natural number N such that the limit

(3. 19) lim [NIN+1 e In dm

exists and is different from 0, then the infinite product
(3.20) LI-eoT,---

converges to an inner function in H>(dm) in the weak-star topology of
L>(dm). The limit point of this product is the smallest upper bound in
U of the set of all the partial products of the infinite product in (3.20).

PROOF. We note, in general, that a sequence {h,} in L~(dm) converges
to an h in L=(dm) if and only if the sequence {A,f} converges to Af for
every f in L~(dm). Hence we may assume that N=1, Iy =1 in (i) and
that N=1 in (ii).

Now suppose that the squence {I,} satisfies the hypotheses in (i). Then,
Theorem 3.12 assures that the set {I,} has a (the) smallest upper bound J
in U, and its proof shows that a subsequence of {I,} converges to J. If K
is any cluster point of the sequence {I,}, it is easy to see that K is in U and
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is also a smallest upper bound of the set {I,}. Hence K is a constant
multiple of J. But, from (3.18), it is clear that

dem = dem =lim | I,dm # 0.

n—oo

Therefore J and K coincide as functions of H=(dm). Thus J is the only
cluster point of the sequence {I,}, and it is easy to see that the {I,} converges
to J.

To prove (ii), let J,=1,---1, for n =1,2,3,---. Then (i) applies, and
we are done.

PROOF OF THEOREM 35. Let f be any function in HYdm) with
f fdm #0. f has the form f = Ig, where I is an inner function in H*(dm)
and g is an outer function in H'dm). This factorization of f is unique up to

a constant factor of modulus 1. f Idm=+0, because f fdm=#0. Let D be the

set consisting of all essentially distinct LF-functions which divide I. We first
show that D contains at most countably many functions. In fact, let ¢ be
any real number such that 0 <#<1, and let I,,---, Iy be any finite distinct

functions in D such that ' f I.dm ‘ <t. Since {I,} satisfies condition (a) in

Theorem 3.9, and since f Idm+0, we have I > I, - -+ Iy. Thus we must have

(3.21) 0<|f1dm}§'fll---11vdm <.

This implies that D contains at most finitely many functions J such that

‘ f J dm' < t. Since t was arbitrary, and since the only inner functions J

such that l f J dm‘ =1 are the constant inner functions, we conclude that D

contains at most countably infinite functions.
Let D={I,,I,,++-,I,,---}. We may assume that I, = 1. Arrange each

I, so that f I,dm >0, and let p, be the largest positive integer such that

I>1Ifor all n=1. As we saw in the proof of Theorem 3.11, we have
I NIpr=11if j# k Thus Theorem 3.9 applies, and we have
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(3.22) I>I1Ip... It (for all n).
In case D consists of the finite elements [, I, - - -, Iy, put
(3.23) B=1I11Ip--- I

B is a finite Blaschke product, and it is easy to see that S = IB is a singular
function. Thus we have I = BS, and this factorization of I is unique up to
a constant multiple of modulus 1 by Theorem 3.11.

In case D consists of the countably infinite elements I, 1,,---,[,,---,
note that the numerical sequence

{f]f' .. -Iﬁ"dm}

is a decreasing sequence of positive numbers, since 0 < f I,dm <1 for all

n=1,2,3,---, and is bounded from 0 by (3.22). Hence, by virtue of part (ii)
of Corollary 3.13, the infinite product

(3.24) Ipe. Ipnee.

converges to an inner function B in H>(dm). B is an infinite Blaschke
product by the definition. It is easy to see that I dominates B and that
S=1IB is a singular functions. Thus we have the desired factorization I=BS.
To prove the uniqueness of this factorization, let I have another form B'S,
where B’ is a Blaschke product and S is a singular function. Let J be any
LF-function, and p any positive integer. It is easy to see that J? divides B’
if and only if it divides B'S(=I). But this last condition is equivalent to
that J? divides B. Since B is the smallest upper bound of the set consisting
of all the partial products of the infinite product in (3.24) by (ii) of Corollary
313, we see that B<< B. On the other hand, B dominates each partial
product of the infinite product that represents B’, and hence it follows that
B < B. Therefore, B' is a constant multiple of B, and so the factorization
of I is unique up to a constant factor of modulus 1. This completes the
proof of Theorem 3.5.

REMARKS. (a) In Theorem 3.5, the condition f fdm=0 cannot be dropped.

See [3; p.176]. (b) The author does not know whether the condition that
m is a continuous measure implies that H=(dm) contains at least one inner
function which is a non-constant LF-function. But this is the case, if m is
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contained in a non-trivial Gleason part. In fact, in this case, H?2 (the space
of all the functions A in H*(dm) such that f hdm=0) has the form ZH?*dm)

for some inner function Z [5; p.309]. Then it is trivial that Z is an
LF-function.
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