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ON A DUALITY FOR LOCALLY COMPACT GROUPS

KAZUYUKI SAITO
(Received March 1, 1968)

At earlier time, W.F. Stinespring proved in [8] an operator algebraic
version of duality theorem for locally compact unimodular groups as an appli-
cation of non-commutative integration theory. Recently, a duality theorem
for locally compact groups was established by N. Tatsuuma as a generalization
of the so-called Tannaka duality theorem [4, 11, 14]. In this paper, we shall
prove the operator algebraic duality for not necessarily unimodular locally
compact groups as an extension of [8].

After writing this paper, the author found Eymard’s paper [L’algébre de
Fourier d’'un groupe localement compact, Bull. Soc. math. France, 92 (1964),
181-236, Theorem 3.34], in which he proved the analogous result with the
main theorem of this paper. His notation and method of proof are different
from that used in this paper.

The author wishes to thank Professor M. Takesaki for his many helpful
suggestions in the presentation of this paper.

Let ® be a locally compact group with left-Haar measure p. From the
theory of Haar measure, we know that there is a continuous positive-valued
function A(x), defined on ®, called the modular function, satisfying A(xy)
= A(x) - A(y) and for all fe LY(®) (the set of all complex-valued u-integrable
functions on ®) the following properties ;

(1) f@ Fay) dulz) = Aly™) - L fx) dp(a) .

(2) fg Az - Ar™) d(z) = fgf(x) ).

We define convolution in LY(®):
(3) frg@) = fg £9) g(y'2) dily).

Define f* for fe LY(®) by f*(x)=f(x") - A(x™"!), where @ is the complex
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conjugate of the complex number a. Then under convolution as multiplication,
L'(®) forms a Banach algebra having a natural involution f— f*. [1, 5, 13].

Let s ® — A(s) denote the left regular representation of &, which is
defined by

M) = f(s7'x)

for every fe L¥®), s, x<®, where LX®) is the Hilbert space of all complex-
valued p-square integrable functions on ®.

Similarly, the left regular representation of the Banach algebra L!'(®) is
defined by

) g) () = f@ £5) g(sx) dpls)

for every fe L'(®), gc LX(®) and x<®. Then, the mapping f— A(f) is to
be thought of as a “global” Fourier transform. A greater formal analogy
with the abelian case is manifest in the formula

M) = f@ fx) - Mx) du(),  fe Li(®)

where the integral is interpreted in the o-weak sense.

Let M be the von Neumann algebra generated by all the A(a), with a in
®. Then, the operators A(f) are in M, and M is the von Neumann algebra
they generate.

For a little while, suppose ® is abelian. Then, the spectrum of L'(®)

becomes a locally compact abelian group 65\, which is called the dual group of
®, and M is spatially isomorphic to the von Neumann algebra L”(@) of all
complex-valued essentially bounded measurable functions over ® with the Haar
measure of (/3\, which are represented as multiplication operation on LK@).

Therefore, once we have identified M with L“(@) by extended Fourier
transform, the Fourier transform of L!(®) becomes the canonical imbedding of

LY(®) into M (=L°°(@)). Thus, we get the following schema of the Fourier
N
transform § and the back transform & :

L(©®) -5 1@
(1) ~

L7©®) <3 L'@).
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It is worth noticing that both the systems {L'(®), L~(®)} and {L‘(/@;), L“(@)}
are duality systems as Banach spaces. Then, the Pontryagin’s duality theorem

says that the space of all self-adjoint characters of L‘(éi\) (Note that L‘(@) is

the pre-dual of L”(@) [71), with respect to the conjugation, is homeomorphic
to the originally given locally compact abelian group ®. The set of all self-

A\ A N\
adjoint characters of L'(®) is the dual group & of &,
Returning to the general situation and without the commutativity

assumption for a given group, we cannot give the dual object B asa group.
However, we can realize a similar situation as the schema (1). In fact, M is
considered as the non-commutative L*-space and by making use of the tensor
power of the regular representation, we shall make the predual My of M an
involutive commutative semi-simple Banach algebra and denote it by L'(M).

The representation AMx) ® Mx) (tensor power of A(x)) of © is multiple
of the left regular representation M(z); in fact, Mx) ® M(x) is an X-fold copy
of Mx) where X is the dimension of L*®). This means that the represen-
tation £ — Mxz) ® 1 where 1 is the identity operator on L*®) is unitarily
equivalent to the representation A(zx) ® AM(x). A particular unitary operator
which implements this equivalence is the operator w on L*®Xx®) = L¥®)
® L*®) defined by

(wf)x,y) = flx,xy) for all fe LAGXG).

Let ®()=w"'(¢®1)w, for ¢ in M, then, ® is a %-isomorphism of M into
M®M (W#*-tensor product), such that

P(A(a)) = Ma) ® Ma) for ac@.

In the case of an abelian group ®, fe LY(®), the operator A(f) corresponds
to the multiplication by Fourier transform f of f on Lz(@). An easy
computation shows that ®(A(f)) corresponds to the mutiplication by the
function f(29) of two variables # and 3 on L2(/®\ X (/55\). If Fand H are

A
functions in L'(®), then, their convolution is the function F'x H satisfying the
equation

f& (F+H)®) (2) di@®) = f _ F@) H() f(29)dp(z)di3),
ExE
where 2 is the Haar measure on . Thus, when ® is an arbitrary locally

compact group, we are led to the following definition of convolution in M.
[8, p. 48]. :
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DEFINITION 1. If F and H are in My, we define Fx H to be the unique
element of My such that (Fx H)(¢)=(FQ H)(®(¢)) for all ¢ in M, where FQ H

N
is in Mg® .My, and a,* means the adjoint cross norm of the &y-norm in
the sense of Turumaru [12].

Along with the convolution in My just defined, there is a companion
involution. Let C denote complex conjugation in L*®), ie., (Cf)(x) = f(x).
If ¢ is any operator on L*®), we define Z to be CtC. It is easy to see that

)\/,(\(:)=7\.(a) for ae®, and therefore £ — £ is a conjugate linear *-automorphism
of M.

DEFINITION 2. If Fis in My, we define F in My such that F‘(t) =F().

THEOREM (Duality theorem). The space of all self-adjoint characters
of My, with respect to the conjugation, is homeomorphic to the originally
given locally compact group. The set of all elements u of M with ®(u)=uQu
and % =u becomes a locally compact group with respect to the multipli-
cation and the relative topology as a subset of M, whzch is isomorphic to
® wunder the map: x€® — NMx)e M.

In order to prove the theorem, we need following lemmas.

LEMMA 1. Under the convolution as multiplication, My becomes a
commutative Banach algebra having the isometric involution F — F.

PROOF. As the set {Z anx,); a; is a complex number and x;¢®
i=1
o-weakly dense in M, the assertion is clear from Definitions 1 and 2.

LEMMA 2. Let F € My and set ﬁ(x)=F (A (x)) for x€®. Then, ?(x) is
— N\

a bounded continuous function on ® and /F\'(x) = F(x).

REMARK. The function I/f'\‘(x) on ® is the back transform of F in
My (=L(M)).

LEMMA 3. Let F and H be in L'(M). Set F(z) = FMz)) and H(z)
=H\()) for x <®. Then F(z)Hz)=Fx HMz).

LEMMA 4. The commutative involutive Banach algebra L'(M) is semi-
simple and there is a one to one correspondence between operators in M
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which satisfy the equations
sQs=®) and s=s,

and x-homomorphisms o of L'M) into the complex numbers (i.e., self-
adjoint characters); the correspondence being given by o(F)=F(s) for all

F in L\(M).

PROOF. Suppose that o is a self-adjoint character of L'(M). By [4], o
is automatically continuous linear functional on L!(M), hence o(F) = F(s) for
some s in M. Then, for all F and H in L'(M),

(F® HX¥(s)) = (Fx H)(s) = o(Fx H)
= o(F)-o(H) = F(s)H(s)
=(FQ H)Xs®s).

Therefore ®(s) = s®s and also for all F in LY(M),

FG) = F(s) = o(F) = o(F) = F(s).

This means that s = s.
Conversely, suppose s® s=®(s) and s =s. Set o(F) = F(s). Then, we
have
ol F+ H) = (FxH)(s) = (FQ H)(¥(s))
= (FQ H)(s® 5) = F(s)H(s) = o(F) - o(H)

for all F and H in L(M) and

oF) = F(s) = FG) = FG) = o)

for all Fe L'(M).
If o(F) = o(H) for each self-adjoint character, where F and H are in

L'(M), then considering that ®(A(x)) = Mx)® M) and 7:,?:;) =n(x), it follows
that F(\M(x)) = HM\x)) for all x€®. Since {> a;Mx,); @ is a complex

i=1
number and z; ¢ @i} is o-weakly dense in M, F=H and L'(M) is semi-simple.

The lemma follows.
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LEMMA 5. Let LYM) be the set {F; Fe L\M) and F (x) e LY®)} and
B be the set of back transforms of the elements of LYM). Then B is
norm-dense in LX®) and is weakly dense in L~(®), where L=(®) is the set
of all complex-valued p-essentially bounded measurable functions on ©.

PROOF. Define elements W, , in L'(M) by;
Wiy,o(s) = (51, 9)»

for se M and any pair f, g in C(®), where C,(®) is the set of all complex-
valued continuous functions on ® with compact supports. Then, an easy

calculation shows that m = (@ *(A-f))x) for £ ®, and Wy, e LYM).
Therefore {f*g; f,9<C(®)}cB. Hence B is norm-dense in L¥®).

Let B, be the algebra of continuous functions on & generated by {fxg;
£,9¢C(®)}. Then, B, is self-adjoint and separates points of & and , is
uniformly dense in C.(®), where C.(®) is the set of all complex-valued
continuous functions on ® vanishing at infinity. [4]. On the other hand,
C.(®) is weakly dense in L*(®), hence B is weakly dense in L=(®). This
completes the proof.

REMARK. Since LiM) = {F; Fe L\M), |FMf))| =c| fll: for some
positive constant ¢ and all fe LY(®)NLY®)}, putting |F|, = sup{| FIM/N|;
fe L\(®) N L¥®)}, the completion LAM) of LYM) under the norm | |,
becomes a Hilbert space and the back transform can be extended to a unitary
operator of L¥M) onto L¥®). [5, p.145, 36. D].

In fact, as FOMf)) = f f(x)?(x) du(x) for all fe L'(G)NLYW®), it is clear

®

from the above lemma.

LEMMA 6. Let F be in LYM), then for any s in M, putting Fs(t)
/N AN~ A\
= F(st) for ae M, Fse L*®) and Fs=s*F p-a.e..

PROOF. For any ge L'(®)NL%®), we have

GF g) = (F59) = f@ Ra)Ga)a) duta)

= f@ﬁx)@)(x) dpz) .

By the density theorem of Kaplansky, we can choose a directed system {f.}
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of elements of L'(®) such that A(f,)—s, o-weakly and | Mf)I=1|s].
Therefore,

(8 9) = lim [ReXOM L) TN dpi)

~ lim [Fa)(fr)(@) dp(x)

@ (V)
= lim FOM £ ) = Fls-M))
= [@ F(s - M) §(x) dp()

= (Fs, 9),

for all g in LY(®)NLY®). Now Fs is uniformly bounded and continuous on
® and ¥F< L¥®), hence Fse L*®) and Fs=s*F p-a.e.. The lemma follows.

Let I" be the set {s; se M, ®(s)=sR s, s= s}, then, T is o-weakly closed
subset of the unit sphere of M, and therefore is o-weakly compact. Hence,

putting S=r— {03, S isa o-weakly locally compact subset of T' and for every
. A
pair f, g in LX®), there exists a unique finite Radon measure pu;, on & such

that (?f, 9) = j:F(s) duys o(s) for all Fe L'(M). In fact, from Lemma 4, L'(M)
&

can be represented as a dense subalgebra C of Cw(@), where C,,(@) is the set

of all complex-valued continuous functions on 8 vanishing at infinity and the
restriction of the represented function of L'(M) to {Mx), x e ®} is the back

transform of it. Putting L(F) = (27‘\ 15 9), if F, converges uniformly to F on

(/3)3, then, 27‘\,. converges to 7 uniformly in L~(®) and hence L(F,) tends to
L(F) as n— oo. Therefore, L(F) can be uniquely extended to a uniformly

A
continuous linear functional on C.(®) and there is a finite Radon measure

A
pro on &, such that

(Ff,g) = f F(s) dpas,o(s)
(S}

for all Fe L\(M).

LEMMA 7. For E,F U and V in LY{M),
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E(s) F(s) dugs p(s) = U(s) V(s) dus #(s) .

PROOF. For any H in L'(M), we have

(0]

| HO U Ve dpir(s) = [ HAUSV0) dis 0
®

- "/\‘\
= HxUxV -

&

o

E, F)

<l

—H-U-V.

AN AN N AN
=(H-E-F-U,V)

= | H(s) E(s) F(s) dpp,p(s) .

&
The semi-simplicity of L'(M) shows that U(s)V(s)duz#(s) = E(s) F(s) dus, #(s).

Thus the lemma follows.

A A
LEMMA 8. There exists a positive Radon measure p on & with the
Sollowing properties;

(i) EF = f’E(s) Fs)duls) for every pair of E,Fe L{M).
&

(ii) For any H in L*(M) and any pair E, F in L{M),
[ F6) s 89 = [ F6) B &) ).
(V] &

PROOF. For each Fe LYM), let Ur be the set {s; s<®, F(s)= 0}. Then
Up is an open subset of &. Since LiM) is weakly dense in L'(M), the

family {Ur; Fe LYM)} forms an open covering of ®. For each feC(Up),
where C(Uy) is the set of all complex-valued continuous functions on Up
with compact supports,

() pe(f) = ‘l},fégl'f Apt,p(s)

defines a positive Radon measure pur on Ur. If a continuous function f on 8
has the compact support contained in UzNUy for some E, Fe LY{M), then
pf) = pe(f) by Lemma 7. Therefore, the system {Up, pur} defines a unique

A A
positive Radon measure u on ® whose restriction to Ur coincides with ur by
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[2, Chap. III, §3, Prop.1, p.68]. Also equation (%) implies that dpg#(s)
= E(s) F(s) d;:(s) for every pair E, F in L}(M), which means equation (ii).
The finiteness of the Radon measure pj # on ® yields the square integra-

bility of E with respect to ﬁ for every Ee LY{M).
By the semi-simplicity of L'(M), there is a directed system {H,} in

LY (M) such that H,—1 for compact convergence topology of & and | H .
= 2. By the equation (ii), we have

[0 Fo1 dits) = f HL(s) dpup 5)
) (0]
= | Hy2)| Fla)|? duiar) .
®

Hence, we have (29\‘, F) = j; | F(s)]? d;//:(s), and via the polarization, equation (1)
&
is valid. Thus the lemma follows.

REMARK. The proof of Lemma 8 is the modification of the argument
used in [9, Lemma 5, 6, p. 13].

LEMMA 9. There is no non-trivial projection in T, that is, if ecT,
and is a projection, then e=1 or 0.

PROOF. Since M’ (the commutant of M)D {p(x); £<®, p is the right
regular representation of ®}, putting (1—e)L%®) =M, the closed linear
manifold M is invariant under right translation.

Next we show L(@)McM. As B is weakly dense in L>(®), it is
sufficient to prove that $#McIMM. For F in LYM), and e in I' noting that

e=¢*, by Lemma 6 eF=Fe pae. and eFc L~(®). For He LY{M), we have
(- H) = (F)eH) pae..
In fact,
(F« H) e(Mx)) = (F+ H)(e - Mx))
= (FQ H)®(e - Mx)))

= (F® H)(e - Mx)) ® (e - Mx)))
= F(e - Mx)) H(e - Mx)) .
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Therefore e(ff} ‘H ) =(ef?\ )(eI:I\) p-a.e.. On the other hand, as @ is strongly
dense in LX®), e(Fg) =(eF)eg in LX®) for all ge L¥®). Thus, if ge M,

then el/?\g=0, that is, SMc M.
By [13, Chap. III, p.42], e=1 or 0. This completes the proof.

REMARK. In the above lemma, we can drop the condition that e =e.
In fact, by Lemma 6 and the same reason as the proof of the above lemma,
we have

~ N\ ~ N\~
e(Fgy=eFeg
in LY®) for all ge L¥®) and F in LYM). Thus, if M=(1—¢)LA®), then M

is invariant under right translation and L=(@)McM. Hence by the same

reason, ¢ = 1 or 0. This means that e=1 or 0.
Next lemma, which we prove by making use of an argument of Takesaki

A
[9, Lemma 7, p. 14], shows that & is contained in the unitary part of M and
is a locally compact group, that is,

LEMMA 10. 8 is a locally compact group for o-weak topology, and 7:
is its left Haar measure.

PROOF. Since, for any s in & and any pair E, F in L{M),
- A NN ~ N O\ VAYEFAN
f E(st) F(t) du(t) = (Es, F) = (s*E, F) = (E, sF)
)
= f E(t) F(s*t) d;i\(t) by Lemma 4,
&
it follows that

o0 J. 10 gt i) = [ fe) otemey i,
(0]

for all £ and g in C(®). .
For a little while, we shall assume that the set H = {¢t; t<® stc K} is

compact for every compact subset K of §. Then there exists, for an fe CC(§)
with compact support K, a g in C(®) with g(#)=1 if ste K and g(s*f)=1
if £ K, which implies by (¥%) that

[ Asty ey = [ Ao e
(5} (5}
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for every fe Cc(@?). Therefore, the Radon measure 7: is invariant under the

left translation: ¢ < @ —ste @, so that, for every pair E, Fe L{M) and s¢ @,
(B ) = [ Blst) Ft) dito) = [ By F@) dte
& )

N O\
—(EF.
From Lemma 5, (ss*f, g)=(f, g) for any pair f, g in L*®), which means that
ss¥*=1, and by the same reason, it follows that s¥s=1. Therefore s is a
unitary element of M and s* is the inverse of s. Hence, ®isa o-weakly

locally compact Hausdorff group with the left Haar measure 7:
To complete the proof, it is sufficient to show the fact assumed in the
last paragraph. First, we show that the map: te M —st< M is one to one

A
and is o-weakly continuous for every s€®. Suppose st =0 for some £< M.
Replacing s with s*s, we may assume that s is a positive element of M.
For each positive integer n, s¥* is positive n-th root of s, and s¥* is also in

8. The sequence {s¥"} converges strongly to the support projection e of s,
so e belongs to @ Hence by Lemma 9, e=1, this implies #=0. Since the
o-weak-continuity of this map is clear, the map: te®GuU {0} —>ste sBu {0} is
one to one and is o-weakly continuous and hence sH = (S@U {OHNK is o-

A
weakly compact subset of U {0}. Therefore H is compact in Su {0}. On
the other hand if #,< H converges to O for o-weak topology, then st,
converges to 0. But it is impossible, because sz, is contained in the compact

set sH. This means the compactness of H in 8. The lemma follows.

Now we are in the position to prove the main theorem.
Combining above results, it is sufficient to show that the mapping < ®
A
—A(x) e 8 is an isomorphism of & onto . The mapping x€® — NMx) ¢ §
A

is continuous from & into ®. To show that it is a homeomorphism we use
the fact that the o-weak topology on & is the same as the strong topology.
Let V be any compact neighborhood of the unit of ®. Choose fe LA®) so
that | fl,=1 and the support K of f is such that KK™'CV. Suppose
IMa)f—fll: <1 for some ac®. Then aeV. [7, Corollary 10.3].

To complete the proof, it suffices to show that this homeomorphism is
onto. Let & be the image of ® under the map x — Mx), then & is a closed

A A

subgroup of &, and there is a positive Radon measure » on ® which is
concentrated on & and is the Haar measure of ®'. In fact, if f is a con-

A
tinuous function with compact support on ®, then
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[ At = [ fontey duta).
U] )

Let C be the algebra of all functions f on ® of the form f(s) =F(s) for some
Fe L{M). Consider C* which consists of all sums of products of functions

in C. I feC? then f=3_ g;h; where g,(s)=G(s) and h,(s)=H,s) for se 8

i=1

with G,, H, in L{M). Then by the definition of L{M), fe LX8, »), and

[ 75y k) = [ At dpt
[0} ®

=3 [G)H (x) du(x)
(6]

j=1
= > (G, H).

Furthermore, for te (//5;, and Ee L{M), by Lemma 6, E/:;* = t/E\ p-a.e., hence
we have

ﬂ fiersydnls) = S° (6, 1)
(V] j=1

FOPAN

(Gj> j)

Ms

j=1

<,
Il

= | fis)du(s).
&

By applying [7, Corollary 1.4] to v and its left translates, we conclude that »

is left Haar measure on ®. In other words @:@', and ®=0. This completes
the proof of the theorem.

COROLLARY. Let Fe L'M) and set Rx)=F\x)) for x<®. Then F
vanishes at infinity on &.

PROOF. Since &' U {0} is the one-point compactification of &', the
function f{s)=F(s) vanishes at infinity on &'. [8, Corollary 10.5].

REMARK. Thus, we get the following schema of the “global” Fourier

P
transform A and the back transform A :



(2)

It is

ON A DUALITY FOR LOCALLY COMPACT GROUPS 367

N
L(®) —— M

L~(®) - Li(M) .

worth noticing that the the two systems {LY(®), L=(®)}, {L' (M), M} are

both duality systems as Banach spaces.
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